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PREFACE 

Thic  work  in  this  book  is  that  comprised  in  the  usual  first-year 
course  in  algebra  in  secondary  schools.  The  material  is  so 
arranged  as  to  adapt  the  book  to  the  use  of  those  schools  that 
give  only  a  brief  course  in  the  subject,  as  well  as  schools  giv- 
ing more  extended  or  more  difficult  courses.  A  more  advanced 
book,  a  companion  to  this,  called  the  Second  Course,  reviews 
the  important  topics  covered  in  the  First  Course,  amplifies  the 
treatment  of  these  topics  where  necessary,  and  covers  all  addi- 
tional topics  that  are  required  for  college  eritrance. 

In  the  preparation  of  this  book,  the  authors  have  combined 
what  teachers  have  found  to  be  the  permanently  valuable  features 
of  their  Essentials  of  Algebra  with  those  features  which  charac- 
terize the  most  modern  ideas  in  the  teaching  of  secondary  school 
mathematics,  and  which,  through  widespread  test  by  application 
in  the  classroom,  have  become  generally  accepted.  It  is  believed 
that  this  text  will  be  found  teachable  and  well  balanced.  It  is 
free  from  **  fads "  and  untried  experiments,  yet  sufficiently  in 
harmony  with  present  tendencies  to  meet  the  demands  of  the 
most  progressive  teacher. 

The  book  contains  a.  minimum  of  theory  and  a  maximum  of 
practice.  Abundance  of  drill  is  provided  throughout  the  book. 
New  processes  and  principles  are  psychologically  and  adequately 
developed,  but  they  are  finally  mastered  by  the  pupil  through 
plentiful  application  in  drill  exercises  and  problems. 

Throughout  the  text  the  work  has  been  planned  so  as  to  intro- 
duce the  pupil  to  only  one  new  difficulty  at  a  time,  and  this  is 
mastered  through  copious  drill  before  proceeding  to  the  next. 
This  controlling  principle  in  the  development  and  sequence  of 
subJQot  matter  is  one  of  the  fundamentally  important  features 

m 
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of  the  book.  Observe,  for  example,  the  introductory  chapter, 
va  which  one  new  point  of  notation  is  developed  at  a  time. 
Observe,  also,  the  entire  treatment  of  the  equation. 

The  pupil  is  led  to  see  the  subject,  not  merely  as  a  system 
of  exercises  to  be  pursued  for  the  purpose  of  mental  discipline, 
although  the  authors  are  thorough  believers  in  the  mental  disci^- 
pline  feature  of  the  study,  but  rather  as  a  scientific  instrument 
for  solving  certain  types  of  problems  such  as  are  actually  en- 
countered in  the  world's  work.     See  §§  1,  2,  15, 16,  17,  22,  etc. 

To  this  end  adequate  use  has  been  made  of  real  applied  prob- 
lems of  the  various  types  encountered  in  practical  life.  Thus, 
in  Chapter  I  computation  by  use  of  practical  formulae  is  intro- 
duced. In  Chapter  II  the  equation  is  introduced  as  a  scientific 
instrument  used  in  the  solution  of  practical  problems.  In  Chap- 
ter III  many  practical  applications  of  negative  number  are  made, 
etc.  These  real  applied  problems  lend  intense  interest  to  the 
work.  Through  them  the  work  is  legitimately  motivated. 
Furthermore,  it  is  through  the  application  of  the  pupiPs  knowl- 
edge of  algebra  in  the  solution  of  these  real  problems  that  the 
knowledge  is  led  to  function.  The  old-time  useless  puzzles  have 
been  eliminated  from  this  book. 

Algebra  has  been  correlated  with  arithmetic  and  geometry. 
Keview  and  use  of  the  various  process  with  whole  numbers, 
common  and  decimal  fractions,  have  been  made  in  the  practical 
computation  with  formulae,  and  in  the  process  of  checking  work 
by  evaluation  of  the  literal  expressions  involved.  Short  methods 
of  multiplication  of  arithmetical  numbers  are  taught  in  connec- 
tion with  algebraic  multiplication  and  factoring,  as  in  §§  75,  77, 
etc.  Principles  and  processes  in  arithmetic  have  been  made  the 
starting  points  in  the  development  of  many  principles  and 
processes  of  algebra,  as  in  §§  50,  51,  54,  etc.  Considerable  use 
has  been  made  of  percentage  in  the  solution  of  certain  types 
of  business  problems.  The  facts  of  mensuration  have  been  much 
used,  and  some  empirical  knowledge  of  simple  facts  in  geometry 
with  which  the  pupil  is  familiar  has  been  drawn  upon  in  problems. 

The  graph  has  been  used  as  a  natural  means  of  solving  certain 
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typesf  of  problems  and  of  interpretation  of  algebraic  principles, 
rather  than  as  an  excrescence  in  the  form  of  topics  of  analytic 
geometry. 

Supplementary  exercises  have  been  given  at  the  end  of  each 
chapter.  They  adapt  the  text  to  the  use  of  schools  with  different 
kinds  of  courses.  These  exercises,  as  a  rule,  are  more  difficult 
than  those  in  the  body  of  the  chapters.  Schools  wanting  a  brief 
course  may  omit  these  entirely.  They  may  be  used  for  reviews 
or  in  classes  wanting  a  more  difficult  course. 

The  authors  wish  to  acknowledge  their  indebtedness  to  all 
those  whose  timely  suggestions  and  criticisms  have  helped  in  the 
preparation  of  this  textbook,  and  especially  to  Mr.  K.  G.  Kinkead, 
Assistant  Superintendent  of  Schools,  Columbus,  Ohio;  who 
has   read  critically  all  of  the  manuscript. 

JOHN  C.  STONE. 

JAMES  F.  MILLIS. 
MAY.  1011. 
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FIEST  COURSE 

CHAPTER  I 

THE  FORMULA:    GENERAL  NUMBER 

1.  Algebra.  —  Of  the  many  kinds  of  problems  encountered  in  the 
world's  work,  some  are  solved  by  arithmetic  alone,  some  by  algebra^ 
and  some  by  other  branches  of  mathematics.  Algebra,  like  arith- 
metic, deals  with  numbers.  There  is  no  clear  line  of  distinction 
between  these  two  subjects.  But  in  addition  to  the  Hindu  sym- 
bols of  arithmetic,  algebra  employs  letters  to  represent  numbers. 
In  addition  to  the  integers  and  fractions  of  arithmetic,  it  deals 
with  new  kinds  of  numbers.  And,  as  we  shall  see,  it  employs 
some  new  and  interesting  principles  in  the  use  of  numbers. 

B.  The  Formula. — Many  of  the  rules  which  the  student  has 
already  encountered  in  arithmetic,  as  well  as  practical  rules 
which  are  used  in  the  various  fields  of  manufacturing,  the  trades, 
the  sciences,  etc.,  are  expressed  often  by  formulae,  in  which  the 
numbers  are  represented  by  letters,  A  formula  expresses  a  rule 
in  a  sort  of  shorthand.  This  will  be  seen  clearly  in  the  follow- 
ing^ problems. 

EXERCISES 

1.  How  many  square  feet  in  a  floor  12  feet  wide  and  15  feet 
long? 

2.  A  concrete  walk  is  4  feet  6  inches  wide  and  24  feet  long. 
Find  the  area  of  its  surface. 
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3.  What  is  the  area  of  a  rectangle  3.4  inches  wide  and  7.8 
inches  long  ? 

4.  In  general,  the  rule  for  finding  the  area  of  any  rectangle 

that  is  I  feet  long  and  w  feet  wide  may 
be  expressed  by  the  formula :  Area  =  1  xw 

w  square  feet. 

Find  the  area  when  Z  =  3^  feet  and 
w  =  2  feet.  When  Z  =  16  feet  and  w=2^ 
feet.    When  Z  =  50  feet  and  w  =  4|  feet. 

When  I  =  136  feet  and  w;  =  80  feet. 

3.  Particular  and  General  Numbers.  —  In  Problem  4,  §  2,  the  let- 
ter I  is  used  to  represent  the  length  of  any  rectangle,  and  hence 
if  we  consider  all  possible  rectangles,  I  may  have  many  particular 
values.  Similarly,  if  we  consider  all  possible  rectangles,  w  iaB.y 
have  many  particular  values.  It  is  seen,  then,  that  in  express- 
ing a  rule  by  a  formula,  letters  are  used  to  represent  numbers, 
and  to  such  letters  may  be  assigned  many  particular  values. 

Compared  with  the  particular  numbers  of  arithmetic,  1,  2,  3,  4, 
etc.,  numbers  represented  by  letters  are  called  general  numbers. 
Numbers  represented  by  letters  are  also  called  literal  numbers. 

4.  Factors.  Signs  of  Multiplication.  —  The  numbers  which  are 
multiplied  to  form  a  given  number  are  called  its  factors,  as  I  and 
winlxw.  In  addition  to  use  of  the  sign  x  to  indicate  multipli- 
cation, as  in  Problem  4,  §  2,  multiplication  is  sometimes  expressed 
by  placing  a  dot  between  the  two  factors,  halfway  up  from  the 
lower  edge  of  the  number-symbols. 

Thus,  Ixw  may  be  written  also  I  •  w. 

But  imless  both  of  the  numbers  multiplied  are  represented  by 
Hindu  symbols,  the  multiplication  usually  is  expressed  by  omitting 
the  multiplication  sign. 

Thus,  the  product  Ixwis  written  Iw,  and  2  x  ta  is  written  2tc, 

Express  in  three  ways  the  product  of  5  and  /. 
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EXERCISES 

1.  Express  the  product  of  a  and  6 ;  of  2,  a?,  and  y. 

Give  the   value  of  2ab  when  a  and   b  have   the  following 

values : 

2.  a  =  2,  6  =  3.         6.   a  =  10,  6  =  30.  8.    a  =  25,  6  =  4. 

3.  a  =  5y  6  =  6.         6.   a  =  40,  6  =  20.  9.   a  =  75,  6  =  6. 

4.  a  =  3,  6  =  7.        7.   a  =  50,  6  =  30.        10.    a  =  60,  6  =  3f 

11.  Bead  Exercise  4,  page  2,  and  give  a  meaning  for  ^  =  Iw, 

Find  the  value  of  A  when  Z  and  w  have  the  following  values : 

12.  I  =  18,  to  =  10.       14.  Z  =  13^,  t^=  12.      16.  I  =  2.4,  «;  =  1.5. 

13.  I  =  12.5,  to  =  8.      16.  Z  =  6.2,  m?  =  4.         17.  Z  =  8.5,  w  =  3.2. 

18.  When  6  represents  the  base  of  a  triangle,  h  the  altitude,  and 
A  the  area,  the  area  is  found  by  the  formula  A  =  ^bh.  Give 
the  rule  which  this  formula  expresses. 

In  the  formula  A  =  ^  bh,  give  the  value  of  A  when  6  and  h  have 
the  following  values : 

19.  6  =  12,  ^  =  10.      21.  6  =  20,  h  =  16.5.      23.  6  =  16,  A  =  9.5. 

20.  6  =  14,  ^  =  12.      22.  6  =  8.5,  h  =  12.        24.  6  =  12.5,  A  =  8. 

25.  If  c  is  the  circumference  and  d  the  diameter  of  a  circle, 
then  c  =  ird.  Compute  the  circumference  of  a  circle  from  the  for- 
mula c  =  7rd  when  d  =  10.     (ir  =  3.1416,  approximately.) 

26.  When  r  =  the  radius  of  a  circle,  c  =  2irr.  Find  c  when 
r  =  40;  r=60;  r  =  7.5. 

27.  The  volume  of  a  prism  is  found  by  multiplying  the  area  of 
the  base  by  the  height  or  altitude.  If  F=  volume,  6  =  area  of 
base,  and  h  =  altitude,  then  V=  bh.    Find  V  when 

6  =  40  and  ^  =  30;  6  =  48  and  ^  =  12;  6  =  96  and  ^  =  10f 

28.  If  the  base  of  a  prism  is  a  rectangle  whose  length  is  I  and 
whose  width  is  w,  then  6  =  Iw,  Hence  bh  becomes  Iwh.  Then  we 
have  V=  IwJjl.     Express  the  meaning  of  this  formula. 
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Ib  the  formula  V—  Iwh,  find  V  when  I,  w,  and  k  have  the 
values : 

as.   i  =  42,  w=16,  fi=14.  31.   i  =  36,  w  =  30,  A  =  18. 

30.   Z  =  38,  w  =  20,  ft  =  12f        32.   i  =  42,  w  =  38,  ft  =  12. 

33.  The  Tolume  of  a  pyramid  is  computed  by  the  formula 
F=  -J  6ft,  where  V=  volume,  6  =  area  of  base,  and  A  =  altitude. 
State  in  words  the  rule  which  tJiia  formula  expresses. 

Find  r  when  ft  =  12  and  A  =  4^. 


34.  The  volume  of  a  cylinder  is  equal  to  the  product  of  the 
altitude  by  the  area  of  the  base.     Express  this  by  a  formula. 

36.  The  volume  of  a  cone  is  one  third  of  the  volume  of  a  cylinder 
of  the  same  base  and  the  same  altitude.  If  F  =  volume,  6  =  area 
of  base,  and  A  k  altitude,  write  the  formula 

for  computing  the  volume  of  a  cone. 

If  the  base  of  a  cone  is  36  square  inches, 
and  the  altitude  1  foot  6  inches,  find  its 
volume. 

.  36.   The  rule  for  finding  the  area  of  a 
circle  whose  radius  is  r  is  expressed  by  the 
formula,  A  =  Trr*.    Give  the  rule  which  this  formula  expresses. 
Find  A  when  r  =  4.    When  r  =  10. 

37.  Find  the  area  of  a  circle  whose  radius  is  6  inches. 

36.  When  there  is  a  steam  pressure  of  90  pounds  per  square 
inch  in  the  cylinder  of  an  engine,  what  is  the  total  pressui-e  on  a 
12-inch  piston  ?  (By  a  12-ioch  piston  is  meant  a  piston  whose 
diameter  is  12  inches.) 
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5.  Powers.  —  In  Problem  36,  §  4,  r*  is  a  short  way  of  writing  rr. 
Similarly,  rrr  is  written  r^,  aaaa  is  written  a*,  10  X 10  x  10  x  10  x  10 
is  written  10*,  etc.  In  general,  when  all  of  the  factors  of  a  product 
are  equals  the  product  is  oalled  a  power  of  one  of  the  factors,  and 
is  written  in  this  abbreviated  form 

a*  is  read  "a;  square,"  or  "a  second  power ^*; 
a?  is  read  "  x  cube,"  or  "  x  third  power  " ; 
a?*  is  read  "a?  fourth  power  " ; 
aj*  is  read  "  x  fifth  power  "  j  etc. 

In  a  power  such  as  m^,  the  factor  m  is  called  the  base,  and  the 
number  7  is  called  the  exponent.  The  exponent  tells  how  many 
times  the  base  is  used  as  a  factor  to  make  the  power. 

EXERCISES 

1.  Kame  the  bases  and  exponents  in  the  following:  a\  j^, 

2.  Express  with  exponents :  mmmmmm,  bbbbbbbb,  2x2x2 
X2x2x2x2x2x2x2. 

3.  Find  the  value  of  2x2x2;  of  2»;  of  S'j  of  2*;  of  3*; 
of  2«. 

4.  In  the  formula,  A  =  ttT®,  find  A  when  r  =  6.6. 

5.  The  area  of  a  circle  is  found  also  by  use  of  the  formula, 
^  3=  ^  ^,  where  d  is  the  diameter.  Express  this  in  words  as  a 
rule.     Find  A  when  d  =  4^. 

6.  The  area  of  the  surface  of  a  sphere  is  computed  by  the 
formula  A=s4:  iri^,  where  A  ==  area,  r  =  radius.  Find  the  area 
if  the  radius  is  12  inches. 

7.  The  earth  is  approximately  a  sphere  whose  radius  is  4000 
miles.    Find  its  area. 

8.  The  rule  for  computing  the  volume  of  a  cone  of  which  the 
kuie  is  a  circle  is  expressed  by  F  =  ^  iri^A,  where  r  «  radius  of 
base  and  h  =  altitude.     Find  V  when  r  «=  6  and  ^  =  4. 
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9.  The  volume  of  a  sphere  is  computed  by  the  formula^ 
K=firr*,  where  F=  volume  and  r  =  radius.  Find  V  when 
r  =  3. 

10.  The  diameter  of  the  moon  is  2160  miles.    Find  its  volume. 

11.  The  bases  or  parallel  sides  of  a  trapezoid  a«e  6  inches  and 
10  inches,  respectively,  and  the  altitude  or  distance  between  them 

is  8  inches.    Find  the  area. 


12.  The  area  of  a  trapezoid  is  equal  to  the 

product  of  one  half  of  the  altitude  by  the 

sum  of  the  bases.     This  is   expressed  by 

^  the  formula,  A  =  \h(a-\-  b),,  where  h  is  the 

altitude  and  a  and  6,  respectively,  are  the  bases.     Find  A  when 

h  =  4:  feet,  a  =  3  feet,  and  6  =  6  feet. 

6.  Use  of  Parentheses.  —  In  the  formula  in  Problem  12,  §5, 
the  symbols  (  ),  which  inclose  a  +  b,  or  the  sum  of  the  bases,  are 
called  parentheses.  These  symbols  are  used  to  inclose  two  or 
more  numbers  which  are  to  be  added  or  subtracted,  etc.,  and  indi- 
cate that  those  numbers  are  not  to  be  used  singly,  but  are  first  to 
be  combined  into  one  number  and  then  the  result  used. 

Thus,  J  ^  (o  +  6)  indicates  that  a  and  b  are  first  to  be  added,  then  the 
result  multiplied  by  J  h.  Similarly,  x(a'^—  b^)  indicates  that  a^  —  li%  as  one 
number,  is  to  be  multiplied  by  x ;  that  is,  we  must  first  square  the  values  of 
a  and  b  and  subtract,  then  multiply  the  difference  by  x.  And  (w + n)  (m — w) 
indicates  that  we  are  first  to  find  the  simi  of  m  and  n,  then  their  difference, 
then  multiply  these  results. 

In  using  a  formula  containing  parentheses,  the  operations  with 
the  numbers  within  the  parentheses  must  be  performed  first. 

7.  Other  Signs  of  Grouping.  —  There  are  other  symbols  having 
the  same  meaning  as  parentheses  that  are  used  sometimes  to  in- 
close numbers.  They  are  brackets  [  ]  and  braces  \  ].  A  fourth 
symbol,  called  the  vinculum,  is  sometimes  used.  It  consists  of  a 
straight  line  drawn  above  the  numbers,  as  a  fd,  and  is  used 
especially  in  expressing  roots  and  fractions. 
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Thus,  B{M -  N),  BiM-N],  B{M-  N},  and  JB  •  Jf -  JVT  aU  indicate  the 
same  thing,  viz.  that  N  is  to  be  subtracted  from  Jf,  and  the  remainder  mul- 
tiplied by  B, 

All  of  these  symbols  are  called  signs  of  grouping  or  signs  of 
c^gregation. 

EXERCISES 

1.  In  the  formula -4  =  1^^  (a +  &),  find  A  when  A  =  4,  a  =  6, 
and  &  =  7. 

2.  Find  the  value  of  d(x  —  y)  when  c?  =  12,  oj  =  5,  y  =  1. 

3.  Find  the  value  of  (m  —  n){7n  +  n)  when  m  =  10  and  n  ss  6. 

4.  Find  the  value  of  Z^  { Z)  -  5}  when  D  =  S. 

6.   Find  the  value  of  [^  + ^][^--5][^2^  JS^]  when  ^  =  5 
and  ^  =  3. 

6.  Find  the, value  of  (x  +  yy  when  a?  =  4  and  y  =  2. 

7.  Find  the  value  of  5(B+S)XB-'S)^  when  12  =  10  and 
8  =  2. 

8.  Find  the  value  of  (g  + 10)  -^(5  —  g)  when  gf  =  3. 

9.  In  the  formula,  8  =  a(t  —  ^),  find  the  value  of  8  when 
a  =  32  and«  =  3. 

10.  In  the  formula  J.  =  7r(iP—  ?'^),  find  the  value  of  A  when 
^  =  14  and  r=^6, 

11.  In  the  formula  8  =  2  TrR{H-\-  R),  find  the  value  of  8  when 
i?  =  4and  ^=5. 

Letting  the  hypotenuse  of  a  right  triangle  =  2,  the  base  =  «,  and 
the  altitude  =  y,  it  has  been  shown  in  arithmetic  that  z  =  Va^+t/^ 
Find  the  value  of  z  when  : 

12.  aj==3, 2/  =  4.  14.   a;  =  40,  y  =  30.       16.   a;=12, 2/  =  16. 

13.  a:  =  6,  y  =  8.  15.   «=15,  y  =  20.       17.   a:  =  18,  2/=24 

In  the  formula  x  =  Vj?^  —  y^,  find  the  value  of  a?  when : 

18.  2  =  5,^  =  4.  20.   21  =  25,  .v  =  20.        22.   2;  =  50,  y  =  30. 

19.  2;  =  10,  y  =  6.         21.   2;  =  15,?/  =  12.       23.  2i  =  35,y  =  28. 
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8.  Vttmber  Expressions.  —  Any  number  symbol,  op  eombinatioii 
of  number  symbols,  indicating  one  or  more  of  the  operations  of 
addition,  subtraction,  multiplication,  etc.,  such  as  those  used  in 
the  formulse  in  the  preceding  sections,  is  called  a  number  expres- 
sion, or  simply  an  expression. 

Thus,  irr2,  2  -4  -  3  B  +  C,  and  J  A  (6  +  &')  are  expressions. 

An  expression  involving  one  or  more  numbers  represented  by 
letters  is  often  called  a  literal  expression. 

9.  Terms.  —  In  the  expression  6  aj^  —  2  »y  -f  7  y',  the  parts  5  a?^, 
2  9cy^  and  7y^  are  called  terms.  In  general,  the  parts  of  an  ex- 
pression connected  by  the  signs  4-  or  -—  are  called  the  tenna  of 
the  expression.  An  expression  such  as  6  a*,  or  10x(m  —  n),  which 
is  not  formed  by  two  or  move  parts  connected  by  the  signs  -t- 
or  — ,  consists  of  one  term. 

10.  Names  of  Expressions.  —  How  many  terms  in  5a*V6?  In 
2P2_Q2^     ln4:A--JB^0?    In  n»-2n«-t-3n^l? 

An  expression  which  consists  of  anly  one  term  is  a  monomiaL 

An  expression  which  consists  of  two  terms  is  a  binomial. 

An  expression  which  consists  of  three  terms  is  a  trinomial. 

The  name  polynomial  is  applied  to  an  expression  which  consists 
of  more  than  one  term. 

It  must  be  remembered  that  an  expression  within  a  sign  of 
grouping  is  to  be  considered  as  one  term. 

Thus,  4a—  (6— 3  c)  isa  binomial.    Name,  the  two  terms. 

EXERCISES 

Tell  how  many  terms  in  each  of  the  following  expressions,  and 
apply  the  name  "  monomial,''  "  binomial,"  etc.,  to  each : 

8.    110  —  o  -—• 
8.   df  +  2ah  +  V.  _1_  ^    62.5  QH 
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iO.    .0622 ^(v-v'/.  ^•^    V'Z+a 

.  13.   3/8-5y  +  6. 

\       100 J  14.   a*-(&-.c)«. 

16,  m*+n*+j)*  +  2mn-f  27np+2rip. 

16.  B?'-IJ^  +  2DG-(P.  18.   rirj  +  rgrj  +  rira. 

17.  2ajy-.(aj'  +  3/*)4-2*.  19.   (a  +  &)(a-5). 

11.  Evalttation  of  Polynomiala.  —  The  oomputations  by  tbe 
formulae  in  the  preceding  sections  have  given  practice  in  finding 
the  values  of  expressions  of  one  term. 

In  finding  the  valv£  of  an  eocpresaion  containing  more  than  one 
term,  the  value  ofeojch  term  must  he  found  before  the  additions  or  sub' 
tractions  indicated  between  the  terms. 

Thus,  if  a;  =  2,  3a;2  -  4a;  +  7  =  12-8  +  7  =  ll. 
And,  if  a  =  12,  6  =  3,  c  =  2,  and  d  =  4, 
2c(a-  6)  -  (6 +  c)(i  =2x3x9-5x4 

=  86-20 

=  16. 

Here  the  values  of  a  —  &  and  b  •\-  e  are  computed  first    See  §  6. 

EXERCISES 

1.  Find  the  value  of  2P-3  Q  +  7  J?- 2;S  when  P=  10, 
Q-6,  i?  =  l,  5  =  4. 

a.   Find  the  value  of  Jfcf*  +  2  MN-i-  N^  when  M-  4,  ^=  5, 

3.  Find  the  value  of  a5  +  &c— cdf— 6  when  a  =  10,  bss^ 
0  =  1,  <f  =  3. 

4.  Find  the  value  of  aj'  +  Bo?  —  2aj  —  3  when  a?  =  4. 

6.   Find  the  value  oiy^  —  ot?  when  y  =  4,  a?  =  3. 

6.  Find  the  value  of  (u  —  vy  —  (w  —  xy  when  «  =  12,  v  =  8, 
I9ii«6,  a)«t3. 


p-\,H-i. 

%,   ViuA  i\iH  val  '**t  </f  V-i*  -t-  /^  -r  -  —  ^  ^*  —  ^^  when  A  =  <o, 

».    K-4irA^/»  +  /»  +  r/),     Firi'irwL^iir=12,r'  =  15,A=18. 
10.    Iii  1 10^  Kxt^rcitiii  H,  find  value  of  expression  when  iJ=  9Sg 

III    III  1 10,  KxttrcAHii  11,  find  v:il:ie  of  expression  when  2>  =  18, 

;;  =  CA),  F  =  10,  ir=  1140. 

12.  The  volume  of  the  frastum. 
of  a  pyramid  is  computed  by  the 
formula  F=  \  h  (b  +  B -h  VbB), 
where  T^=  volume,  A  =  altitude, 
^  ^  ^rt>^^  of  ouo  buHo,  and  B  =  area  of  other  base.  Find  V  when 
\  -  <>  iuohoi),  6-10  Hcpiaro  inches,  and  J?  =  49  square  inches. 

hi  1 W  fi\riuula  T  »  J  h{h  -f  /i  +  V6i^),  find  the  value  of  Fwhen: 
13k  A==tk  6  =  10, 1^  =  25.  16.   A=12,  6  =  49,  ^  =  64. 

1^    |--v^6a9, /J  =  aO.  17.   /i  =  16,  6  =  25,  ^  =  30. 

i3^    I^U\6  =2,\  7i  =  49.  18.   /i  =  18,  6  =  9,  B  =  25. 

I  *  -.  't  ',^riiiula  i'  =  J  -rhij^  -f  r"  +  rr^)y  find  the  value  of  Fwhen: 
::ii   '«Ck/^tKA-:a  21.   r=12, 1^  =  15,  A  =  18. 

»    -  =  5.r=l\A    :0,  22.    r  =  10,  r'  =  16,  A  =  12. 

^    ^^liilrifltfi — If    an    expression    is    separated    into    two  I 

-/jlXk*^   '    ler    f.u'tor   is  calUnl   the  coeffidoit  (oo-factor)  of  the 
If  A  xvt^cient  is  un  arithmotit'al  number,  it  is  called  a 

Ota  or  wise,  it  is  a  literal 


i*4te .-  *»  ft 


• -.  .  ^,  i  ■<  -K*  »tu*r'«en»'iil  cvvftiou'Ut  of  jr;/ :  x  is  the  coeflScfent  of  6y; 
-i.'i.  »  :-»r  'tiit.  if'tc  *t  •>  e.  In  4  m  t  —  "i^.  wlvit  is  the  numerical  coef- 
r-.-i.'-  *     'V*  at   s   n*'  v'^v'ti'-'-M-t  of  4^«  —  .*'''  ?     Of  d  —  '>  ? 

'f  re  -*'::'jt?r*i'ivl  vV*?t!iv:ient  is  written,  the  numerical  coefficient 
"^iiji*  -4::«.»:»   *  >  *iie  -jaiHt*  .k<  t  x,  tlv  nutuerr:il  ^>fixoLent  of  x  i»l. 
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13.  Similar  Terms.  —  In  what  respect  do  2  A,  7  A,  and  10  ^ 
differ  ?  Terms  which  do  not  differ  at  all,  or  which  differ  only 
in  their  coefficients,  are  called  like  or  similar  terms. 

Thus,  x^,  4^'^)  sind  20  0:^2^  are  similar.  Tiie  ternui,  ax,  bx,  and  ex  are 
similar  terms  in  x. 

14.  Addition  and  Subtraction  of  Similar  Terms.  —  Just  as  the  sum 
of  2  apples,  5  apples,  and  8  apples  is  15  apples,  so  the  sum  of  2  a, 
5  a,  and  8  a  is  15  a.  And  j  ust  as  3  men  +  4  men  =  7  men,  so  3  m  + 
4m  =  7  m.  Similarly,  6 x -\- 9 x  =  (6  +  9)x,  or  15a;;  (7+5(7+ 
3(7  =  (l  +  5  +  3)(7,  or9(7. 

To  add  similar  terms,  add  their  coefficients  and  to  the  result  attach 
the  commjon  letters  with  their  exponents. 

Just  as  12  lb.  -  7  lb.  =  5  lb.,  so  12  Z  -  7  Z  =  5  Z.  And  S2xy- 
18a;y=(32-18)an/,  or  Uxy-,  15a^h^-9a^b^=::{\6-9)a^b^,  or  6aW. 

To  subtract  similar  terms,  subtract  their  coefficients  and  to  the 
result  attach  the  common  lAters  with  their  exponents. 


EXERCISES 


Find  the  sums  in  1-12: 

1.  2  a,  3  a,  4  a. 

2.  bx,  X,  2x, 

3.  lOTT,  3TF,  8F: 

4.  P,  6P,  4P,  2P. 

5.  3  f,  ^,  7  ^,  6 1. 

6.  bS,12S,8,28., 

7.  4fc,  2k,  9A:,  6k, 

8.  6  J,  12A,A,A. 

9.  3  a;,  5  a;,  9  x. 

10.  mn,  4  mn,  3  mn,  10  mn. 

11.  abc,  9abc,  3abc,  abc. 

12.  4:E,SE,  15  E,  10  E, 
1.3.  2a  +  6a  +  4a=? 
14.  46  +  6  +  126  =  ? 


15.  602J  +  252J  +  5«  +  «-=? 

16.  12d-4:d  =  ? 

17.  9  7-1 -3  ?•!=:? 

18.  16m'-12m'=? 

19.  ISttR^-BttE'^z? 

20.  10?/- 10?/=? 

21.  25D-17D=? 

22.  69w-S7w  =  ? 

23.  20-8  +  10  =  ? 

24.  12  +  3-9  =  ? 

25.  16-2-12=? 

26.  6n  — 2n  +  3n  — 4n=9i? 

27.  12t-\'2t  —  7t—t  =  ? 

28.  37rD+57rZ)— 7ri>--49rZ>=^? 


t2  ELEMENTARY  ALGEBRA 

29.  Compare  the  values  of  3 -f- 5  and  5-f3.     Of6a  +  3a  and 
3a-h6a.    Of  4P+TP+2Pand  7P4-2/'+4P,or2/'+4P4-7P. 

30.  Compare    the    values   of    5  +  2-h6   and   5 +  (2 +  6).     Of 
6jy+4^-f  2jy  and  6^+(4jy+2^). 

Combine  the  similar  terms  in  the  following: 

31.  3a4-2a  +  44-T. 

Solution.     3a+2a  =  6a;  4  +  7  =  11. 

Hence,  3a  +  2a  +  4  +  7  =  6a  +  ll. 

32.  5JVr-2JVr+9-3.  36.   10m-8  +  10-8m. 

33.  122;  +  4-h6«  +  2.  37.   3i?'-12-i^-f 20. 

34.  9i?-3  +  2i?  +  7.  38.    ir+104-7ir-3-4^-6 
36.  204-V  +  5  +  4V.  39.   12«  +  18-s-12-5«. 

SUPPLEMENTARY  EZERCISSS 

Evaluate  the  following 

1.  A  =  ho,  when  1  =  16  and  w  =  14. 

2.  -4  =  ^  bh,  when  6  =  18  and  h  =  14^. 

3.  C=  wdj  when  d  =  16  and  w  =  34-.* 

4.  C=  2  irr,  when  r  =  12,  and  tt  =  3^. 

5.  u4  =  ttt^,  when  r  =  9  and  tt  =  3.1416. 

6.  A  =  \  ircP,  when  d  =  8  and  tt  =  3.1416. 

7.  u4  =  4  TT?*^,  when  r  =  16,  and  tt  =  3|. 

8.  u4  =  Trd^,  when  d  =  25  and  tt  =  3.1416. 

9.  F=  I  irr^A,  when  r  =  6,  ^  =  12,  and  tt  =  3.1416. 

10.  F=  I  Trt^,  when  r  =  8  and  tt  =  3.1416. 

11.  A  =  ^ 7i(a -I-  6),  when  ^  =  8,  a  =  10,  and  &  =  15. 

12.  V=ih(b-\-B  +  \^bB),  when  ^  =  16,  &  =  25,  and  5  =  49. 

13.  F=iir^(r>-hr'2  +  ^T'),  when  7r=3|,  ^=10,  r  =  6,  and/=9. 

14.  Recall  the  rules  you  studied  in  arithmetic,  and  give  the 
meanings  of  as  many  of  the  above  formulae  as  possible. 

•  la  practical  work  3f ,  instead  of  3.1416,  is  often  used  for  the  value  of  t. 
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In  the  formula  for  simple  interest,  i^pii;,  find  i  when: 

15.  2)  =  $500,  r=:5%,  «  =  2.  18.  ^  =  $900,  r  =  4^%,  t  =  3. 

16.  p  =  $1650,  r  =  6%,  ^  =  3^.       19.  p  =  f  1200,  r  =  5%,  if  =  1|. 

17.  jp  =  $780,  r  =  5i-%,  if  =  2f       20.  p  =  $1500,  r  =  5%,  f  =  |. 

21.  The  sum  to  which  p  dollars  placed  at  compound  interest 
will  amount  in  t  years  at  the  rate  per  cent  r  is  p(l  +  r)*. 

To  what  sum  will  $  500  amount  if  placed  at  compound  interest 
for  2  years  at  6  %  ?     For  3  years  ? 

22.  To  what  sum  will  $2000  amount  if  placed  at  compound 
interest  for  3  years  at  5  %  ? 

23.  I  invest  $  100  in  the  stock  of  a  building  and  loan  associa^ 
tion  which  pays  7  %  interest  compounded  annually.  To  what  will 
it  amount  in  3  years  ? 

24.  The  number  of  ways  that  a  committee  of  3  persons  may  be 

selected  from  a  group  of  n  persons  is     ^   "" — lA — II — :.    In  how 

many  ways  may  a  committee  of  3  be  selected  from  4  persons  ? 
From  5  persons  ?     From  6  persons  ? 

25.  If  71  gymnastic  exercises  may  be  taken  in  any  order,  the 
total  number  of  different  ways  in  which  they  may  be  selected  to 
follow  each  other  is  n(?i  —  1) (71  —  2)  •••  3  •  2  •  1.  In  how  many 
different  ways  may  a  series  of  5  exercises  be  arranged  ?  6  exer- 
cises ?     7  exercises  ? 

Note.  — The  expression  n(«  —  l)(n  — .2)  •••  3  •  2  •  1  means  for  any  number 
n,  the  product  of  this  number  and  each  consecutive  number  to  1.  Thus,  if 
n  =  4,  the  expression  Tjecomes  4x3x2x1. 

26.  A  party  of  8  people  secure  a  row  of  seats  at  a  theater.  In 
how  many  different  ways  may  they  be  seated  ?    (See  Problem  25.) 

27.  The  area  of  an  equilateral  triangle,  each  of  whose  sides  is 
8,  is  found  by  the  formula  ^  =  -^^V3.  Find  A  when  5  =  8. 
(  V3  =  1.732). 

28.  By  drawing  the  figure  of  a  race  track  with  two  straight 
parallel  sides  S,  and  with  semicircular  ends  each  with  radius  r, 
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you  will  see  from  your  knowledge  of  arithmetic  that  the  distance, 
D,  around  the  track  is  expressed  by:  D  =  2(S -{-Trr),  Find  D 
when  S  =  \  mi.  and  r  =  \  mi. 

29.   In    a    figure   (polygon)    with  n    equal 
angles,  the  number  of  degrees  in  each  angle 

is  ^    ~ — I,    How  many  degrees  in  each  of 

n 

the  equal  angles  of  a  triangle  ?     Of  a  figure 
with  5  equal  angles  (pentagon)  ?     Of  a  figure 


with  6  equal  angles  (hexagon)  ?  Of  a  figure  with  12  equal 
angles  ? 

SUPPLEMENTARY  VOCATIONAL  FORMULA 

4 

Note.  —  The  following  exercises  are  added  for  those  who  wish  to  give  a 
more  extensive  course  in  the  evaluation  of  formulce.  It  is  not  intended  that 
the 'teacher  should  make  any  attempt  to  explain  the  meaning  of  any  of  them. 
The  uses  of  the  various  formulae  are  stated  in  the  belief  that  students  will  be 
more  interested  in  the  process  of  evaluation  if  they  know  that  such  a  thing 
must  be  done  by  people  doing  the  world's  work.  They  may  be  omitted  with- 
out interfering  with  the  subsequent  work. 

E 

1.  The  formula  C  =  —  is  much  used  in  work  with  electricity. 

Compute  C  when  E  =  20.5  and  R  =  16.75. 

2.  The  velocity  of  the  recoil  of  guns  is  computed  by  the  for- 

mula  F= — ,  where  F=  velocity  of  recoil,  "pr=  weight  of  gun 
W 

and  carriage,  in  pounds,  w  =  weight  of  projectile,  and  v  =  muzzle 
velocity  of  projectile.  A  10-inch  gun  on  a  battleship  fires  a  400- 
pound  projectile  with  a  muzzle  velocity  of  1600  feet  per  second. 
Weight  of  gun  and  carriage,  22  tons.     Find  velocity  of  recoil. 

3.  The  force  of  pressure  P  of  the  wind,  in  pounds  per  square 
foot,  is  computed  from  P=.005F^  where  F=  velocity  of  wind 
in  miles  per  hour.  Find  the  force  of  the  wind  when  blowing  at 
40  miles  an  hour.  What  would  be  the  total  pressure  of  this  wind 
against  the  side  of  a  house  20  feet  high  and  60  feet  long  ? 
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4.  If  an  object,  such  as  a  brick  dislodged  from  the  wall,  starts 
from  rest  and  falls  towards  the  earth,  the  distance  that  it  will  fall 
in  a  given  length  of  time  is  computed  by  the  formula  Si=i-a?, 
where  s^  distance  in  feet,  a  =  32,  and  (=  number  of  seconds 
elapsed.  Find  the  distance  an  object  will  fall  in  1  second ;  2  sec- 
onds i  S  secoods ;  4  seconds ;  10  seconds ;  60  seconds ;  5  minutes. 

Note. — This  formula  boida  accurately  only  for  bodies  falling  In  a  perfect 
yacuum.  For  bodies  falling  tlirough  the  air,  tlie  velocity  is  somewhat  di- 
minlBhed  by  the  resistance  of  the  air. 

6.  HoTT  far  would  a  body  fall  during  the  sixth  second  ? 
SoooBBTiON. — Find  the  distance  It  would  fall  in  5  eecouds  and  in  6 
'  seconds. 

6.  How  far  would  a  falling  body  move  during  the  thirtieth 
second  ? 

7.  To  measure  temperature,  two  different  kinds  of  thermom- 
eters are  in  use:  the  Fahrenheit  and  the  Centigrade,  On  the 
former  the  freezing  point  is  marked  32°  and  the 
boiling  point  212°.  On  the  latter  these  are  marked 
0°  and  100°  respectively.  If  the  temperature  is 
read  on  a  Fahrenheit  thermometer,  the  correspond- 
ing temperature  on  the  Centigrade  thermometer  is 
computed  by  the  formula  C^-g-{F  — 32),  where 
C  =  temperature  in  degrees  on  Centigrade  scale 
and  F  =  temx*!'**"''^  ^^  degrees  on  Falirenheit 
scale. 

When  it  is  70°  by  the  Fahrenheit  thermometer, 
what  is  the  temperature  on  the  ('entigrade  ther- 
mometer ?    When  64°  ?    When  48°  ?    When  80°  ? 

8.  The  strength  or  capacity  for  work  of  engines 
.is  expressed  by  horse  power.     The  horse  power 

of    steam    engines    is    found    by   the    formula 

■     33000' 

pounds  per  square  inch,  I  =  length  of  stroke  in  feet,  a  =:  area  of 
piston  in  square  inches,  and  n  =  twice  the  number  of  revolutions 


C   F 


H.P.  =  -i ,  where  »=  pressure  of  steam  in 
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per  minute.  Compute  tlie  horse  power  of  an  engine  in  which  a 
test  §hows  p=  95  pounds,  i  =s30  inches,  a  =  706.8  square  inches, 
and  n  =  100. 

9.  Find  the  horse  power  of  a  steam  engine  in  which  p  =  110 
pounds,  1  =  24:  inches,  n  =  120,  and  the  diameter  of  the  piston  is 
16  inches. 

10.  The  horse  power  of  automobile  engines  is  computed  by  the 
formula  H.  P.  =  KND{D  -  1){R  +  2),  where  K=  .197  for  com- 
mercial  touring  cars,  N  =  number  of  cylinders,  D  =  diameter  of 
cylinders,  and  i?  =  ratio  of  the  stroke  to  the  diameter.  What  is 
the  horse  power  of  a  4-cylinder  engine  of  a  touring  car  in  which  « 
the  diameter  is  4  inches  and  the  stroke  5  inches  ? 

11.  If  a  beam  L  feet  long  is  supported  at  both  ends  and  loaded 
uniformly    throughout   its    length   with    W   pounds    per    foot, 

the  greatest  bend  or  deflection  D  ftt 

the  middle,  in  inches,  is  obtained  from 


^  ^'     the  formula  D  ==  ^  ^^  ,  where  E  and 

I  have  particular  values  depending  upon  the  material  used.  This 
formula  is  used  by  architects  in  designing  buildings.  If  a  beam 
in  which  E  =  30,000,000  and  J=  |  is  12  feet  long,  and  the  load 
200  pounds  per  foot,  find  the  deflection. 

12.  The  elevation  of  a  point  above  sea  level  is  obtained  by  use 
of  the  thermometer  from  the  formula  H=  513 1  +  t%  where  H= 
height  in  feet  above  sea  level,,  and  if  =  difference  (in  degrees 
Fahrenheit)  between  212°  and  the  temperature  at  which  water 
boils  at  the  place  of  observation. 

The  temperature  of  boiling  water  at  a  certain  place  is  210°. 
Find  the  elevation  of  the  place, 

13.  The  relation  between  the  height  of  a  chimney 
and  the  pressure  of  draft  which  it  produces  is  given 

by  the  formula  P=H^^^-^^,  where  P 
Bs  pressure  of  draft  as  measured  by  the  height  in 
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inches  of  a  coiumn  of  ^ater  that  it  will -support  in  a  tube, 
H  ss  height  of  chimney  iu  feet,  T  =  temperature  outside,  and 
t  =  temperature  of  air  in  chiniDej. 

If  H=  150  feet,  T=:  50°,  and  (  =  600°,  find  P. 

14.  In  electrical  work  problems  of  the  following  kind  ai'e  en- 
countered: An  electric  current  flowing  from  a  point  ^  to  a 
point  B  is  divided  at  A  into  three 
branches,  each  passing  through  an 
electric  bell,  and  the  branches  are 
united  £^in  into  one  current  at  B. 
The  total  resistance  B  of  the  circuit 
from  ^  to  £  is  computed  by  the 
formula  B  = ^X-O ,  where  r,,  r«,  and  r.  are  the  respective 

resistances  of  the  three  branches.  If  rt=:1.2  ohms,  )-j=  1.4  ohms, 
and  I'j  =  1.6  ohms,  find  the  total  resistance  B. 

Note.  —  Problem  14  stows  how  the  system  of  represenling  numbers  'by 
letters  may  be  extended  by  altacUing  subscripts  to  the  letters  of  the  alphabet. 
Thus,  by  attaching  subscript  to  the  letter  a  we  can  create  any  number  of  new 
symbola  for  representing  niimbera,  ae  D]  (reiid  a  sub  1),  a^,  oj,  a^,  etc.  The 
symbols  a\  and  o^  represent  distinct  and  unrelated  values,  just  as  a  and  b  do. 

Similarly,  by  attaching  snperacripta  to  letters,  new  number  symbols  may 
be  formed,  aa  x'  (read  x  prime),  x"  (read  x  second),  »'",  if^,  z',  etc.  Use 
is  sometimes  made  of  letters  of  the  Greek  alphabet,  a  (alpha),  (*  (beta), 
y  (gamma),  3  (delta),  etc. 

15.  The  horse  power  that  may  ^ 
be  transmitted  safely  by  a  certain  jw  F=: 
kind  of  shafting  without  breaking  ^  1 
or  twisting  is  computed  by  the  1  1 

formula  H.P.  =  ^,  where  n=  ,,    \\ 

number  of  revolutions  per  minute,  and  d=  diameter  of  shaft- 
ing in  inches.  How  many  horse  power  can  be  transmitted  by 
such  a  shafting  of  4  inch  diameter,  making  76  revolutions  per 
minute?  By  one  of  5  inch  diameter  making  100  revolutions 
per  minute? 
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16.  When  a  brick  arch  is  supported  by  a  tie  rod  to  keep  the 
walls  from  spreading,  the  *'  horizontal  thrust,"  or  stretching  force 
exerted  on  the  rod,  in  pounds  per  linear 

foot  of  arch,  is  obtained  by  the  formula 

F==  -' ,  where  W=  weight  on  arch 

H 

in  pounds  per  square  foot,  S  =  span  of 
arch  in  feet,  B  =  rise  of  arch  in  inches.  Pind  the  strain  on  the 
tie  rod  in  an  arch  on  which  the  weight  is  360  pounds  per  square 
foot,  the  span  4  feet,  and  rise  of  arch  18  inches. 

17.  The  discharge  of  a  pump  in  gallons  per  minute  is  obtained 
from  the  formula  G  =  .03264  Td/^,  where  G  =  number  of  gallons, 
T=  travel  (total  distance  traveled)  of  piston  in  feet  per  minute, 
d  =  diameter  of  cylinder  in  inches.  Suppose  that  the  diameter  of 
the  cylinder  of  a  pump  is  18  inches,  that  the  stroke  of  the  piston 
is  24  inches,  and  that  it  makes  40  revolutions  per  minute.  Mnd 
the  discharge. 

18.  The  horse  power  of  the  pump  required  in  Problem  17  is 
H.P.  =  .00001238  Td\  where  h  =  vertical  distance  in  feet  between 
levels  of  water  at  source  and  point  of  discharge.  Find  the  horse 
power  of  the  pump  in  Problem  17  required  to  raise  the  water  to  a 
standpipe  through  a  height  of  216  feet. 

19.  By  the  specific  gravity  of  a  solid  substance,  such  as  iron,  is 
meant  the  ratio  of  the  weight  of  that  substance  to  the  weight  of 

an  equal  volume  of  water.  The  specific 
gravity  of  an  object  may  be  found  by  first 
weighing  it  in  air,  then  weighing  it  again 
when  suspended  under  water.  An  object 
seems  to  lose  weight  when  weighed  in 
water  due  to  the  buoyancy  of  the  water. 

If  the  specific  gravity  is  s,  then  s  = ,  where  W=  weight 

■*■  .  14/^ /iij 

in  air  and  w  =  weight  in  water. 

A  piece  of  glass  weighing  40  grams  in  air  weighs  24  grams  iv 
w^ater.     Find  its  specific  gravity. 


CHAPTER  II 
THE  EQUATION 

15.  The  Equation.  —  In  solving  some  kinds  of  problems  use  is 
made  o:?  equations.  An  equation  is  the  statement  that  two  expres- 
sions are  equal  or  that  they  have  the  same  value. 

Thus,  2  X  6=  10,  a  +  6  =  6  +  a,  and  4n  —  3  =  2»-|-6are  equations. 

The  two  expressions  which  are  connected  by  the  sign  =  are 
called  the  members  of  the  equation. 

For  example,  in  3  P—  2  =  4  the  expression  3  P—  2  is  called  the  first  or 
left  member,  and  the  4  is  called  the  second  or  right  member. 

In  some  equations  the  members  are  equal  for  all  particular 
values  of  the  general  number  involved.  These  are  called  identical 
equations  or  identities. 

Thus,  in  a^  ■\- 2  ah  +  h^  =  (^a  +  by  the  members  are  equal  for  all  values 
whatever  that  may  be  given  to  a  and  h.  When  a  =  1  and  6=2,  the  equa- 
tion becomes  9  =  9;  when  a=2  and  6  =  2,  it  becomes  16  =  16 ;  when 
a  =  6  and  6  =  1,  it  becomes  36  =  86 ;  etc. 

In  other  equations  the  members  are  not  equal  for  all  particular 
values  of  the  general  numbers  involved.  These  are  called  con- 
ditional equations  or  simply  equations. 

Thus,  5  y  —  2  =  3  y  is  true  only  under  the  condition  that  y  ==  1.  And 
8  ^  +  4  =  10  is  true  only  when  B  is  2. 

16.  Problems  Expressed  by  Equations.  —  In  every  problem 
solved  by  use  of  equations,  the  values  of  one  or  more  numbers 
are  unknown. 

For  example,  in  the  problem,  "  If  eggs  cost  34  cents  a  dozen,  find  the  cost 
of  6  dozen,"  the  cost  of  6  dozen  is  an  unknown  number, 

19 
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To  solve  a  problem  is  to  find  the  values  of  the  unknown  numbera 
In  solving  a  problem  algebraically  it  is  first  expressed  in  a  sort 
of  shorthand  by  an  equation.  The  equation  expresses  the  rela- 
tion between  the  known  and  unknown  numbers.  An  unknown 
number  is  expressed  by  a  letter,  and  later  the  value  represented 
by  the  letter  in  the  equation  is  found. 

Example  1.  A  man's  salary  was  increased  by  10%,  or  ^  of  itself.  After 
the  increase  he  received,  annually,  $1080.  WJiat  was  his  salary  before  the 
increase  ? 

Represent  by  d  his  salary  before  the  increase. 

Then  the  problem  may  be  expressed  by  (?  +  A<?  =  $1980. 

Example  2.  Two  men  form  a  partnership  in  business  in  which  the  first 
invests  twice  as  much  as  the  second.  Their  profits  are  $3600.  What  part 
of  the  profits  should  each  receive  in  settlement  ? 

Let  a  represent  the  amount  the  second  should  receive. 

Then  2  a  represents  the  amount  the  first  should  receive. 

Hence,  the  problem  may  be  expressed  by  the  equation 

2a  +  a  =  $8000. 

To  express  a  problem  by  an  equation  we  take  the  following 
steps : 

(1)  First  read  the  problem  to  discover  what  numbers  are  unTcnovm. 

(2)  Let  some  letter  represent  one  of  the  unknown  numbers. 

(3)  Then,  from  statements  in  the  problem,  express  all  the  other 
unknovm  numbers  in  terms  of  this  letter. 

(4)  Finally,  from  another  statement  of  the  problem,  form  the 
equation  between  these  and  the  Tcnown  numbers  of  the  problem, 

ORAL  EXERCISES 

1.  If  n  denotes  a  certain  number,  what  will  denote  a  number 
10  larger?  What  will  denote  one  10  less?  One  10  times  as 
large  ?     One  -^  as  large  ? 

2.  The  rainfall  last  year  at  a  certain  place  was  6  inches  more 
than  on  the  year  before.  If  x  represents  last  year's  rainfall,  what 
will  denote  the  rainfall  of  the  year  before?  If  x  represents  the 
rainfall  of  the  year  before,  what  will  denote  that  of  last  year? 
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8.  The  melting  temperature  of  glass  is  136  degrees  lower  tlian 
3  times  that  of  zinc.  If  t  represents  the  melting  temperature  of 
zinc,  what  will  represent  that  of  glass  ? 

4.  One  boy  sold  20  more  than  -I-  as  many  papers  as  another. 
By  use  of  some  letter  represent  the  number  sold  by  each. 

5.  If  A  has  $y,  B  1^  as  much,  and  C  ^  as  much,  what  will 
represent  the  amount  that  all  three  have  ? 

6.  Of  two  candidates  at  an  election  one  was  defeated  by  362 
votes.  By  some  letter  express  the  number  of  votes  received  by 
each. 

7.  A  rectangle  is  2  inches  more  than  3  times  as  long  as  it  is 
wide.     By  use  of  a  letter  represent  both  the  length  and  the  width. 

8.  A  merchant  sold  coffee  at  a  profit  of  20  %.  If  it  cost  C 
cents  a  pound,  what  will  express  the  selling  price? 

9.  If  I  lend  %D  at  5%  for  4  years,  what  will  express  the 
amount  at  the  end  of  that  time? 

10.  The  distance  from  Chicago  to  New  York  by  rail  is  about 
900  miles.  If  a  train  ran  an  average  of  40  miles  an  hour,  how 
long  would  it  require  to  make  the  run  between  the  two  cities  ? 
If  it  ran  V  miles  an  hour,  what  will  express  the  time  required  for 
the  run? 

In  each  of  the  ahove  problems  one  number  has  been  expressed  in 
terms  of  one  or  more  other  numbers. 

WRITTEN  EXERCISES 

Express  the  following  problems  by  means  of  equations : 

1.  One  of  two  partners  in  a  business  invests  twice  as  much  as 
the  other.     How  should  a  profit  of  ^  1200  be  divided  ? 

2.  A  real  estate  dealer  sold  a  lot  for  $1500,  and  thereby  made 
a  profit  of  25%.     What  did  it  cost  him? 

8.  It  requires  2240  feet  of  wire  fencing  to  inclose  a  rectangular 
piece  of  ground  that  is  three  times  as  long  as  it  is  wide.  Find  its 
width  and  length. 
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4.  If  I  think  of  a  number,  double  it,  and  add  8  to  the  result,  1 
get  40.     What  is  the  number? 

5.  In  the  latitude  of  Chicago,  on  the  longest  day  of  the  year, 
the  day  is  6  hr.  8  min.  longer  than  the  night.     What  is  the  length 

B  of  each? 

6.   In  the  triangle  ABC,  the  sum  of  the  three 
angles  is  180°.     Angle  B  is  twice  as  large  as 
angle  A^  and  angle  C  is  three  times  as  large  as 
C  angle  A,    How  many  degrees  in  each  angle  ? 

17.  Solying  an  Equation. — It  has  been  seen  that  a  problem  may 
be  expressed  by  an  equation,  in  which  the  unknown  numbers  are 
represented  by  use  of  a  letter.  It  is  evident  that  the  problem 
may  be  solved  if  the  value  of  the  letter  in  the  equation  may  be 
found.     This  is  called  solving  the  equation. 

To  solve  an  equation  is  to  find  the  particular  value  or  values  of 
the  unknown  number  that  make  the  two  members  equal.  A  par- 
ticular value  of  the  unknown  number  thus  found  is  called  a  root 
of  the  equation. 

Thus,  in  4y+6  =  22/+10,  if  y  is  2,  each  member  equals  14.  Hence,  2  is 
a  root.     The  equation  is  said  to  "be  satisfied "  when y  =  2. 

Before  proceeding  to  the  solution  of  problems,  we  must  discover 
how  to  solve  an  equation. 

18.  Axioms.  —  If  the  weights  on  the  two  pans  of  a  balance  are 
equal,  they  balance.  If  equal  weights  are  added  to,  or  taken 
from,   the   two  pans,   will   the   resulting 

weights  balance  ?  If  the  weights  in  the 
two  pans  are  made  twice  as  great,  three 
times  as  great,  etc.,  or  one  half  as  great, 
one  third  as  great,  etc.,  will  the  resulting 
weights  balance  ? 

These  facts  about  the  balance  illustrate  certain  general  princi- 
ples in  dealing  with  numbers  which  may  be  assumed.  They  are 
called  axioms,  and  may  be  stated  as  follows : 
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1.  If  equal  numbers  are  added  to  equal  numbers,  tha  sums  are 
equal, 

2.  If  equal  numbers  are  subtracted  from  equal  numbers,  the  re- 
mainders are  equal. 

3.  If  equal  numbers  are  multiplied  by  equal  numbers,  the  products 
are  equal, 

4.  If  equal  numbers  are  dimded  by  equal  numbers  (not  zero)^  the 
quotients  are  equal. 

An  equation  may  be  compared  to  a  balance.  The  members  of 
the  equation  correspond  to  the  weights  on  the  two  pans  of  the 
balance.  In  the  figure,  the  fact  that  the 
weights  balance  is  expressed  by  the  equa- 
tion P-f-4  =  9.  Just  as  the  weights  on 
the  two  pans  may  be  equally  increased, 
decreased,  multiplied,  or  divided,  and  con- 
tinue to  balance,  so  the  members  of  an  equation  may  be  equally 
increased,  decreased,  multiplied,  or  divided,  according  to  the  above 
axioms,  and  remain  equal. 

The  use  of  these  axioms  in  solving  equations  is  shown  in  the 
following  sections. 

19    Equations  Solyed  by  a  Single  Addition,  Subtraction,  Multipli- 
cation, or  Division. 

Example  1.  — Solve  Tr+6  =  10. 

Since  TT+O  is  6  greater  than  TT,  what  must  be  done  to  Tr+6  to  get  TT? 
Subtracting  6  from  each  member,  Tr=  4.  Axiom  2. 

Example  2.  —  Solve  8  a=  7 a  +  5. 

What  must  be  done  to  7  tt  +  6  to  get  5  ? 

Subtracting  7  a  from  each  member,  a  =  5.  Axiom  2 

Example  3.  —  Solve  /S'  -  4  =  12. 

Since  iS'—  4  is  4  less  than  8,  what  must  be  done  to  iS^—  4  to  get  8 ? 
Adding  4  to  each  member,  «9  =  16.  Axiom  1 

Example  4.  —  Solve  3  aj  =  24. 

What  must  be  done  to  3  x  to  get  x  ? 

Dividing  each  member  by  3,  a;  =  8.  Axiom  4 
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Example  6.  —  Solve  -  =  4. 

6 

By  what  must  ^  be  multiplied  to  get  n  ? 

Multiplying  each  member  by  6,  n  =  24.  Axiom  3 

ORAL  EXERCISES 

Solve : 

1.  a  +  3  =  7.  13.  p— 9  =  1. 

2.  P+6=20.  14.  R''2  =  ^, 

3.  'y  +  l  =  8.  15.  w  — 14  =  16. 

4.  i?  +  9=16.  16.  x-^=z\. 

5.  3a?=2a;  +  4.  17.  m  — 1^  =  |. 

6.  6^  =  5^  +  12.  18.  by  =  16, 

7.  8A;  =  23  +  7A;.  19.  4^=24. 

8.  9«  =  3  +  8«.  20.  2a  =  18. 

9.  162>  =  5  +  152>.  21.  6Q  =  48. 

10.  jB-4  =  20.  22.   .7/S  =  28. 

11.  aj-10  =  15.  23.    242>  =  72. 

12.  ilf-60  =  12.  24.   10021  =  125.  ""    20 


25. 

12ic  =  25, 

26. 

?  =  25. 
4 

27. 

28. 

^-4 

12 

29. 

—  =  7 

10    '• 

30. 

__8. 

31. 

_^  =  18. 

WRITTEN  EXERCISES 


Solve  : 

1. 

a;  +  3.25  =  5. 

9. 

«-7f  =  8f 

2. 

2>  -  0.426  =  4.32. 

10. 

2/-A  =  A. 

3. 

4.6  ^  =  3.6  J.  4-  2.5. 

11. 

lir'  =  6. 

4. 

P_4.08  =  8. 

12. 

2f^  =  5f. 

6. 
6. 

2.16  m  =  .24. 
3.1416(^  =  9.5. 

13. 

3i     ^*- 

7. 
8. 

4^(7=7  +  3|a 

14. 
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20.  Any  Simple  Equation  Solved.  —  Any  simple  equation  may  be 
solved  by  using  one  or  more  of  the  processes  employed  in  §  19,  as 
shown  by  the  following  examples. 

ExAMPLB  1.  —  Solve  4  n  +  15  4- 13  w  =  5  n  +  99. 
Adding  similar  terms,  4  n  and  13  n,  17  »  +  15  =  5  »  +  99. 

Subtracting  15  and  5  n  from  each  member,  12  n  =  84. 

Dividing  each  member  by  12,  n  =  7. 

Notice  that  by  subtracting  16  from  each  member  we  get  the  term  free  of 
n  out  of  the  first  member,  and  by  subtracting  5  n  from  each  member  we  get 
the  term  containing  n  out  of  the  second  member. 

Check.  —  When  n  =  7,  each  member  becomes  134,  which  shows  that  the 
answer  is  correct. 

A  number  symbol  put  in  place  of  another  in  an  expression,  as 
in  checking  the  answer  in  the  preceding  example,  is  said  to  be 
substituted  for  it.  The  student  is  familiar  with  substitution  in 
the  formulae  in  Chapter  I. 

The  root  of  every  equation  shovld  he  checked^  or  tested  for  acc^i" 
ra/cyy  py  substituting  the  value  found  in  place  of  the  unknown  number 
in  eaxih  member  of  the  equation. 

Example  2.  —Solve  7  V-S  +  6  V=  28  +  4  F. 

By  combining  similar  terms,  what  does  the  first  member  become  ? 

What  must  be  added  to  each  member  to  free  the  first  member  of  the  term 
not  containing  V? 

What  must  be  subtracted  from  each  member  to  free  the  second  member  of 
the  term  containing  V? 

Show  that  the  resulting  equation  is  9  F  =  36. 

By  what  must  each  member  now  be  divided  ? 

Check  the  answer  by  substituting  its  value  in  each  member  of  the  given 
equation  and  seeing  if  they  are  equal. 

Example  8.  —  Solve  ^  +  ^  +  9=^+16. 

3        4  6 

What  is  the  least  number  divisible  by  each  denominator  ? 

By  what,  then,  must  each  member  be  multiplied  to  free  each  term  of 

fractions. 

Show  that  the  resulting  equation  is  8  a;  +  9  a;  +  108  =  10  a;  +  192. 

Now  show  that  x  =  12. 

Check  by  substituting  12  for  x  in  the  given  equation. 
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It  is  evident  from  these  examples  that  the  steps  in  solving  such 
equations  are  as  follows : 

(1)  If  the  equation  contains  one  or  more  fractions,  rmdtijyly  both 
members  by  the  L.  CM.  of  aU  the  denonninaXors  to  free  the  equation 
of  fractions. 

(2)  Unite  similar  terms  by  adding,  or  subtracting,  as  the  case  may 
require. 

(3)  Free  the  first  member  of  all  term^  that  do  not  contain  the  un- 
known number,  and  the  second  member  of  all  terms  that  do  contain 
the  unknown  number,  by  adding  the  same  number  to  both  members 
or  subtracting  the  same  number  from  both  members.  To  remove  a 
term  with  a  plus  sign  before  it,  subtract  it,  and  to  remove  a  term  vnth 
a  minus  sign  before  it,  add  it  to  both  members. 

(4)  Divide  both  members  of  the  resulting  equation  by  the  coefficient 
of  the  unknown  number. 

(5)  Check  the  work  by  substituting  the  value  of  the  root  found  in 
each  member  of  the  given  equation. 

EXERCISES 

Solve: 

1.  7a-h3=a  +  21.  9.   6 Jlf-5  =  4Jlf-f  1. 

2.  46  +  4=25  +  &.  10.  52/  +  5  =  8-32/. 

3.  5P-4  =  12-3P.  11.  20i?-25  =  5/?  +  5. 

4.  2v-5  =  7-v.  12.  13^  +  15  =  11^  +  35. 

5.  3D-7  =  14-4I>.  13.  4^-3  =  ^. 

6.  5a;  +  3  =  3aj+9.  14.  12c- 13  +  c  =  35 +  7c. 

7.  200^-50=50^+250.  15.  13  F-7  =  5  F+2- F. 

8.  5  A;  — 5  =  A; +  3.  16.  3  a;  =  10  +  a;. 

17.   What  is  the  least  number  divisible  by  both  2  and  3  ?     By 

ii*  en* 

what  one  number  may  both  of  the  fractions  -  and  -  be  multiplied 
to  change  them  to  whole  numbers  ? 
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18.  By  what  one  number  may  each  of  the  fractions  — -,  -,  and 
—  be  multiplied  to  change  all  of  them  to  whole  numbers  ? 

19.  What  is  6  times  4  apples?    6  times  4a?    3  times  5«? 
8  times  7 n ?   10  times  3^? 

20.  What  is  6  times  ??  8  times  ??  10  times  ?^?  12  times  —  ? 

3  4  5  4 

Solve : 

22.  — r-  =  -:r-  +  lo.  27.    x =  30-| — 

4        3  2  6 

23.  2^  +  ^  =  ^  +  7.  28.    3TF-f  =f +13. 

t>         4  o  o        Z 

24.  ^  +  6  =  17-^.  29.    10-|  =  |  +  |  +  3. 

25.  25  +  ^-17  =  0.  30.    i2-10+:?=:|-^. 


21.  Problems  Solved  by  Equations.  —  The  following  example 
shows  the  complete  process  of  solving  a  problem  by  use  of  an 
equation. 

Example.  —  At  an  election  two  candidates,  A  and  B,  together  received 
2246  votes.  A  was  elected  by  a  majority  of  286  votes.  How  many  votee 
w^ere  cast  for  each  ? 

Let  n  =  number  cast  for  A . 

Then  n  —  286  =  number  cast  for  B. 

Hence,  n  +  n  —  285  =  2245. 

Solving,  2  n  -  286  =  2246. 

2  w  =  2630. 
n  =  1265,  number  cast  for  A, 

Hence,  n—  285  =  980,  number  cast  for  B* 


»« 
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EXERCISES 

1.  The  initiation  fee  of  a  certain  organization  is  $40,  and  the 
annual  dues  $5.  In  how  many  years  will  a  member  have  paid 
into  the  treasury  $  100  ? 

2.  It  costs  $  4  to  have  made  the  plates  for  printing  a  circular, 
and  the  cost  of  paper  and  printing  is  -^  cent  a  copy.  How  many 
copies  can  I  have  made  for  $  8  ? 

3.  One  partner  has  4  times  as  much  money  invested  in  an  en- 
terprise as  the  other.     How  should  a  profit  of  $2500  be  divided? 

4.  Two  boys  agree  to  mow  a  man's  lawn  during  a  season  for 
$  6.  One  mows  it  3  times  and  the  other  5  times.  How  should  the 
money  be  divided  between  them  ? 

5.  A  grocer  bought  some  eggs  at  16  cents  a  dozen.  Thirty 
were  broken,  and  he  sold  the  remainder  at  18  cents  a  dozen.  He 
found  that  he  got  back  just  the  cost  of  the  whole  lot  How 
many  did  he  buy  ? 

6.  Divide  $  76  between  A  and  B  so  that  A  shall  receive  $  3 
more  than  twice  as  much  as  B. 

7.  Two  boys  sold  45  papers.  One  sold  -|  as  many  as  the 
other.     How  many  did  each  boy  sell  ? 

8.  A  boy  has  $  1.05  in  dimes  and  nickels.  He  has  just  as 
many  dimes  as  nickels.     How  many  has  ho  of  each  ? 

9.  Two  trains  start  at  the  same  time  from  stations  450  miles 
apart,  one  running  at  the  rate  of  35  miles  per  hour,  and  the  other 
at  the  rate  of  40  miles  per  hour.  In  how  many  hours  do  they 
meet  ? 

10.  The  resistance  of  an  electrical  battery  and  the  wire  at- 
tached to  it  is  found  to  be  3  ohms.  By  connecting  to  the  battery 
a  wire  of  the  same  size  and  material  and  three  times  as  long,  the 
resistance  is  found  to  be  6  ohms.  Find  the  resistance  of  the 
battery. 

11.  The  resistance  of  a  battery  and  the  wire  attached  to  it  is 
5^  ohms.     When  a  wire  of  the  same  kind  and  4  times  as  long  is 
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connected  to  the  battery,  the  resistance  is  found  to  be  16  ohma 
Find  the  resistance  of  the  battery. 

12.  The  total  nurr/oer  of  admission  tickets  to  a  circus  was  836. 
The  number  of  tickets  sold  for  adults  was  136  less  than  twice  the 
number  of  children's  tickets.     How  many  were  sold  of  each  ? 

13.  The  distance  from  Chicago  to  San  Francisco  by  rail  is 
2563  miles,  which  is  397  miles  more  than  twice  as  far  as  from 
Chicago  to  Denver.     How  far  is  it  from  Chicago  to  Denver  ? 

14.  In  a  class  containing  24  boys  and  girls  there  are  6  more 
girls  than  boys.     How  many  of  each  are  there  ? 

15.  It  takes  360  feet  of  wire  fencing  to  inclose  a  rectangular 
lot  60  feet  wide.     How  long  is  the  lot  ? 

16.  A  boat  steams  against  the  current  of  a  stream  at  a  speed  of 
3  miles  per  hour,  and  with  the  current  at  a  speed  of  15  miles  per 
hour.     Find  the  speed  of  the  current. 

17.  A  train  left  a  station  and  traveled  at  the  rate  of  30  miles 
per  hour,  and  three  hours  later  a  second  train  left  the  station,  fol- 
lowing on  the  same  track  at  the  rate  of  40  miles  per  hour.  In 
how  many  hours  from  the  time  that  the  first  train  started  was  it 
overtaken  by  the  second  train  ? 

.  18.  A  bar  40  inches  long  is  to  be  cut  into  two  pieces.  The 
shorter  piece  is  to  be  |  as  long  as  the  longer  piece.  Find  the 
lengths  of  the  pieces. 

19.  A  board  62  inches  long  is  to  be  sawed  into  two  pieces  so 
that  one  piece  is  8  inches  longer  than  the  other.  How  long  will 
each  piece  be  ? 

20.  Surveyors,  in  order  to  mark  off  a  right  angle  on  the 
groundj   sometimes   set  three   stakes   so 

that  when  a  tapeline  is  stretched  around 
them  so  as  to  form  a  triangle,  it  is  divided 
at  the  stakes  into  parts  whose  lengths  are 
as  3,  4,  and  5.  The  ancient  Egyptians 
used  this  method  in  laying  out  their 
pyramids,  etc.     If  a  100-foot  tapeline  is 
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used,  find  the  lengths  of  the  parts  into  which  it  must  be  divided 
at  the  stakes. 
Suggestion.  — Let  3  n  represent  the  number  of  feet  in  the  shortest  part. 

21.  If,  in  Problem  20,  the  surveyors  use  a  50-foot  tapeline, 
find  the  lengths  of  the  parts  into  which  it  must  be  divided  at 
the  stakes. 

22.  A  surveyor's  chain  which  contains  60  links  is  divided  into 
three  parts  whose  lengths  are  as  3,  4,  and  5,  and  used  instead  of 
the  tapeline  in  Probiem  20.     How  many  links  in  each  part  ? 

Note.  —  Students  who  have  time  will  find  it  interesting  to  use  the  method 
of  Problems  20-22  in  making  out-of-door  measurements. 

23.  A  merchant  sells  tea  for  70  cents  a  pound,  and  thereby 
makes  a  profit  of  40%  on  the  cost.     What  did  it  cost  him  ? 

24.  How  much  money  must  I  invest  in  a  business  yielding 
20^0  profit  in  order  that  the  investment  and  profit  together  may 

amount  to  $  1000  ? 

25.  The  sum  of  the  angles  a,  6,  and  c  is 
180°.  If  angle  h  equals  angle  a,  and  angle  c 
equals  one-half  of  angle  a,  find  the  value  of 
each. 

26.  The  sum  of  the  angles  of  a  triangle  is  180°.  If  two  of  the 
angles  are  equal,  and  the  other  one  twice  as  large  as  either  of 
them,  how  many  degrees  in  each  ? 

27.  An  angle  of  75°  is  made  up  of  the  sum  of  an  angle  of  15° 
and  5  equal  angles.  How  many  degrees  in  each  of  the  equal 
angles  ? 

28.  Two  angles  are  called  complementary  when  their  sum  is 
90°.  If  one  of  two  complementary  angles  is  15°  more  than  twice 
the  other,  how  many  degrees  in  each  ? 

29.  Three  angles  just  cover  all  of  the  plane  around  a  point 
The  difference  between  the  second  and  the  first  is  60°  and  be- 
tween the  third  and  the  second  60°.     How  many  degrees  in  each  ? 
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30.  If  a  polygon  has  n  sides,  the  sum 
of  all  of  its  angles  is  180°  n  -  360^ 
How  many  sides  has  a  polygon  the  sum 
of  whose  angles  is  720°  ? 

31.  Whole  numbers  such  as  5  and  6 
are  consecutive  whole  numbers.      The  sum  of  two  consecutive 
whole  numbers  is  71.     What  are  the  numbers? 

32.  The  sum  of  two  consecutive  odd  numbers  is  32.  What 
are  the  numbers  ? 

33.  One  number  is  twice  as  large  as  another.  If  I  take  4 
from  the  smaller  and  16  from  the  larger,  the  remainders  are 
equal.     What  are  the  numbers  ? 

34.  A  number,  its  half,  its  third,  and  its  fourth  make  100. 
Find  the  number. 

35.  In  the  papyrus  written  by  Ahmes,  the  Egyptian,  about 
1700  B.C.,  the  unknown  number  was  called  "  hau."  This  ancient 
book  contained  the  following  problem:  "Hau,  its  \,  its  whole, 
it  makes  19 ; "  i.e.  if-  of  the  unknown  number  and  the  unknown 
number  make  19.     What  was  the  unknown  number  ? 


SUPPLEMENTARY  EXERCISES 

1.  A  certain  number  exceeds  n  times  the  number  x  by  m. 
What  will  express  the  number  ? 

2.  D  dollars  are  invested  at  p  per  cent  interest.  What  will 
represent  the  sum  to  which  this  wilj  amount  in  1  year?  In  3 
years  ?     In  ^  years  ? 

3.  A  merchant  sells  sugar  costing  c  cents  a  pound  at  a  profit 
of  12%.  What  will  represent  the  selling  price?  If  it  sells  at 
a  profit  oip^Joi  what  will  represent  the  selling  price  ? 

4.  Solve  ^  +  1  =  2^. 
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6.   Solve —-  +  —-  =  -— +  64. 
4         5         6 

6.   Solve  7=|-?|?  +  f. 

6       9       4 

7.  I  paid  $6  for  an  advertisement  of  6  lines,  as  follows: 
20  cents  a  line  for  the  first  insertion,  10  cents  a  line  for  each  of  the 
next  6  insertions,  and  2  cents  a  line  after  that.  Find  the  number 
of  insertions  at  2  cents  a  line. 

8.  How  much  per  bushel  must  a  merchant  pay  farmers  for 
wheat  in  order  to  market  it  at  $  1.14  and  make  a  profit  of  4  %  ? 

9.  How  much  per  bushel  must  a  wholesale  house  pay  for 
potatoes  in  order  to  sell  them  to  retailers  at  53  cents  and  make  a 
profit  of  6  %  ? 

10.  How  much  must  a  country  merchant  pay  farmers  for  tur- 
keys in  order  to  make  6  %,  if  he  can  get  17  cents  per  pound  foi 
them  in  the  city  market  ? 

11.  In  the  city  market,  on  a  certain  date,  unwashed  wool  sold 
for  25  cents  per  pound.  How  much  per  pound  must  a  wool  buyei 
pay  farmers  for  their  unwashed  wool  in  order  to  make  a  profit  oi 
10%  when  selling  it  at  this  price,  if  it  costs  him  3  cents  pel 
pound  to  market  it  ? 

12.  On  a  certain  date  hogs  sold  for  $9.75  per  hundred  pounds 
in  the  Chicago  market.  What  must  a  buyer  pay  for  hogs  in  the 
country  in  order  to  market  them  at  this  price  and  make  a  profit 
of  20  %,  making  no  allowance  for  cost  of  delivery  ? 

13.  At  what  market  price  must  1-year  4  %  bonds  be  offered  for 
sale,  in  order  that  the  buy^r,  by  holding  them  until  maturity^ 
may  make  8  %  on  his  investment? 

Suggestion.  — The  profit  made  must  come  from  two  sources,  the  interest 
on  the  par  value,  which  is  $4,  and  the  excess  of  the  maturity  value  over  the 
price  paid  for  the  bonds.    If  x  is  the  price  paid,  100  —  a;  +  4  =  .08  a. 

14.  At  what  market  price  must  1-year  7  %  bonds  be  purchased, 
if  by  holding  them  until  maturity  the  purchaser  makes  10  %  on 
his  investment? 


;^£s 
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15.  At  what  price  must  3-year  5  %  bonds  (bonds  that  mature 
in  3  years)  be  purchased,  if  by  holding  them  until  maturity  the 
purchaser  makes  6  %  on  his  investment  ? 

Suggestion.  —  If  x  is  the  cost  required,  the  annual  profit  due  to  excess  of 

^     .^        ,                    .  .     100  —  .r  * 
maturity  value  over  cost  is . 

16.  At  what  price  were  Lake  Shore  4's  bought  in  1910,  which, 
if  held  until  maturity  in  1931,  would  earn  the  buyer  4|  %  on  his 
investment  ? 

17.  Lackawanna  5's  bought  in  1910  and  maturing  in  1923,  if 
held  until  maturity,  would  pay  the  purchaser  5^  %  on  his  invest- 
ment.    What  was  the  price  of  Lackawanna  6's  when  bought  ? 

18.  Chicago  &  N.  W.  stock  bought  May  13,  1913,  and  sold 
May  13,  1913,  at  173,  after  paying  three  12  %  dividends,  would 
yield  the  purchaser  12^  %  on  his  investment.  At  what  was  the 
stock  bought  May  13, 1913? 

Suggestion.  —  If  n  =  amount  paid  for  a  $  100  share,  show  that 

19.  A  merchant  sold  an  article  at  a  gain  of  40  %.  When  the 
cost  increases  $90,  the  same  selling  price  will  be  a  loss  of  50  %. 
Find  the  cost. 

20.  A  weight  W  is  lifted  by  means  of  a 
rope  running  over  two  pulleys,  A  and  J5. 
The  friction  in  each  pulley  increases  the  ten- 
sion in  the  rope  2  %.  Find  W  if  the  force 
required  to  lift  it  is  400  pounds. 

*  This  method  of  distributing  the  loss  or  gain  at  maturity  does  not  consider 
interest  upon  the  annual  loss  or  gain.  For  a  full  discussion,  see  the  Ston^ 
MillU  Secondary  Arithmetic^  page  90. 


CHAPTER  III 

POSITIVE  AND  NEGATIVE  NUMBERS 

22.  Extension  of  the  Number  System. — We  have  seen  in  Chap- 
ter I  a  class  of  practical  problems  which  are  solved  by  use  of  the 
fcyrmvla,  and  which  require  a  knowledge  of  literal  notation.  In 
Chapter  II  we  have  seen  another  class  of  problems  to  solve  which 
requires  a  knowledge  of  the  equation.  There  are  still  other  prob- 
lems, now  to  be  considered,  which  require  us  to  extend  our  idea 
of  number  to  include  a  new  kind  of  number. 

If  a  man  deposits  $  500  in  a  bank,  and  then  withdraws  $  300,  the  amount 
of  his  balance  is  $  600  —  $300,  or  ^  200.  It  soinetimes  happens  that  a  depos- 
itor xoithdraws  more  money  than  he  has  deposited,  or  makes  an  overdraft. 
For  example,  suppose  that  he  has  deposited  only  $250,  and  withdraws  $300. 
There  is  now  a  balance  of  $  50  against  him,  showing  that  he  owes  the  bank 
and  not  that  the  bank  owes  him.  The  balance  is  obtained  by  subtracting 
$300,  the  amount  withdrawn,  from  $250;  i.e.  the  balance  is  $250  — $300. 

This  problem,  then,  requires  us  to  subtract  a  number  from  a 
smaller  number.  In  order  to  solve  such  problems,  our  idea  of 
number  must  be  extended  and  this  subtraction  made  possible. 

23.  Negative  Number.  —  The  remainder  resulting  from  subtract- 
ing a  number  from  a  smaller  number  is  called  a  negative  number. 
We  must  now  see  how  to  represent  a  negative  number. 

If  a  person  wishes  to  withdraw  $  100  from  a  bank,  he  may  withdraw  part 
at  a  time.  Thus,  he  may  withdraw  $  75  with  one  check  and  then  $  25  with 
another.  What  are  some  ways  that  he  may  withdraw  $250  from  a  bank, 
by  withdrawing  only  part  at  a  time  ? 

Similarly,  in  general,  one  number  may  be  subtracted  from 
another  by  separating  the  subtrahend  into  two  or  more  parts,  and 
subtracting  the  parts  one  at  a  time. 
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-Hence,  in  attempting  to  subtract  7  from  4,  by  separating  7  into 

4  and  3,  we  get 

4-7  =  4-4-3  =  0-3. 

In  practice  the.  zero  is  dropped,  and  the  remainder  0  —  3  written 
simply  —3. 

Similarly,       5-   9  =  5-5-4  =  0-4  or -4. 

8- 14  =  8-8-6  =  0-6  or -6. 

Hence,  a  negative  number  is  expressed  by  a  number  preceded  by 
the  minus  sign. 

It  is  clear  that  a  negative  number,  such  as  —  $  25,  indicates  a 
reserved  subtraction,  there  being  nothing,  when  it  stands  alone, 
from  which  to  subtract  it.  Thus,  in  $  100  -  $  150  =  $  100  -  $  100 
—  $  50  =  —  $  50,  the  remainder,  —  $  50,  is  a  part  of  the  subtrahend 
that  is  not  subtracted  because  there  is  nothing  from  which  to 
subtract  it. 

Henee,  a  negative  number  is  in  nature  a  subtrahend. 

24.  Positive  Numbers. — For  the  sake  of  distinguishing  from 
negative  numbers,  the  arithmetical  numbers  with  which  we  have 
always  dealt  up  to  this  time  are  called  positive  numbers.  All 
numbers  with  which  we  are  familiar,  therefore,  are  to  be  classified 
as  either  positive  or  negative  numbers. 

25.  Use  of  Signs.  = —  For  distinction  in  writing  positive  and  nega- 
tive numbers,  the  positive  or  arithmetical  numbers  are  often  pre- 
ceded by  the  sign  +  when  standing  alone. 

Thus,  6  is  written  -f  6;  a  is  written  +  a. 

When  clearness  would  not  be  sacrificed,  however,  the  sign  + 
may  be  omitted  from  a  positive  number.  If  no  sign  is  written 
before  a  number,  the  number  is  understood  to  be  positive. 

It  is  clear,  then,  that  the  signs  +  and  —  have  two  uses:  to 
indicate  addition  or  subtraction,  and  to  indicate  the  positive  or 
negative  quality  or  character  of  numbers.  They  may  always  be 
considered  as  signs  of  addition  or  subtraction;  and  when  conven- 
ient, as  signs  of  quality. 
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When  standing  alone,  the  positive  numbers  4-1,  +2,  etc.,  are 
read  either  "plus  1/^  "plus  2,^^  etc.,  or  "positive  1,"  "positive  2," 
etc. ;  and  the  negative  numbers  —  1,  —  2,  etc.,  are  read  either 
"minus  1/'  "minus  2/'  etc.,  or  "negative  1,"  "luegative  2,"  etc. 

EXERCISES 

Read  the  following  numbers : 

1.  6;  90;  -1;  -12;  x;  -n;   |;    -h    -f- 

What  negative  numbers  result  from  the  following  subtractions  ? 

2.  3-4.      3.    8-13.      4.    10-12,      5.   7-16.      6.   32-40. 
7.    $100 -$125.      8.    $500— $650.      9.    $400  deposited  and 

$475  withdrawn.     10.    $250  deposited  and  $325  withdrawn. 

26..  Opposite  Numbers.  —  Since  a  negative  number,  such  as  —  5, 
always  implies  a  reserved  subtraction^  if  it  is  combined  with  a 
positive  number,  into  one  number,  it  tends  to  subtrcict  from,  or 
destroy  of,  the  positive  number  a  part  equal  to  itself 

Thus,  when  6  and  —  4  are  combined  into  one  number,  —  4  destroys  4  of 
the  6,  leaving  2  as  the  result.  And  when  $10  and  —$16  are  combined, 
—  $  10  of  the  —  $  15  destroys  the  $  10,  leaving  —  $6  as  the  result. 

Because  of  this  neutralizing  tendency  of  positive  and  negative 
numbers,  they  are  sometimes  called  opposite  numbers. 

If  two  numbers  such  as  -f  8  and— 8,  which  differ  only  in  their 
signs,  are  combined,  they  completely  neutralize  each  other.  Such 
numbers  are  said  to  have  the  same  absolute  value.  Thus,  8  is  the 
absolute  value  of  both  +  8  and  —  8. 

27.  Positive  and  Negative  Magnitudes.  —  As  seen  in  the  above 
illustrations,  deposits  and  withdrawals  of  money  in  a  bank  tend 
to  neutralize  each  other,  and  hence  are  positive  and  negative 
quantities,  respectively.  There  are  many  other  concrete  quanti- 
ties or  magnitudes  which  are  capable  of  existing  in  two  opposite 
states  or  senses  such  that  one  tends  to  neutralize  or  destroy  an 
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equal  amount  of  the  other.  Consequently,  their  numerical  values 
are  represented  by  positive  and  negative  numbers.  Several  of 
these  are  illustrated  in  the  following  exercises. 

EXERCISES 

1.  If  in  one  of  two  sales  of  goods  I  lose  $10,  and  in  the  other 
I  make  a  profit  of  $  15,  what  is  the  net  result  ? 

Loss  and  profit  are  thus  neutralizing  quantities,  each  tending 
to  destroy  an  equal  part  of  the  other. 

If  profit  is  called  positive,  what  will  loss  be  called  ? 

If  $15  profit  is  written  +15,  what  will  express  $10  loss? 

2.  Express ^ith  +  and  —  signs  the  following:  $25  lossj 
$40  profit;  $15  loss;  $6  loss;  $20  profit. 

3.  If  I  had  $20  in  my  pocket,  then  spent  $25  for  a  suit  of 
clothes,  I  would  have  left  $  20  —  $  25,  or  —  $5.  What  does  the 
—  $  5  in  this  case  mean  ? 

4.  Express  with  +  and  —  signs  the  following:  $50  credit; 
$18  debt;  $25  debt;  $60  cash  in  hand;  $100  borrowed;  $20 
loaned ;  $  15  spent. 

6.  The  number  of  people  entering  a  store  during  a  certain  hour 
was  216,  and  the  number  coming  out  was  250.  Express  the  rela- 
tion of  these  numbers  by  +  and  —  signs.  Also  express  the 
excess  of  the  number  coming  out  over  the  number  entering. 

6.  The  amount  of  water  pumped  into  a  tank  during  an  hour 
was  1900  gallons;  and  during  the  same  hour  three  locomotives 
withdrew,  respectively,  675  gallons,  750  gallons,  and  650  gallons. 
Express  with  +  and  —  signs  these  quantities,  and  also  the  excess 
withdrawn  during  the  hour. 

7.  A  locomotive  pulls  a  train  with  a  force  of  35  tons.  The 
resistance  of  the  train  is  20  tons.  If  the  pull  of  the  locomotive  is 
positive,  represent  by  +  and  —  signs  the  two  forces. 

8.  A  balloon  lifts  up  with  a  force  of  200  pounds.  How  much 
weight  must  be  attached  to  keep  the  balloon  from  rising  ?  If  the 
lifting  force  is  +,  what  represents  the  weight? 
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9.  A  balloon  lifts  with  a  force  of  250  pounds,  and  a  weight  of 
175  pounds  is  attached  to  it.  If  the  weight  is  called  positive, 
what  will  represent  the  lifting  force  ?  What  will  represent  the 
result  when  the  weight  is  attached  ? 

10.  A  battleship  has  a  displacement  of  20,000  tons  (sinks  into 
the  water  until  it  displaces  20,000  tons  of  water).  Express  with 
+  and  —  signs  the  weight  of  the  ship  and  the  upward  pressure 
of  the  water. 

11.  A  diver  who  weighs  165  pounds  displaces  156  pounds  of 
water  (is  buoyed  up  with  a  force  of  156  pounds).  Represent  by 
+  and  —  signs  these  forces  and  the  resultant  force  with  which  he 
tends  to  sink  to  the  bottom.  • 


fl 


12.  If  the  thermometer  is  5°  above  zero  at  noon,  and 
falls  15°  by  night,  what  is  the  temperature  by  night? 

212**     5°— 15°  =  what  ?     How  else   may   10°    below   zero   be 
written  ?     How  would  temperature  above  zero  be  written  ? 

13.  On  Jan.  6,  1910,  the  Weather  Bureau  reported 
the  temperature  at  several  different  places  as  follows 
Chicago,  —2°;  Davenport,  —18°;  Des  Moines,  —12° 
Kansas  City,  —  2° ;  Madison,  —  14°  j  Milwaukee,  —  8° 
Peoria,  -6°;  Pueblo,  -6°;  St.  Paul,  -16°.  Were 
these  temperatures  above  or  below  zero  ?  What  would 
they  be  if  the  signs  were  +  ? 

o  14.   Certain  railroad  stock  that  sold  at  7  above  par  in 

___      January  fell  to  3  below  par  in  June.     Since  the  value  of 

the  stock  was  reduced  10  points,  how  may  the  3  below 

par  be  represented  algebraically  ? 

15.  Represent  by  -j-  and  —  signs  the  following  prices  of  stock 
which  show  the  change  in  6  months :  January,  10  below  par ; 
February,  6  below  par ;  March,  1  below  par ;  April,  5  above  par ; 
May,  8  above  par ;  June,  2  above  par. 

16.  Augustus  Caesar  was  ruler  of  the  Roman  Empire  from  —  3] 
to  + 14.     Express  these  dates  in  other  terms. 
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17.  Archimedes,  the  greatest  mathematician  of  antiquity,  was 
born  about  the  year  —287,  and  was  slain  by  a  Roman  soldier 
while  studying  a  geometrical  figure  that  he  had  drawn  in  the  sand 
in  —  212.    Express  these  dates  in  other  terms. 

18.  If  a  file  of  soldiers  moves  10  paces  to  the  front,  then  6  paces 
to  the  rear,  it  advances  how  many  paces  from  its  first  position  ? 
If  it  moves  6  paces  to  the  front,  then  10  paces  to  the  rear,  it  ad- 
vances 6  — 10,  or  how  many  paces  ?  If  motion  forward  is  positive, 
what  is  motion  backward  ? 

19.  A  switch  engine,  in  making  up  a  train,  moves  forward 
100  yards,  then  backward  150  yards.  The  two  are  equivalent  to 
what  single  motion  ?  Represent  by  appropriate  signs  these  two 
motions  and  the  one  equivalent  motion. 

20.  If  longitude  west  is  positive,  longitude  east  negative,  lati- 
tude north  positive,  and  latitude  south  negative,  in  what  country 
is  a  city  whose  longitude  is  -f  106°  and  latitude  -f  40°  ?  Longitude 
- 16°  and  latitude  +48?  Longitude  -  40°  .and  latitude  -  15°  ? 
Consult  a  map. 

21.  The  longitude  of  the  city  of  St.  Petersburg,  Russia,  is  given 
as  —  31°.  This  means  that  it  is  31'  in  what  direction  from  the 
Prime  Meridian?  Washington,  D.C.,  is  in  77°  west  longitude. 
How  else  may  this  be  expressed  ? 

22.  The  latitude  of  :N"ew  York  City  is  about  +  41°.  What  will 
express  the  latitude  of  Cape  Town,  Africa,  which  is  about  34°  south 
of  the  equator  ? 

28.  Numbers  Represented  by  Distances.  —  In  the  preceding  ex- 
ercises, it  has  been  seen  that  many  magnitudes  may  be  represented 
numerically  by  positive  and  negative  numbers.  These  include 
bank  deposits  and  withdrawals,  loss  and  gain  in  business,  income 
and  expense,  credits  and  debts,  increases  and  decreases  of  physical 
quantities,  temperature  above  and  below  zero,  dates  in  history 
before  and  after  the  birth  of  Christ,  stocks  above  and  below  par, 
forces  acting  in  opposite  directions,  motions  in  opposite  directions, 
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and  longitude  east  and  west  and  latitude  north  and  south.     Many 
others  might  be  suggested. 

Since  motions  in  opposite  directions  tend  to  neutralize  each 
other,  the  distances  moved  through  in  opposite  directions  may 
themselves  be  considered  as  positive  and  negative.  In  represent- 
ing distances  as  positive  and  negative,  the  signs  servfe  to  tell  the 
directions  in  which  the  distances  are  measured,  as  in  the  case  of 
longitude  and  latitude.  It  follows  that  positive  and  negative 
numbers  may  be  represented  to  the  eye  by  distances  measured  or 
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a  line.  Positive  numbers  are  represented  by  distances  measured 
to  the  right  from  a  starting  point  A,  and  negative  numbers  by  dis- 
tances measured  to  the  left. 

EXERCISES 

1.  On  the  above  line,  how  will  —  12  be  represented  ?  + 10  ? 
-2^?  +3^?  -40?  +100? 

2.  Draw  a  horizontal  line  and  mark  the  middle  point  0.  Then 
mark  on  it  distances  representing  the  following  numbers,  a  unit 
being  represented  by  a  quarter  of  an  inch :  +  2,  +  5,  +  8,  +  10, 
+  61,-3,    -4,  -7,-12,  -4i, -10^.      . 

3.  On  a  horizontal  line  represent  the  following  dates  (i.e.  years) : 
—  31,  beginning  of  Augustus  Caesar's  reign ;  + 14,  end  of  Au- 
gustus Caesar's  reign;  —  146,  fall  of  the  Roman  Empire;  +70, 
destruction  of  Jerusalem  by  Titus ;  —  275,  death  of  Euclid,  who 
wrote  the  first  great  book  on  geometry ;  —  287,  birth  of  Archi- 
medes, the  greatest  mathematician  of  antiquity. 

4.  On  a  vertical  line,  represent  the  following  temperatures: 
+  5^;  +10**;  +15°;  +20°;  -5°;  -10°;  -15°;  -20°. 

5.  The  minimum  temperatures  at  St.  Paul  on  the  six  days  be- 
ginning Feb.  9, 1910,  were  +  16*,  -  10°,  +  6°,  +  4°,  +  22°.  Rep. 
repeat  thepe  pa  a  line. 
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6.  The  longitude  of  New  York  is  +  74^  of  Berlin  - 13**,  of 
Pekin  -  116%  of  Calcutta  -  88°,  of  Pittsburg  +  80°,  of  St.  Louis 
-I-  90°,  of  Rome  —12°.  Draw  a  horizontal  line  and  mark  off  on  it 
the  longitudes  of  these  places. 

29.  Graphs.  —  The  following  table  gives  the  minimum  temper- 
ature at  Chicago  on  each  of  the  seven  consecutive  days  beginning 
with  Jan.  2,1910: 


Datb 

Jan.  2 

Jan.  8 

Jan.  4 

Jan.  5 

Jan.  6 

Jan.  7 

Jan.  8 

Tbmp. 

21° 

1° 

P 

4° 

-4° 

-6° 

U^ 

Suppose  that  a  sheet  of  paper  is  ruled  by  horizontal  and  verti- 
cal lines,  as  shown  in  the  following  diagram,  each  vertical  line 
representing  the  thermometer  scale.  By  marking  the  temper- 
ature for  each  date  on  the  corresponding  vertical  line,  and  joining 
the  consecutive  points  thus  marked  by  straight  lines,  the  heavy 
broken  line  is  obtained,  showing  to  the  eye  the  variation  from 
day  to  day. 
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Such  diagrams  as  this  are  called  graphs.  They  are  much  used 
in  practical  work  to  depict  to  the  eye  graphically  the  changes  in 
quantities,  such  as  temperature,  death  rates,  population,  imports 
and  exports,  cost  of  living,  etc. 

Note. — Ruled  paper,  often  called  "squared  paper"  or  ** coordinate 
paper,*'  may  be  obtained  cheaply  for  drawing  graphs.  It  is  ruled  accu* 
rately  Into  small  squares,  and  saves  much  time  when  used.  This  paper  wiU 
be  needed  in  other  exercises  later. 
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EXERCISES 

1.  The  following  table  gives  the  minimum  temperature  at 
St.  Paul,  Minn.,  on  each  of  seven  consecutive  days,  beginning 
Jan.  5,  1910 : 


Datk 

Jan.  6 

Jan.  6 

Jan.  7 

Jan.  8 

Jan.  9 

Jan.  10 

Jan.  11 

Tkmp. 

6° 

-16° 

-12° 

-4° 

-12° 

2° 

20° 

Draw  a  graph  showing  the  variation  in  temperature  during  the 
period. 

2.  According  to  the  report  of  the  ^Veather  Bureau,  on  Jan.  5, 
1910,  the  height  of  the  Ohio  River  above  low-water  mark  at 
Pittsburg  was  11.3  feet.  The  amounts  in  feet  by  which  it  rose 
or  fell  on  the  seven  consecutive  days  thereafter  were  as  follows, 
the  negative   sign   indicating  fall :    —  2.1,  —  2.8,  1.2,  1.3,  —  2.2, 

-  2.7,  -  1.4. 

Draw  a  graph  showing  the  rise  and  fall  of  the  river  from  day 
to  day.  Measure  the  heights  of  the  river  on  vertical  lines,  mark- 
ing the  lowest  horizontal  line  low- water  mark. 

3.  The  latitude  of  a  ship  going  east  at  noon  on  each  of  six  con- 
secutive days  was  as  follows :    —  1°,  equator,  -f-  1°,  -f  3°,  -f  1°, 

—  1°.     Draw  a  graph  showing  the  course  of  the  ship. 

4.  The  highest  points  reached  by  certain  railroad  stock  during 
the  12  months  of  a  year  were  as  follows :  10  above  par,  6  above 
par,  2  below  par,  5  below  par,  par,  2  below  par,  3  above  par,  7 
above  par,  10  above  par,  15  above  par,  18  above  par,  12  above  par. 

Draw  a  graph  showing  the  variation  in  price  of  the  stock  dur- 
ing the  year. 

30.  Addition  of  Positive  and  Negative  Numbers.  —  The  addition 
of  positive  and  negative  numbers  may  be  indicated  by  writing 
them  in  succession  with  their  signs. 

Thus,  to  indicate  the  addition  of  +  6,  +  2,  —  4,  +  3,  and  —  5,  we  write 
-f-6  +  2  —  44-3—  5.  The  first  term  being  positive,  we  may  omit  its  sign, 
giving  6  +  2-4  +  3-6. 
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Positive  and  negative  numbers  to  be  added  may  be  planed 
also  in  columns,  with  the  signs  attached,  as  in  the  margin.  o 

Since  positive  numbers  are  in  nature  ordinary  arithmet-   __  /. 

ical  numbers,  their  sum  is  obtained  by  adding  their  absolute 

values,  and  is  positive. 

Thus,  a  bank  deposit  of  $  125  and  another  of  %  100  together  make  a  de- 
posit of  $225.     The  sum  of  +  4  and  +  8  is  + 12. 

Also,  to  subtract  each  of  two  numbers  in  succession  is  equiva- 
lent to  subtracting  their  sum.  Hence,  two  negative  numbers, 
since  each  is  in  nature  a  subtracted  number,  may  be  combined  by 
adding  their  absolute  values,  and  the  sum  is  negative. 

Thus,  a  withdrawal  from  the  bank  of  $  25  and  an  additional  withdrawal  of 
f  75  together  make  a  withdrawal  of  $  100.    The  sum  of  —6  and  —10  is  —16. 

Therefore, 

(1)  To  add  two  numbers  with  like  signs,  find  the  sum  of  their 
absolute  values,  and  prefix  the  sign  commxm,      * 

In  adding  two  numbers  with  unlike  signs,  the  one  with  the 
greater  absolute  value  may  be  separated  into  two  parts,  one  of 
which  just  neutralizes  the  number  with  the  smaller  absolute 
value,  leaving  as  result  the  other  part  of  the  numerically  greater 
number. 

Thus,  to  add  +  7  and  —  3,  by  separating  +  7  into  +  8  and  +  4,  we  have 

+  3+4  or  +7       . 

--3  -8 

0  +  4  +4 

And,  to  add  —  9  and  +  4,  by  separating  —  9  into  —  4  and  —  5,  we  have 

—  4  —  5  or  —  9 

+  4  +4 

0-5  -6 

Hence,  the  following  rule  is  evident : 

(2)  To  add  two  numbers  with  unlike  signs,  find  the  difference  of 
their  absolute  values,  and-  prefix  the  sign  of  the  one  tvith  the  greater 
absolute  vaiue. 
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Evidently  three  or  more  positive  and  negative  numbers  may  be 
added  by  adding  two  at  a  time,  taking  them  in  the  order  written. 
In  the  steps  of  the  addition  use  rules  (1)  and  (2). 

A  second  method  sometimes  used  when  there  are  both  positive 
and  negative  numbers  to  be  added  is  to  add  the  positive  and  the 
negative  numbers  separately,  and  then  combine  these 
two  sums.  ~  ^ 

+  8 
Thus,  in  this  column,  adding  upwards,  the  partial  sums  are  ^  q 

—  2,  H-  6  ,  and  +  3,  the  result.     Or,  the  sum  of  —  3  and  —  6  is  ^4 

—  9,  and  that  of  +  8  and  +  4  is  4-12,  and  the  sum  of  these  i  3 
sums  is  +  3. 

Note.  — If  desirable,  the  numbers  in  the  preceding  illustration  —  3  ) 

might  be  rewritten  in  the  order  shown  in  the  margin.     This  fun-  —  6  ( 

damental  principle  that  numbers  to  be  added  may  be  arranged  in  +  8  j 

any  order  is  known  as  the  Law  of  Order  in  Addition.  +4 ) 

Th6  principle  that  numbers  to  be  added  may  be  grouped  in  any 
manner  —  by  which  we  find  the  sum  of  the  —  8  and  the  ~  6  and  of  the  4-  8 
and  +  4  and  then  the  sdm  of  these  sums,  as  here  indicated*-- is  known  as  the 
liAw  of  Grouping  in  Addition. 

EXERCISES 
Find  the  sums  of  the  following : 

1.  A  profit  of  $12  and  a  profit  of  $16. 

2.  A  loss  of  $  10  and  a  loss  of  $  23. 

3.  A  profit  \)f  $  15  and  a  loss  of  $  6. 

4.  A  profit  of  $  18  and  a  loss  of  $  30. 

5.  A  rise  in  temperature  of  14°  and  a  rise  of  6®. 

6.  A  fall  in  temperature  of  8°  and  a  fall  of  17®. 

7.  A  rise  in  temperature  of  7°  and  a  fall  of  16®. 

8.  A  credit  of  $  250  and  a  debt  of  $  325. 

9.  A  debt  of  $  136  and  a  debt  of  $  224. 

10.    +6  -8  +9  -12  -20  +8 

__2  -7  4-5  4-17  -65  -16 
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II.    -25        -12         +13        -    1        4-1        -98. 

+  32         -17         +17         +14         -30         +16 

'■ '  "■  ■         ~  - '  ■'    -  .-        ■  • 

12.-14         +7         —    8         +3         —14         +20 

+  21         -18         +    7         -12         -    3         +16 

13.  -  $  12         +  $27         -    7  lb.         + 13  lb.         +  14  mi. 

-  $  6        -$36         +  12  lb.         + 19  lb.         - 18  mi. 

14.  -    8°  longitude         +    6°  latitude        25  ft.  forward 

—  17°  longitude         -  14°  latitude        36  ft.  backward 

15.  —2    16.   +12     17.   —   4     18.   +    6     19.   —    5     20.   +    8 


+  6 

-  r 

-  9 

-  3 

+  8 

-16 

+  3 

-   3 

-  3   , 

1 

-   4 

+  14 

-21 

-8 

+   6 

-   1 

+  12 

-   3 

-  7 

-4 

+  6 

+  12 

+   7 

+   6 

-   1 

21.    -3.26 

.. 

12.08 

+ 

.62 

-4.125 

4-4.09 

— 

10.37 

— 

6.07 

+  1.460 

22.  -r3i  +6f  -   \  +lf 

±M        ziii        z^       ±_i 

23.  5,  —  8,  7,  -  4,  - 12,  3. 

24.  -9,-6,  -2, 10,  -8,  9,  -1. 
25>  16,  5,  9,  -5,  3,  -7,  --2,%. 

26.  The  Ahmes  papyrus,  the  earliest  mathematical  book  of 
which  there  is  any  record,  was  written  about  —  1700.  The  next 
great  mathematical  book  was  Euclid's  Elements,  written  about 
1400  years  later.  What  was  the  date  that  Euclid  wrote  the 
Elements? 

27.  Euclid  was  born  about  —330.  Diophantus,  who  wrote 
one  of  the  first  books  on  algebra,  was  born  750  years  later.  At 
what  date  was  Diophantus  born?  «   * 
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28.  A  freight  car  is  running  at  the  rate  of  20  feet  per  second. 
A  brakeman  walks  to  the  rear  on  the  top  of  the  car  at  the  rate 
of  5  feet  per  second.  Express  by  -i-  and  —  signs  these  rates 
and  the  rate  and  direction  of  his  motion  with  reference  to  the 
ground. 

29.  If  the  basket  of  a  balloon  weighs  280  pounds,  the  instru- 
ments 57  pounds,  the  sandbags  800  pounds,  and  the  balloon  itself 
— 1400  pounds,  what  is  the  total  weight  of  the  balloon  and 
contents  ? 

30.  A  boat  using  both  sails  and  steam  is  driven  against  a  cur- 
rent by  its  steam  power  at  the  rate  of  10  miles  per  hour,  and  by 
the  wind  at  the  rate  of  3  miles  per  hour.  The  current  flows  at 
the  rate  of  4  miles  per  hour.  Express  these  rates  by  +  and  — 
signs,  and  indicate  their  sum.    What  is  the  boat's  rate  of  progress  ? 

31.  A  work  train  travels  12  miles  north,  then  35  miles  south, 
then  8  miles  north.  By  use  of  +  and  —  signs  express  these  dis- 
tances, their  sum,  and  hence  its  final  distance  and  direction  from 
the  starting  point. 

32.  The  temperature  falls  15°,  rises  18°,  falls  10°,  then  rises  6®. 
By  use  of  -j-  and  —  signs  express  these  changes  and  their  net 
result. 

33.  The  rise  and  fall  in  feet  of  the  Mississippi  River  at  Vicks- 
burg  on  each  of  the  seven  days  beginning  Jan.  6,  1910,  were 
given  by  the  Weather  Bureau  as  follows:  —  .2,  —  .2,  —  .4,  —  .2, 
+  .4,  +  .2,  -f-  .4.  The  sign  -—  indicated  fall.  Find  the  net  change 
during  that  period. 

34.  The  average  of  two  or  more  numbers  is  their  sum  divided 
by  the  number  of  them. 

Find  the  average  of  the  following  temperatures:  8  a.m.,  —7°; 
9  A.M.,  -  6° ;  10  A.M.,  -  3° ;  11  a.m.,  - 1° ;  12  Noon,  + 1° ;  1  p.m. 
+  4°;  2  P.M.,  4- 7°;  3  p.m.,  +8°;  4  p.m.,  +8°;  6  p.m.,  +5°y 
6  p.m.,  +3°;  7  p.m.,  +l^ 
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35.  At  Madison,  Wis.,  the  minimum  temperatures  on  the  seven 
days  beginning  Jan.  4,  1910,  were  as  follows:  —  12°j  +10°; 
—  14° ;  -  18° ;  +  6° ;  -  6° ;  -  10°.  Find  the  average  tempera- 
ture for  the  week. 

36.  At  Cheyenne,  Wyo.,  the  temperatures  for  six  days,  begin- 
ning Jan.  3,  1910,  were  as  follows:  -10°;  -2°;  0°;  -2°; 
+  14°;  +10°.     Find  the  average  temperature  for  the  six  days. 

37.  If  one  place  is  midway  between  two  other  places,  its  lati- 
tude or  longitude  equals  one-half  the  sum  of  their  latitudes  or 
longitudes. 

The  latitude  of  Panama  is  approximately  +  8°,  and  of  Chicago 
+  42°.  Find  the  latitude  of  Key  West,  Florida,  which  is  approxi- 
mately midway  between  these  two. 

38.  The  longitude  of  New  Orleans  is  +90°,  and  of  Pekin, 
China,  —  116°.  Berlin,  Germany,  is  approximately  midway  be- 
tween these  two  places.  •  What  is  its  longitude  ? 

31.  Subtraction  of  Positive  and  Negative  Numbers.  —  To  subtract 
a  number  (subtrahend),  is  to  find  a  number  (remainder)  which 
added  to  it  gives  the  minuend. 

Thus,  to  subtract  6  from  9  is  to  find  a  number  (3)  which  added  to  6  gives  9. 

Hence,  the  rule  for  subtracting  positive  and  negative  numbers 
may  be  obtained  from  addition. 

(1)  What  number  added  to  +  8  gives  +  6  ?  > 

+  6  +6 

Hence,  by  subtracting,    +  3     But,  by  adding,   —  3 

+  2  +2 

Hence,  to  subtract  +  3  from  +  5  is  equivalent  to  adding  ~  3  to  +  6. 

(2)  What  number  added  to  +  3  gives  —  6  ? 

-6  -5 

Hence,  by  subtracting,    +  3     But,  by  adding,    —  3 

Hence,  to  subtract  +  3  from  —  5  is  equivalent  to  adding  —  3  to  —  6. 
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(3)  What  number  added  to  -  3  gives  +  6  ? 

Show,  as  above,  that  to  subtract  —  3  from  +  5  is  equivalent  to  adding 
+  3  to  +  5. 

(4)  What  number  added  to  —  3  gives  —  5  ? 

Show,  as  above,  that  to  subtract  —  3  from  —  5  is  equivalent  to  adding 
+  3  to— 5. 

From  these  examples  it  is  evident  that  to  subtract  one  number 
(subtrahend)  from  another  (minuend)  is  equivalent  to  adding  the 
subtrahend,  with  its  sign  changed,  to  the  minuend.     Therefore, 

To  subtract,  first  chUnge  the  sign  of  the  subtrahend,  then  proceed 

as  in  addition, 

-4  -4 

Thus,  to  subtract   —  7  change  to   -f  7  then  add. 

Note.  —  The  pupil  should  learn  not  to  rewrite  the  problem  with  the  sign 
changed  in  the  subtrahend,  but  to  make  the  change  mentally,  and  add  at 
once. 

EXERCISES 

1.  What  number  added  to  —  6  gives  '—  4  ? 

2.  What  number  added  to  8  gives  —  2  ? 

3.  What  number  added  to  —  4  gives  6  ? 

4.  What  number  added  to  12  gives  7  ? 

6.   What  number  added  to  —  15  gives  —  8  ? 

6.  What  number  added  to  —  5  gives  0  ? 

7.  What  added  to  $  7  loss  will  give  $  9  gain  ? 

8.  AVhat  added  to  a  withdrawal  of  $  125  from  a  bank  will 
give  a  balance  of  $  150  ? 

9.  What  added  to  a  rise  of  12°  temperature  will  give  a  net 
fall  of  18°  ? 

10.  What  added  to  a  fall  of  15°  temperature  will  give  a  net 
fall  of  8°  ? 


Subtract  the  following : 

11.    +    7        +12        +2 
6              3            10 

+  20 

-   8 

+    9 
-14 

+  16 
-   4 

0 

-   6 
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le. 

-   3 

+    6 

-   7 
+   6 

-26 

+  15 

-14 

+  16 

-  9 
+  6 

-  T 
+   8 

0 

+  16 

13. 

+  12 
+  3 

+   9 
+   5 

+  7 
+  9 

+  16 
+  20 

+  21 
+  16 

+  12 
+  20 

+  40 

+  66 

14. 

-  9 

-  6 

-  8 

-  4 

-  3 

-  6 

-12 
-16 

-  9 

-  4 

-  7 
-10 

-16 

-17 

16. 

-   3 

+   7 

+   6 
-15 

-  5 

-  7 

+  10 
+  6 

-16 

+  4 

+  5 
+  12 

+   9 
-   6 

16.   What  is  indicated  by  -  3  -  (-  2)  ?    Find  the  value. 
IT.   What  is  indicated  by  +  8  -  (+ 12)  ?     Find  the  value. 

18.  Find  the  value  of  the  following :  §  -  (_  6) ;  -  3  -  (-  10) ; 
6-(+8);  -•9-(-12);  6-(+12);  _7-(+8);  9-(«6). 

19.  Subtract:    -6.25     +  .23     -  .?ft.     +3.5  pk.     -12.3  1b. 

+3.85     -4.17     -1.6  ft.     +7.4  pk.     -15.61b. 


20.    Subtract:    +1^ 

+2 


+5f 


+  ^ 


-16| 
+  5J 


21.  A  thermometer  registered  one  day  — 15°,  and  the  next  day 

—  9°.     What  was  the  change  in  temperature  ? 

22.  A  thermometer  registered  one  day  +  10°,  and  the  next  day 

—  7°.    What  was  the  change  in  temperature  ? 

23.  Give  the  range  of  temperature  in  the  following  places 
(Jan.  1, 1908  to  Jan.  1, 1909) : 


Place 

Extremes 

Place 

Extremes 

Montgomery,  Ala.  .     . 
Little  Rock,  Ark.    .     . 
Denver,  Col.  .    .     .•    . 
Washington,  D.C.    .     . 

Bois^,  Ida 

Des  Moines,  la.  .     .     . 

107 

106, 

106 

104 

111 

109 

-    6 
-12 
-29 
-15 
-28 
-30 

Louisville,  Ky.  .     .     . 
Boston,  Mass.    .     .     . 
Duluth,  Minn.  .     •     . 
Havre,  Mont.     .     .     . 
New  York,  N.Y.    .     . 
Chicago,  111.       .     .     . 

107 
102 
99 
108 
100 
103 

-20 
-13 
-41 
-56 
-    6 
-23 
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24.  What  is  the  difference  in  time  between  the  year  -I-  36  and 
the  year  —  40  ? 

26.  Augustus  Caesar  lived  from  —  60  to  4- 14.  How  old  was 
he  when  he  died  ? 

26.  Thales,  the  founder  of  the  first  Greek  school  of  mathe- 
matics and  philosophy,  was  born  in  the  year  —  640  and  died  in 
the  year  —  550.     At  what  age  did  he  die  ? 

27.  Pythagoras,  who  is  believed  to  have  given  the  first  proof 
that  in  a  right  triangle  the  square  on  the  hypotenuse  equals  the 
sum  of  the  scjuares  on  the  other  two  sides,  was  born  in  —  569  and 
murdered  in  —  500.     At  what  age  was  he  murdered  ? 

28.  Euclid  wrote  his  geometry,  called  the  Elements^  in  about 
—  300.  By  -f-1300  the  book  had  been  carried  into  western 
Europe  and  translated  there.  How  long  was  this  after  the  book 
had  been  written  ? 

29.  What  is  the  difference  in  longitude  between  Chicago  and 
Berlin,  the  longitude  of  the  former  being  approximately  +  88° 
and  of  the  later  approximately  —  13°  ? 

30.  During  the  month  of  December,  1909,  the  maximum  tem- 
perature at  Chicago,  as  recorded  by  the  Weather  Bureau,  was 
-f-  55°,  and  the  minimum  —  7°.  What  was  the  amount  of  varia- 
tion during  the  month  ? 

32.  Multiplication  of  Positive  and  Negative  Numbers.  —  Multi- 
plication as  defined  in  arithmetic  is  a  short  form  of  addition, 
where  the  addends  are  all  equal.     For  example,  3  X  $  25  means 

$  25  -f  $  25  +  $  25.     This   definition  is  only  a  special  case  of  a 
more  general  definition  which  may  be  stated  in  the  following  way; 

To  multiply  one  number  (multiplicand)  by  a  second  number  (mul- 
tiplier) is  to  use  the  first  as  we  use  1  (unity)  to  obtain  the  second. 

Thus,  in  multiplying  3  by  6,  to  obtain  5  by  using  1,  we  take 

1  +  1  +  1  +  1  +  1=6. 

Hence,  to  obtain  5  x  3,  we  take 

8+3  +  3  +  3  +  3  =  16. 
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From  this  definition  are  obtained  the  rules  for  multiplying 
positive  and  negative  numbers. 

(1)  To  obtain  the  multiplier  +  3  we  must  add  three  V&\  i^ 

+  3  =  1+1  +  1. 
Hence,  to  obtain  (+  3)(+  6)  we  must  add  three  +  S's. 
That  is,  (+  3)(+  6)  =  +  6  +  6  +  6  =+  15,  the  product 

And  to  obtain  (+  3)(—  6)  we  must  add  three  —  6's. 
That  is,  (+  3)(—  6)  =  —  6  —  6  —  5  =—  16,  the  product. 

(2)  To  obtain  the  multiplier  —  3  we  must  subtract  three  l^s  from  0 ;  i.e. 

_3  =  0-l-l-l. 

Hence,  to  obtain  (— 3)(+  6)  we  must  subtract  three  +6's  from  0;  i.e. 
change  their  signs  and  add  them. 

HcDce,  (—  3)(+  5)  =  —  6  —  5  —  5  =  —  16,  the  product. 

And  to  obtain  (  —  3)  (—  5)  we  must  subtract  three  —  6's  from  0 ;  i.e.  change 
their  signs  and  add  them. 

Hence,  (—  3)  (—  6)  =  +  6  +  5  +  6  =  +  16,  the  product. 

From  these  examples  the  following  principles  are  evident : 

(1)  The  product  of  two  numbers  with  like  signs  is  positive, 

(2)  Tfie  product  of  two  numbers  with  unlike  signs  is  negative. 

(3)  The  absolute  value  of  the  product  of  two  numbers  is  the  prod- 
net  of  the  absohUe  values  of  the  numbers. 

In  symbols :  (+  a)(+  6)  =  +  ah. 

(-a)(-6)  =  +a6. 
(+a)(— 6)=— aft. 
(-a)(+6)  =  --a6. 

EXERCISES 

Give  orally  the  products  of  the  following : 

1.  +3,  +7.  5.  -2,  -10.  9.  +5,-7. 

2.  -  6,  —  2.  6.  4-  7,  +  3.  10.  +8,  —  3. 

3.  +4,  +5.  7.  _2,  +5.  11.  -2,-15. 

4.  -  8,  —  3.  8.  —  3,  +  6.  12.  -  7,  +  4. 
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18.  4-6,-8.  19.  -6,-15.  25.  -f,--^. 

14.  -5,-12.  20.  +6, +20.  26.  +1^,  -|. 

16.  + 12,  +  4.  21.  - 10,  + 14.  27.  -  2.5,  -  2.R 

16.  -9,-8.  22.  —  ^,  -  ^.  28.  4- 1.6,  -  1.6. 

17.  +  12,  -  8.  23.  +  i,  -  f  29.  -  .8,  +  .7. 

18.  -  7,  + 12.  24.  -  I,  +  f  30.  -  1.3,  -  1,1. 

31.  If  the  lifting  force  of  a  balloon  is  +,  the  weight  of  the 
ballast  is  — .  Adding  weights  is  indicated  by  -f ,  and  removing 
weights  by  — .  When  5  weights,  each  of  20  pounds,  are  thrown 
overboard,  what  is  the  effect  on  the  upward  pull  of  the  balloon  ? 
Show  that  this  is  equivalent  to  saying  that  (—  5)(—  20)  =  + 100. 

32.  When  four  weights,  each  of  15  pounds,  are  added  to  a 
balloon,  what  is  the  effect  on  the  upward  pull  of  the  balloon? 
Show  that  this  is  equivalent  to  saying  that  (+  4)(—  15)  =  —  60. 

33.  If  10  boxes  of  goods,  each  weighing  250  pounds,  are  removed 
from  a  freight  boat,  what  is  the  effect  of  the  downward  pressure 
of  the  boat  in  the  water  ?  Show  that  this  is  equivalent  to  saying 
that  (- 10) (+  250)  =  -  2500. 

33.  The  Product  of  More  than  Two  Factors.  —  The  product  of 
more  than  two  factors  is  obtained  by  performing  one  multiplication 
at  a  time,  according  to  the  principles  in  §  32. 

Thus,  to  find  (-  2)(-  3)(+  4)(-  6),  we  have 

(-2)(-3)  =  +6 
(+6)(+4)=+24 
(+  24)(—  6)  =  -  120,  the  product. 

Show  that  the  following  rule  holds  for  findihg  the  product  of 
more  than  two  factors : 

Find  the  product  of  the  factors  regardless  of  signs,  and  prefix  +  or 
—  according  as  the  number  of  negative  factors  is  even  or  odd, 

34.  Powers  of  Positive  and  Negative  Numbers.  —  If  the  factors 
are  all  equal,  what  is  the  product  called  ? 
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Tlie  rule  in  §  33  will  serve  for  finding  powers  of  poaitiva  and 
negative  numbers. 

Thus,  (+  5)2  =  (+  5)(+  5)  =  +  25. 

(+  3)8  =  (+  3)(+3)(+  3)  =  +  27. 

(+  2)*  =  (+  2)(+  2)(+  2)  (+  2)  =  +  16. 

Evidently,  any  power  of  a  positive  number  is  positive. 


Again, 


(-0)« 
(-6)8 
(-4)4 
(-2)5 


=  (- 
=  (- 
«(- 


9)(-9)  =  4-81. 
6)(-6)(-5)  =  --126. 
4)(-4)(-4)(-4)  =  +  266. 
2)(-2)(-2)(-2)(-2)  =  -32. 


Evidently,  any  even  power  of  a  negative  number  is  positive,  and 
any  odd  power  of  a  negative  number  is  negative. 


SXERCISES 

Find  the  products  of  the  following : 


1.  -1,2,  -3. 

2.  -2,  -4,  -1. 

3.  o,  —  ^,  ""■  o,  iw« 

4.  2,  -5,  -8,  -1. 

5.  —  6,  —  2,  — r  1,  3. 

6.  4,  -5,  -2,3. 

Find  the  values  of  : 


7.  -1,  -1,  -2,  -2. 

8.  2,  -7,4,  -2,  -1. 

9.  —1,  -1,  -1,  -1,  —1. 

10.  -4,2,-1,-1,-1,-2. 

11.  -1,  -2,  -3,4,1,  -5. 

12.  2,3,  -1,  -2,       1,  -2. 


18.    ( 

;+2y. 

19.    ( 

-2)«. 

14.    ( 

;-  2)8. 

20.    ( 

-3)1 

15.    { 

;-  3)^ 

21.    ( 

;+4)^ 

16.    ( 

:+!/• 

22.    ( 

;-i)«. 

17.    ( 

:-!)«. 

23.    ( 

;-  2)8. 

18.    { 

:-4)«. 

24.    1 

[-3^. 

25.  (-l)»(-2)» 

26.  (-2)»(-3)». 

27.  (-6)'(+2)«. 

28.  (-l)«(-2)». 

29.  (-l)»(-2)»(- 
80.  (+2)» (-!)<( 


3)». 
•3)». 
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If  a  =s  2,  &  =s  —  3,  c  =  —  1,  find  the  value  of : 

31.  ft*.  34.    2db^.  37.    hh. 

32.  aV.  36.   3ac*.  38.   a^-^h\ 

83.   ahc.  36.   a^ftV.  39.   a^ -f  6^  ^  c*  -  a6c. 

35.  Division  of  Positive  and  Negative  Numbers.  —  Division  is  the 
inverse  of  multiplication.  For  example,  to  divide  24  by  8  is  to 
find  a  number  (3)  by  which  8  must  be  multiplied  to  give  24. 
Hence,  the  rules  for  division  of  positive  and  negative  numbers 
come  directly  from  the  rules  for  multiplication. 

Since  (+  5) (+  3)  =  +  15,  then  (+  16)  -^ (+  8)  =  +  5. 
Since  (+ 6)(- 3)  =  - 16,  then  (- 16)-^(- 3)  =  + 6. 
Since  (- 6)(+ 3)=- 16,  then  (- 16)-5-(+ 3)  =  -5. 
Since  (-  6)(-  3)  =  +  16,  then  (+  15)-^(-  3)  =  -5. 

Evidently,  from  these  examples  we  get  the  same  laws  of  signs 
in  division  as  in  multiplication : 

(1)  If  the  dividend  and  divisor  have  like  signs,  the  quotient  is 
positive, 

(2)  If  the  dividend  and  divisor  have  unlike  signs,  the  quotient  is 
negative, 

EXERCISES 

Divide : 

1.  -12by3.  11.  -f- 14  by -14.  21.  +|by-f 

2.  -20  by  -4.  12.  -20  by  -20.  22.  -Jby-f. 

3.  +18  by -3.  13.  +50  by -5.  23.  -fby+f 

4.  -27  by  4-9.  14.  -100  by +25.  24.  +|by-|. 
6.  +64  by  -16.  15.  +66  by -11.  25.  +2by+|. 
6.  -  81  by  -  9.  16.  -  96  by  -  8.  26.  - 1  by  -  J. 
7.*  +  42  by  -  7.  17.  -  82  by  +  41.  27.  +  6.4  by  -  .8. 

8.  -64  by -6.         18.    +63  by -7.         28.    -2.1  by -.3 

9.  +72  by +8.         19.    -84  by— 12.       29.    -.63  by  +.7 
XO.    -60  by -6.         20.    +132  by +11.     30.    -1.44  by -1.2 
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If  a  =  —  2,  6  =  3,  and  c  =  —  4,  find  the  value  of : 

81.    t.  33.    2«5!.  36.    ^.  37.    ^. 

32.    5!f .  34.    ^.  36.    4.  38.    5+^. 

a  2  6  a^6  a  -H  6 

36.  Positive  and  Negative  Numbers  in  Equations.  —  In  Chaptei 
II  we  learned  how  to  find  the  roots  of  equations  by  means  of 
axioms.  We  may  now  consider  the  members  of  equations  as 
made  up  of  positive  and  negative  terms. 

Let  us  solve  8a  —  7  =3«4-3. 

To  remove  —  7  from  the  first  member  add  +  7  to  both  members. 

Then  8«  =  3a;  +  3+7. 

To  remove  3  x  from  the  second  member  add  —  3  a;  to  both  members. 

Then  8a;— 3  a;  =  3 +  7. 

Uniting  terms,  5  a;  =  10. 

Dividing  by  6,  x  =  2,  the  root. 

Observe  that  to  remove  the  "known  term  from  the  first  member 
and  the  unknown  term  from  the  second  member,  we  proceed  as 
follows : 

(1)  The  known  term  in  the  first  member,  with  its  sign  changed,  wa$ 
added  to  both  members. 

(2)  77ie  unknown  term  in  the  second  member,  with  Us  sign 
changed,  was  added  to  both  members. 

Note.  — The  effect  of  adding  +  7  to  both  members  in  the  equation  above 
was  to  make  the  term  —  7  disappear  from  one  member  and  reappear  in  the 
other,  with  its  sign  changed.  Adding  —  3  a;  to  both  members  had  a  similar 
effect.  Evidently,  adding  such  terms  to  both  members  of  an  equation  is 
equivalent  to  moving  terms  from  one  member  to  the  other  and  changing  the 
signs  of  the  terms  moved. 

This  mechanical  process  of  moving  terms  from  one  member  to  the  other  by 
changing  their  signs  is  called  transposition.  The  terms  are  said  to  be  trans- 
posed. Thus,  by  transposing  +  2  and  — 2  a,  a  +  2  =  6  —  2  a,  becomes 
a-f2a  =  5-2. 

The  process  of  transposition  was  discovered  by  the  Arabs.  About  +  830 
an  Arab  named  Mohammed  ben  Musa  Al  Khowarazmi  wrote  a  mathematical 
book  with  th$  title  Aljabr  Walmuqabalah»    The  word  Aljabr  meant  restart^ 
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lion  or  transposition^  as  the  term  is  now  called.     From  this  word  came  the 
name  algebra. 

The  pupil  should  use  the  correct  phraseology  of  **  adding  equals  to  both 
members  of  the  equation"  until  the  thing  actually  done  is  firmly  fixed  in 
mind. 

37.  Equations  with  Negative  Roots.  —  The  roots  of  some  equa^ 
tions  are  negative  numbers. 

Example  1.  --  Solve  7e+l5=4«  +  3. 

Adding  —  15  and  —  4  «  (transposing),  7i— 4f  =  3  —  15. 
Uniting  like  terms,  3  i  =  —  12. 

Dividing  by  3,  t  =  —  4. 

Example  2.  —  Solve  3F  +  3  =  8  +  4  V. 
Adding  -  8  and  -  4  F  (transposing),      ST— 4^=8-8. 
Uniting  like  terms,  —  F=  5. 

Dividing  by  -  1,  r=-6. 

EXERCISES 

Solve: 

2.  3^-4  =  2^-7.  *  5       2 

3.  58  +  20  =  4-38.  15.  8-^  =  10. 

4.  3m  +  27  =  6-4m.  ^ 

5.  5Jr-15  =  jr-35.  16.  ic  =  --9. 

6.  2^  +  3  =  4^  +  9. 

7.  7P-8  =  nP+12.  17.  |4-^  =  |-4. 


8.   13  =  3a; -f- 40. 


2       3       6 


9.   6-a  =  12  +  a.  18.   f+|4-10=|. 

10.  17  =  19  + IT.  2 

11.  J5  =  5  +  9J5.  ^^-  ^+i'+f  =  3-^i>- 

12.  3-^  =  39r  +  8.  5  .^_«^13 

13.  TF+7=5TF+20.  *  3     2      2* 

38.  Interpretation  of  Negative  Roots.  —  In  solving  a  problem  by 
oxeans  of  an  equation,  a  negative  answer  may  have  a  natural  intent 
pretation,  or  it  may  indicate  that  the  problem  is  impossible* 
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BXERCI8BS 

Solve  the  following  problems  and  interpret  the  answers: 

1.  Ou  the  second  of  three  days  the  thermometer  rose  20°  more 
than  on  the  first,  and  on  the  third  day  13**  more  than  on  the 
second.  The  total  rise  during  the  three  days  was  35®.  What 
was  the  change  of  temperature  on  the  first  (Jay  ? 

2.  In  a  certain  year  a  merchant,  on  the  average,  lost  $  200  in 
each  of  the  first  5  months,  and  made  a  profit  of  $  450  in  each  of 
the  next  6  months.  Hia  net  profit  for  the  year  was  $1650.  Did 
he  have  a  loss  or  profit  in  the  last  month,  and  how  much  ? 

3.  A  man  gained  $1300  during  three  months.  During  the 
second  month  he  gained  $650  more  than  the  first  month,  and 
during  the  third  month  $  350  more  than  the  second.  Did  he  gain 
or  lose  during  the  first  month,  and  how  much  ? 

4.  A  farmer  sowed  18  acres  of  wheat  more  the  second  day  than 
the  first,  12  more  the  third  than  the  second,  and  5  more  the  fourth 
than  the  second.  He  sowed  59  acres  in  all.  How  many  acres 
did  he  sow  each  day  ? 

5.  In  a  triangle  the  sum  of  the  angles  is  180°.  The  second  is 
12*  less  than  one  twelfth  of  the  first,  and  the  third  15°  more  than 
the  first.     How  many  degrees  in  each  angle  ? 

SUPPLEMENTARY  EXERCISES 

1.  Herodotus,  the  Greek  historian,  commonly  called  the 
<^  Father  of  History,"  was  bom  in  —  484  and  died  in  —  424.  At 
what  age  did  he  die  ? 

2.  Livy,  one  of  the  most  famous  of  the  Roman  historians,  was 
born  in  —  69  and  lived  to  be  76  years  old.   In  what  year  did  he  die  ? 

8.  A  ship  which  leaves  port  at  42°  north  latitude  goes  one 
day  4°  south,  the  next  3°  north,  the  next  2°  south,  the  next 
8'  south,  and  the  next  1°  south.  If  sailing  south  is  called  —  and 
•ailing  north  +,  express  the  sum  of  these  motions,  and  find  the 
latitude  of  the  ship  at  the  end  of  the  fifth  day. 
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4.  A  switch  engine,  making  up  a  freight  train,  moves  forward 
30  yards,  back  120  yards,  forward  150  yards,  forward  40  yards, 
then  back  300  yards.  Kepresent  these  distances  by  4-  and  — 
numbers,  and  find  the  position  of  the  engine  at  the  end  of  the 
work. 

6.  Find  the  average  of  the  following  temperatures:  — 10**, 
-  6^  2^  -  4%  3^  1%  -  4%  6^  16%  and  - 14% 

6.  Add  -i,  -i,  +i,  -i,  and  +f 

7.  Add  +14f,  -8i,  -H,  and  -6,^ 

8.  Find  the  values  of : 

(-1/5  (-2)«j  (-2)X-3)»;  (-5)(-.4/(-3)«. 

9.  If  ^  =  -  2  and  B  =  -  3,  find  the  value  of  (A-B)\ 

10.  If  oj  =  4  and  y  =  —  2,  find  the  value  of 

11.  Solve5^-|  =  ^«J.  12.  Solve5-^=8y  +  9f 

13.  Positive  and  negative  numbers  may  be  added  graphically 
as  follows : 

Let  positive  and  negative  numbers  be  represented  by  distances 
measured  to  the  right  and  left,  respectively,  of  a  point  -4  on  a 
line,  as  in  §  28. 


*'**'*'         V        *         ■         '         *      •  1    r      '      I*         '         ' 


To  add  a  positive  number  count  to  the  right  as  many  spaces 
as  there  are  units  in  the  number,  and  to  add  a  negative  number 
count  to  the  left  as  many  spaces  as  there  are  units  in  the 
number. 

Thus,  to  add  —  3  and  -f  7,  begin  at  —  3  and  count  to  the  right 
7  spaces.  What  is  the  result?  To  add  —2  and  —6,  begin  at 
—  2  and  count  to  the  left  6  spaces.     What  does  it  give  ? 
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Add  graphically  the  following : 

14.  —  5  and  -f  8.  20.  —  2,  ^  3,  and  -f  4. 

15.  +  6  and  —  4.  21.  +5,  ^^  2,  and  —  3. 

16.  +  2  and  +  7.  22.  —  6,  +  8,-  and  —  4. 

17.  —  4  and  —  3.  23.  —  1,  4-  5,  —  7,  and  +  4. 

18.  +  4  and  —  9.  24.  +4,  +3,  — 12,  and  -f- 1. 

19.  —  7  and  + 12.  26.  +8,  —  8,  —  4,  and  + 10. 

26.  Show  why  a  positive  number  is  subtracted  graphically  by 
counting  to  the  left  the  number  of  imits  in  the  subtrahend,  and  a 
negative  number  is  subtracted  by  counting  to  the  right  the  num- 
ber of  units  in  the  subtrahend. 

27.  Subtract  graphically  the  following:  —3  from  —7;  -f-2 
from  —4;  -f-6  from  —8;  —5  from  +5^  +1  from  —1;  —  1 
from  -f  1 ;   —  6  from  —  6 ;   -f-  8  from  —  2. 

28.  Viewing  multiplication  as  a  special  form  of  repeated  ad- 
dition, where  the  addends  are  equal,  show  graphically  that  the 
product  of  two  positive  numbers  is  positive,  and  that  the  product 
of  a  negative  number  by  a  positive  number  is  negative. 


CHAPTER   IV 

ADDITION   AND    SUBTRACTION    OF   LITERAL 

EXPRESSIONS 

39.  Addition  of  Monomials.  —  In  §  9  it  was  shown  that  similar 
terms  are  added  or  subtracted  by  adding  or  subtracting  the 
coefficients,  and  attaching  to  the  results  the  common  letters  with 
their  exponents. 

Thus,  3  lb.+  4  lb.  =  ?  SI  -\-4l=?  6  sq.  yd.  +  10  sq.  yd.  =  ? 

6y'^-\-10y^=?      9men-4men=  ?      9w  — 4w  =  ?      26 x^y -  U x^y  =  ? 

Since  positive  and  negative  terms  are  by  nature  added  and  sub- 
tracted terms,  respectively,  they  may  be  added  by  the  same  rule : 
that  is, 

To  add  two  or  more  positive  or  negative  terms,  add  their  coefficients 
according  to  the  rules  in  §  30,  and  attach  to  the  result  the  common 
letters  with  their  eocponents. 

For  example,  the  sum  of  —  4  a^ft,  +  7  a%,  +  3  a^b,  and  —  4  al^b 

-  9  a26  is  -  4  a^b  +  7  a^b  +  S  a'^b -9  a^b  =^S  a^b.      The  +  7  a^b 

terms  may  be  written  in  a  column  and  added,  as  in  the  +  3  a% 

margin.  —  9  a% 


-  3  cC^b 


EXERCISES 

Add: 


1.  5  a,  4:  a,  —2  a.  7.-3  a;*,  —  as*,  10 x*,  —  5  x\ 

2.  9  n,  - 12  w,  -  3  n.  8.  FQ,  -4.PQ,  16PQ,  -12 PQ. 

3.  10  ah,  4  ah,  -  ah.  9.   -  V\  9  V\  7  F^  -  8  V\ 

4.  6  P,  -  8  P,  - 10  P.  10.  6V,  - 4  &V,  -&V,  -6 &V. 

6.-7  mhi,  4  mH,  -  5  m^n.  11.  5  5^  -  8  B",  -12  JB^,  17  51 

6.   12^, -4-4, -7-4, —9A  12.   —Zoi^, —  1  oiyy^,  Qiyf,—  2xy^. 

60 
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13. 

-4a 

3a? 

- 10  ^            15  2/» 

-20»w 

6a 

-7  a? 

-8^        -  6/ 

13  zw 

—  8a 

-9aj 
-    a^ 

12  J^                2/8 
-12i)g            100  Jf 

ZIV 

14. 

36  J^« 

— 10  Qcyz 

7  a* 

-10  pq         -  30M 

-10  F^ 

—   ^xyz 

-4  a* 

Upq         -     4  Jf 

-25F^ 

—      xyz 

-    a* 

-      pq                   M 

-       F« 

15. 

a^bc 

-      sV 

2a6»        -   7!r 

-lOiV^ 

—   4a-5c 

-   4sV 

-  3a6«              9r 

4i\r« 

10  a%c 

20  «¥ 

60  aft*        - 16  r 

16iV^« 

- 15  a'bc 

-   8s¥» 

-32a6«        -      T 

-   3N^ 

—      a^bc 

s¥ 

- 15  ab^            12  T 

■^UN^ 

16. 

2.05  A, 

3.25  udL 

20.   iy,  -\y,- 

|y- 

17. 

0.36  Xy  -  3.42  a?. 

21.   fa,  -ia,  - 

^a. 

18. 

-1.2r?,  - 

-  3.4  n,  7.1  n. 

22.   3  mn,  —  ^  mn 

I,  2^  mn. 

19. 

-  0.75  P», 

-  2.15  P«,  I^.         23.    -  2 J  v^  -  v^, 

3|t;«. 

Simplify : 

24.  —  3aj  +  7a?  +  a?  — 6a?,  26.    —  5  a<*  —  a<*  + 10  a«^ 

25.  12c*  +  c*-8c*-c*.  27.   6  v' -Sv'-lO  v'  + v'. 

Simplify  by  adding  similar  terms: 

28.  4a  — 2a  — 12a?+ 6a  +  3aj. 

SuGGRSTioN.  —  Adding  the  terms  in  a  and  the  terms  in  x  separately  gives 
8  a  —  9  «.    • 

29.  x^-'ab  +  10ab-6x^-'2ab. 

30.  3  m^  —  2  mn  —  m^  —  mn, 

31.  a2  +  2a6  +  ft'-a'4-2a6-6l 

32.  f-Sfz  +  Syz^-'Z^-2f'\-z^y-'4:7^. 
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Add: 

33.  4  a  and  —  7&. 

Solution.  —  Since  these  terms  are  not  similar,  their  coefficients  cannot  be 
added.    The  addition  may  be  merely  indicated^  giving  4  a  —  7  6. 

Indicating  the  addition  of  dissimilar  terms  is  called  adding  them, 

34.  —  2  a,  3  &,  and  —  c. 
36.   h^y  —  2  hky  and  1^. 

36.  a%  —  db^y  a^,  and  —  V. 

Note. — The  process  of  adding  monomials  by  adding  the  coefficients  may 
be  used  to  shorten  computations  in  arithmetical  work.  For  example, 
27  X  64  +  73  X  54  =  6400,  which  is  determined  without  the  aid  of  a  pencil. 

At  sight  give  the  results  of : 

37.  6x48  +  4x48.  43.     53x84-13x84. 

38.  8x27  +  12x27.  44.    128x96-28x96. 

39.  17x25  +  13x25.  46.   42x28  +  16x28  +  2x28. 

40.  84x63  +  16x63.  46.   34x17  +  27x17-11x17. 

41.  46x35-6x35.  47.   16x38-4x38  +  18x38. 

42.  32x46+^18x46.  48.   16  tt  +  48  tt  +  36  tt. 

40.  Addition  of  Polynomials.  —  It  is  evident  that  two  or  more 
polynomials  are  added  if  all  of  their  terms  are  added.  Hence, 
two  or  more  polynomials  may  be  added  by  adding  their  similar  terms. 

The  process  of  adding  polynomials  is  similar  to  that  of  adding 
denominate  numbers  involving  two  or  more  units  of  measure. 

For  example  : 

12  bu.  1  pk.  2  qt.  12  6  +    1>  +  2  g 

Just  as  6  bu.  2  pk.  6  qt.    so      5&  -f  2jp  -f  6g 

17  bu.  3  pk.  7  qt.  17  b  +  Sp  +  7  q 

To  add  polynomials,  arrange  the  similar  terms  in  columns  and 
add  each  column  as  in  §  39.  Tlie  sums  of  the  columns,  connected 
by  their  signs,  constitute  the  sum  of  the  polynomials* 
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As  pointed  out  in  §  30  (See  Law  of  Order  in  Addition,  §  30, 
Note),  numbers  to  be  added  may  be  arranged  in  any  order  with- 
out changing  the  value  of  their  sum.  In  polynomials  to  be 
added,  if  the  similar  terms  do  not  come  in  the  same  order  in  all 
the  polynomials,  they  should  be  rearrarged  so  that  they  do  come 
in  the  same  order. 

Thus,  to  add  2a  +  36— 4c,  6c  —  4a  —  6,  and  ia  +  36-4c 

5  ^  5  o  —  2  c,  the  terms  in  the  last  two  expressions  — 4a—     6  +  5c 

are  rearranged,  and  the  terms  in  a  are*  put  first,  the  5a  +    b  —  2c 

terms  in  h  second,  and  the  terms  in  c  hird,  as  in  the  3  a  +  3  &  —    o 
margin. 

EXERCISES 

Add: 

1.   3a-26  6.       4r-5r'-^2/' 

4a4-56  --2r  +  3r'-7r" 

—  9r-    r'4-4r'' 


2. 

-6a?+    y 
4:x-7y 

3. 

4u  —  2v  +  3w 

—  2m4-    v  —  6w 

7.       3A-    JB  +  2C 
5^-254-    G 


8.  2P  +  4Q+    B-TS 
4.    -3ir+    K-12L                  -5P-    Q  +  SE-^2S 

8^-4^-f   3L  7P-6Q--9ig  +  3/S 

9.  — 20a  +  3a6-106 
6.    — 8m  +  67i—    J)  16  a—    aft +46 

5m  — 2w4-3i>  —   7a  — 5a64-  66 

.  -6m-8w-8^  -   2a-8a6-126 

10.  2  a;  —  y,  —  3  a;  +  y,  and  4  y  —  7  a?. 

11.  5 a 4-3 c  — 6,  c  — a 4- 6,  and  2  6  — 3 a  + 4c 

12.  33aj*— 5a;y4-22/^  8a^— i^4-6a^,  and  4^  — a?  — ajy. 

13.  1  —  2  m  4-  3  m^,  5  m  —  6  4-  4  m^,  and  m^  — 10  m  4-  5. 
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14.  Show  that  the  process  of  adding  polynomials  by  adding  the 
similar  terms  is  used  in  adding  numbers  in  arithmetic. 

Thus,  to  add  723,  422,  and  614,  show  728  =  7  x  100  +  2  x  10  +  3 
that  each  number  may  be  written  as  a  poly-  422  =  4  x  100  +  2  x  10  -}-  2 
nomial,  as  in  the  margin.  In  what  does  614  s=  6  x  100  -f  1  x  10  +  4 
this  differ   from  the  ordinary  process   of  17  x  100  -|-  6  x  10  +  9 

arithmetic  ?  or  1700     +     60+9 

or    1759 

16.  By  writing  them  as  polynomials,  find  by  the  method  in 
Problem  14  the  sums  of  the  following : 

831  123  302  915 

614  502  824  201 

743  954  553  672 

41.  Checking  Work.  —  In  much  of  the  work  of  algebra  one  can 
easily  check  the  results  obtained ;  that  is,  determine  whether  or 
not  mistakes  have  been  made  in  the  work. 

A  good  method  of  checking  addition  of  polynomials  consists 
of  assigning  particular  values  to  all  of  the  general  numbers  in- 
volved in  the  polynomials  and  in  the  sum,  and  seeing  if  the  sum 
of  the  values  thus  obtained  for  the  polynomials  is  equal  to  the 
value  of  the  sum  of  the  polynomials. 

Example.  — Add  and  check :  2  a— 6  6+3  c,  3  a+^b—2  c,  and  6  a— 2  6— 4  c. 
2a-5&  +  3c=— 6 

3a  +  46-2c=     9.       ,  ,    ,      « 

K         o  7,      .1  Q  }•   ^^®^  a  =  1,  6  =  2,  c  =  1. 

6a  —  2  &  —  4c  =—3  ' 


10a-36-3fi=     1 

When  a  =  1,  6  =  2,  c  =  1,  the  values  of  the  polynomials  are  —  5,  9,  and 
—  3,  respectively,  and  the  sum  of  these  values  is  K  The  value  of  the  sum  of 
the  polynomials  also  is  1,  which  shows  that  the  work  is  accurate.  Any  other 
values  of  a,  &,  and  c  might  have  been  used.  Check  this  work  by  giving  a,  6, 
and  c  other  values. 

Note.  —  This  method  may  be  used  in  checking  much  of  the  work  in  algebra 
that  follows.  While  other  methods  of  checking  work  may  be  practiced,  it 
will  be  found  that  this  method  has  the  special  advantage  of  helping  the  pupil 
to  master  more  thoroughly  the  meanings  of  the  symbols  of  algebra.  The 
pupil  should  form  the  habit  of  carefully  checking  all  of  his  work  in  some  way. 


ADDITION  AND  SUBTRACTION  6£ 


EXERCISES 


Add  and  check : 


1.  2a^-3a;-j-l  6.       5tt-6v+  7w 

2.  a»-3a«4-3a-l  «•       5r-6s  +  8 

4a2-    a  +  S  -rr-98-5 

—  a«  +  2a2  +  2a  4r  +  88 


7.   ic^  — ^ 


8.      a24-2a6+    ft* 

a«-2a&+    6« 

2a2  -26> 


8.    --5a«  +  36m  +  4 

4.       26m  +  10n  +  14p  — 3an  —  56m  — 1 

—  12m-hl6n  — 20^?  an4-    6m +  1 

—  12n—    5p  Tgyi  — 26m  — 2 

9.  4s4.3«  — 4,  3s-2^4-3,  -«  +  ^+5. 

10.  4w«-37i4-7,  -2n2-9n~3,  6n*4-4n-9. 

11.  6a2  +  5a6-262,  a2-a6-86'*,  3a«4-7a6  +  6«. 

12.  6a^-4aj*-3a;4-8,  5aj24.3a;4-2,  8ajS-7aj4-9,  oi?-2x. 

13.  m^—n^y2m^—5mn^+6n^,3m^n—7n^,  —m^—m^n-\-mn^—n\ 

14.  ^«-2-4*  +  5u42-3,  ^«-5^*-6^^  9^*  +  7,  -6^» 
-  ^2  -  9. 

16.  -y^^-y^,,^^  3v2  +  4v«-*«,  ^-S-y^  +  v^  77;^-.8e^ 

16.  4:ax  —  7by  —  cz,  ax  —  2hy,  — 3aa:  +  3c2J,  7hy  —  4tcz. 

17.  pq  +  2qr—pr,  —2pq  —  5qr  +  4:pr,pq  —  pr. 

18.  A;-2A:8+5A;«-3,  -3P4-2A:«+6A;-3,  2A;2-5, 12+3^:2-;^ 

19.  -12r  +  155-8«,   9r-.7«-7«,    -9r  +  4^,  -s-f-5r, 
6r-7^. 
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20.  3  v'  -  5 v"  4-  v^'\  3  -  4  v',  -  9  v"  4-  v''\  7  v'  -  v'',  -6 v"+ v'". 

21.  24  P+TF+ 3^,  5TI^-9^,  6P  +  7^,  -^  H ^  5  P, 
2H+SW-'F. 

22.  5.6a-2.76,  3.5a  +  4.26,  ~2.2a  +  6,  a-6.56. 

23.  .25  aj2  - 1.3  a?  +  8.1,   -  4.5  a^  - 1.9  a;  -  4,  6.3 -5.8  a?  4- 3.5  a^. 

24.  5P2_2.5m,  - .5 P^  +  4 m,  1.45 i^^ 4. 3.2 m,  -'.75i2«-97^ 

25.  l-2i)- 2.6  2)2  +  7.5  2)3,  i)^  +  5.5 Z)^  -  7.2,  -1.5-1- 
6.5  i>  +  8  2>2. 

26.  ix-^y,  ^x+^y,  a?-y. 

27.  \m^^n,  2^m  +  lnf  —^m  +  \n. 
26.   l^+i^,  l^H  +  iK,  2H^SK 

42.  Subtraction  of  Monomials.  —  What  rule  for  subtracting  posi- 
tive and  negative  numbers  was  discovered  in  §  31  ?  Since  a  mo- 
nomial is  itself  a  number,  this  rule  holds  equally  in  the  subtraction 
of  monomials. 

To  subtract  one  monomial  from  another,  change  the  sign  of  the 
subtrahend  and  add  the  result  to  the  minuend. 

The  change  of  sign  of  the  subtrahend  should  be  made  mentally^ 
the  written  sign  being  unchanged. 

Thus,  to  subtract  9  x^y  from  —  18  x^,  let  the  written  work  be  ^f 

as  shown  in  the  margin.  — ,^    j 

^  —  27  x2y 

EXERCISES 


Subtract : 

1.        2a; 

-3a 

-6M^ 

Sy^ 

--Bab 

—  3a; 

-7a 

4  3f2 

-2f 

'-2ab 

2.        4  m^n 

—  21  xyz 

16^ 

-   6P 

-Sab^ 

—    m^n 

—  4  xyz 

—  7  w®y 

-14^ 
-    hk 

-UP 

66 

-    ab^ 

3.        2^ 

2abG 

x 

2uj^v 

-4:hk 

-22  Q 

12  abo 
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4. 

3mw*              bhf 

-6«£?v*          -8V 

6. 

From  2  a  take  — 11  a. 

6. 

From  7  a;  take  10  x. 

7. 

From  —  6«take  —  4«. 

11. 

4a;-.(-3a;)=? 

12. 

-3y~(^6t/)=? 

21ar^2/*2?  11 /?»        -4»' 

~   3x2?A*     -   3i?3       -8v' 

8.  From  -  20  P  take  -  9  P. 

9.  From  32  of  take  — 16  at^. 
10.   From  — 16  ^r*  take  —  7  irr*. 

13.  5m  — (— 2m)=? 

14.  16  ^-(-4^)=? 


43.  Subtraction  of  Polynomials.  —  It  is  evident  that  one  poly- 
nomial is  subtracted  from  another  when  all  of  its  terms  are  sub- 
tracted. Consequently  for  subtraction  of  polynomials  we  have 
the  following  rule :  ' 

Add  to  the  minuend  the  subtrahend  with  the  sign  before  each  oj 
its  terms  changed. 

Similar  terms  should  be  written  in  columns,  as  in  addition. 
The  method  of  checking  work  used  in  §  41  may  be  used  also 
for  checking  subtraction. 

The  change  of  signs  should  only  be  made  mentally. 

Example  1.—  From  Zx^  —  2xy  -{-y^  take  5  y^  +  4 ^y  +  3 y\ 


3  a;2  _  2  a;y  +     y^  = 
5  a;2  +  4  xy-Sy^  = 


2 
6 


when 
x  =  l 
y  =  l 


If  there  is  a  term  in  the  minuend  and  no  term  similar  to  it  in 
the  subtrahend,  such  a  term  will.be  written  in  a  column  by  itself, 
and,  in  subtracting,  it  will  be  placed  in  the  answer  unchanged. 
If  such  a  term  oQCur  in  the  subtrahend  instead,  in  subtracting,  it 
•hIU  be  placed  in  the  answer  with  its  si^n  changed. 

BiAMPLE  2.  — From4a:4  — 3a;  +  2a;«  +  7  take  a;5  -  8  ic8  +  2  a:^  —  «. 


2rc5+4rK*  ~3a;4-7=       10 

a^ -3x8  +  2g2-     X         =—    1 

z^+4x^  +  Sx^-2x^'-2x  +  7=       11 


when 
x  =  l 
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EXERCISES 


Subtract  and  check: 


1.   ^x-'&y  13.   ar^  +  a^^-aj  +  l 

a^-'^.V  a^-a^  +  x-^1 


2 

O  +  ID 
-2C+3D 

3. 
4. 

4  7-12* 
T-    6A 

; 

—  m  + 15  a 

—  3m—    4a 

6. 
6. 

8  6  -  13  d 

r  — 2s4-5« 
r4-3s  — 2« 

7. 

4aj+    y-^IOz 

8. 

—  12p  —  6  g  +  4r 

-  8p4-     g-2r 

9. 

U+     V  —     w 

U'-2v  -{-Sw 

10. 

3/-    g+2h 
&f-2g^    h 

11. 

20p-     g  +     r 
2p  +  5q  —  7r 

12. 

a^  -f  2  a6  H-  62 
a^      2ab  +  b^ 

14. 

3i^^ 

-  2i^'2-l 

16. 

2ab-^3bc-^5ac 
6  a6  -f  7  6c  -  2  ac 

16.  2P  +  4Q--7^ 

17.  3v~4v'  +  10i;" 

-2i;-5i;'4-12i;^^ 

18.  7  Ti^-SAS-fgir 

2W  +  5S-9ff 

19.  a^-a^-fa^-l 

20.  a^-3a;2^a;  +  5 

2a:2         _5 


21.  a^  +  3a^b-\-3ab^  +  b^ 

22.  6— 2m-f9m2~m3— w* 
9+   m~9  7;i^4-m^--m* 

23.  a2  +  2a6  +  62 
g'  --6« 

24.  TF^  -_  Y* 

-  6  TFF^  -  V* 
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25.   4  ^  ^  -h  7^  28.    Wt^  -  WH  -  10 

^f^4.f-^i?  -  WH  +  15 

29.   1.5  a  +  3.5  6 
.7a -1.36 


26. 

3n2. 

-2n  +  l 

n«. 

-    /i2 

-5 

27. 

8a; 

-2a;' 

+  7 

a;" 

9a; 

+  6a;' 

9 

a;" 

30.   ^  m  —  J  n 

31  Trom  6a  —  76  —  10  c  take  12a+46  —  7c 

32.  From  12 ar^  —  3 a?  -f- 1  take  — 2ar^  +  9a?  —  7. 

33.  From  m^  —  2  mn  +  n*  take  4  m*  —  mn  +  3  n\ 

34.  From  2-7^2^4^4  take3^- 5^2  _j_3^ 

35.  From  2  «  -f-  6  ^^  +  1  take  9  f^  +  4  ^  +  3. 

36.  From  15  v'  -  6  -  2  v"  take  -  5  v"  +  9  —  v\ 

37.  From  6  a  -  4  a^  +  7  a^  take  10  -  3  a  +  a^  —  8  a^ 

38.  From  6P- 5  P^  _^  2  PUake  P^  4.  2'p2  _  7  p^.  3 

39.  From  L^  +  1?  ■\- 2  DR  take  5  R^  -  7  DR, 

40.  From  a;^  —  3  ay^y  +  3  xy^  take  a;^  +  nc^y  —  1/*. 

41.  From  1.5  r  —  s  +  2.8 1  take  .9  f  —  3>  —  s. 

42.  From  20  E-  12.5  JS;^  4. 4.2  take  G  -  2.4  ^  +  9  -B«. 

43.  From  5.6  ab  —  Sk  take  4.5  k  —  25. 

44.  From  |a;2  _  ^.^^  _  ^  take  |a;^  —  ia;  -h  f. 

45.  m2-5wi4-7-(-2w*-3m  +  2)=? 

46.  T7^  +  24TF-10-(16-5  TF+  Tr2)=a? 

47.  a2-.6^-(2a6-6'*)=? 

48.  6-(5'-4)  =  ? 

44.  Removal  of  Signs  of  Grouping.  —  When  the  sign  —  precedes 
a  sign  of  grouping  which  incloses  an  expression,  it  indicates  that 
the  expression  is  a  subtracted  expression. 
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Subtraction  is  performed  by  changing  the  sign  of  each  terra  oi 
the  subtrahend  and  adding  the  resulting  expression  to  the  minu- 
end.    Hence, 

A  sign  of  grouping  preceded  by  the  sign  ■—  may  he  removed  from  an 
expression,  if  the  sign  before  each  term  inclosed  is  changed. 

For  example,    SB  -  {b  R —  2  S)  =S  B-  6  B +  2  S, 
And  -  (-  7  y  +  2  2^2)  =  7  y  _  2y2. 

Since  the  sign  -|-  expresses  addition,  or,  when  convenient,  may 
be  considered  merely  as  a  sign  of  distinction,  therefore, 

A  sign  of  grouping  preceded  by  the  sign  +  may  be  removed  from 
an  expression,  without  changing  the  sign  of  any  of  the  terms  indosed. 

For  example,  4n  +(3w  —  7)=4n-|-3n—  7. 

And  +{S-2H)=S-2H. 

When  signs  of  grouping  are  inclosed  within  other  signs  of 
grouping,  it  is  wise  for  the  beginner  to  remove  the  innermost  sign 
first,  then  the  innermost  remaining  sign,  etc. 

Thus,  3a-(9a-{26- [6a-6]}) 

=  3  c5  —  (9  a  —  {2  6  —  6  a  +  6}),  removing  brackets, 
=  3a—  (9  a  —  26  +  6a—  6),  removing  braces, 
=  3a— 9a  +  2&  —  6a  +  6,  removing  parentheses, 
=  36-12a. 

EXERCISES 

Bemove  the  signs  of  grouping  and  add  similar  terms : 

1.  2r+(5r-3).  8.  5-(4  7r~l)-2  7r. 

2.  -8r-(7-.2r).  9.  6Z  +  (9-X)+8. 

3.  12-\-\-w-\-w%  10.  2Jlf+«-(5  Jf-*). 

4.  O-[30O-2].  11.  a^ - (62 - 2 oft). 

5.  27-(i^-32).  12.   18 /- 7  2/ +  {3  2/^-2/1 -y. 

6.  a— (6  —  2  a  — 5),  13.   6  tf?  — 4m7i+(3  mn— 2  «;). 

7.  2s +7+10.  14.    2J52-(J52-4u4(7). 

15.    (2r-7;i)~(r-4A). 

Suggestion.  —  Since  neither  of  the  signs  of  grouping  incloses  the  other, 
the  two  may  be  removed  at  the  same  time,  independently  of  each  other. 
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16.  (l-a?  +  a0  +  (3«-8). 

17.  (2i)-55)  +  (4i>  +  g)-h69. 

18.  W-  {Sw  -  2.5)  -  (w?  - 1.5  Wy 

19.  P-|3Q-l]  +  {4Q-6i2J. 

20.  a^  +  {2aj-(ar»-.3ic)}.  23.    -(-(-1)). 

21.  2'y-[«-v  +  (3f-4'y)].        24.    -(_(-(-(-(- a))))). 

22.  (2J9-13-DJ  +  1).  25.    2^-((f-(2^-d)). 

26..  8--^at+  \2^at  —  (8  —at)l  —  laL 

27.  m  — (5n  — (m  — (2n  — 6  m))). 

28.  a^  -  (2  a6  -  (-  ( -  6^))  -  (a^  +  (&'  -  2  db)). 

29.  Solve  62/-(4-2y)=12. 

30.  Solve  F4-(3  +  5  F)-7  =  0. 

31.  Solve  12.6  A;  -  (10  -  2  A;)  =  19  -  (A:  -  2). 

32.  Solve  3»-(8-is)  =  2f-(2  2-10). 

33.  Solve  It  =  8 -(3  w- 14- {6 -u]). 

34.  The   sum   of  two   numbers  is   20  and  their  difference  6, 
What  are  the  numbers  ? 

Suggestion.  —  Let  n  =  the  larger  number.     Then  20  —  n  =  the  smaller. 

35.  The   sum  of  two  numbers  is  7  and  their   difference  17 
What  are  the  numbers  ? 

36.  The  sum  of  the  angles  a  and  b  is  180° 
and  their  difference  30°.  How  many  degrees 
in  each  ? 

37.  My  living  expenses  for  two  years 
amounted  to  $2500.  The  expenses  during 
the  second  year  were  $280  more  than  during 
the  first  year.   Find  the  expenses  for  each  year. 

45.    Insertion  of  Signs  of  Grouping.  —  By  reversing  the  pro- 
cesses in  §  44,  it  follows  that  teims  of  a  polynomial  may  be  inclosed 
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within  a  sign  of  grouping,  token  this  sign  of  grouping  is  preceded  by 
the  sign  +,  without  changing  the  signs  of  the  te'rms;  and,  when  pre- 
ceded by  the  sign  — ,  by  changing  the  signs  of  the  terms. 

Thus,  to  inclose  the  last  three  terms  of  a^  -^  2  be  —  b^  —  c^  in  parentheses 
preceded  by  the  sign  +,  we  have  a^  +  (2  be—  b^  —  c-^).  If  preceded  by  the 
sign  — ,  it  becomes  a^  —  (&2  _  2  6c  +  c^). 

EXERCISES 

Inclose  the  last  three  terms  within  a  sign  of  grouping  preceded 
by  the  sign  +  : 

1.  A  +  B-C-D.  6.   aj2  4-2a;y4.y2_2,2^2  2!W-w?2. 

2.  xy -\- yz  -  zw  +  wx,  7.   16-8P4-P^+12Jf-93f2~4. 

3.  5_2n-9n24-«3.  g.   A:  +  7  + lOA;- 1 -25F. 

4.  r-4s  +  4s2+l.  9.    IS- B^-b^-Bb, 

5.  m^-h^pq-q^-^P^'        10.   l  +  69r'-r2- 9r'2. 

11-20.  Inclose  the  last  three  terms  in  each  of  the  above  ex- 
pressions within  a  sign  of  grouping  preceded  by  the  sign  — . 

21.  liian  —  2t  —  3n  +  bt,  place  the  terms  involving  n  in  paren- 
theses preceded  by  the  sign  +  and  those  involving  t  in  parentheses 
preceded  by  — . 

22.  In  10 P—  2  W+  mP—  n  W,  place  the  terms  involving  P  in 
parentheses  preceded  by  +  and  those  involving  W  in  parentheses* 
preceded  by  ^- . 

SUPPLEMENTARY  EXERCISES 

Simplify : 

1.  5Vn  — 8V^  +  6Vn^  + Vn  — lOVn. 

2.  Va  -i-  6  —  4 Va  +  6  +  ^^a  -h  6  —  9 Va  +  &, 

3.  12(aj-2/)-3(aj-i/)-16(aj-y)  +  (aJ-2/). 

4.  _  9(s  _-  af^  -  ^(s  -  at^  +  («  -  ^^^)  +  7(s  -  a^^. 

6.  (2  7ri2  +  7)2  +  14(2  7ri2  +  7)2  -  8(2  ttR  +  Tf  -{.(2wR+  If. 
6.  -20v^8+|Tr^2^6-v^8+^Tr/+18-v/8+-i-%2-9\/8+iir^ 
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Simplify  by  combining  similar  terms : 

7.  16-2VZ+5V3-24-7V3. 

8.  D-f  Vw4- V?— 4\/wr— 5i)+ 7Vw  — 6V?. 

9.  5(Tf"-  7)  -  8  TF^  +  (TF-  F)  +  17  TF^  -  4(>r-  F). 

10.  a^-2a:y  +  2/2  _3a^-6(t^'-3i/*  +  4aJ2/.  , 

11.  r^J^^rir^  +  ri-2r^Jr%r^r^--%ri. 

Simplify  by  writing  with  a  polynomial  coefficient: 

12.  ax  +  bx-{-  ex. 

•  Solution.  —  These  terms  are  similar  in  as,  and  hence  are  added  by  adding 
the  coefficients  of  x.  Since  the  coefficients  a,  6,  and  c  cannot  be  added  into 
one  term,  but  their  sam  can  only  be  Indicated,  we  get  (a  +  6  +  c)x, 

13.  my-irny  —  py. 

14.  ai22  -  6i?2  -  cJB^  +  di2«. 

15.  Me'-{'2m-^pf-{-qi^. 

le.   5D'  +  7rI>^-rhD'^7D^. 

17.  4a(a?  — 2^)  — 3  6(a:  — 2/)  +  ^(«- 2/)- 

18.  Add  nA  +  mB  +  pC  and  aj-4  —  2/5  +  zO, 

19.  From  aC7-  6F—  cTT  subtract  gU-^hV—JeWi 

Remove  signs  of  grouping  and  combine  like  terms : 

20.  a+[2a-(3a-25)]-(46-3a). 

21.  [m— (2m— n)]  — [— 3w  +  (4m  — n)]. 

22.  (^-55)-  {3  J.~[45+(6^~5)-(4J5-2^)]{. 

In  the  following  remove  parentheses,  leaving  brackets,  aivi  Aim 
plify  the  results  as  far  as  possible : 

23.  [(aj-22/)  +  (aJ  +  2/)][(^-2y)-(a?  +  y)]. 

24.  [r  -  (s — ^)]  [r  +  (s  -  01- 

25.  [5^  +  (3  +  ^)][5u4-(3  +  ^)]. 

«6.   [(4  r  -  3)  +  (3  r'  -  4)][(4  r  -  3)  -  (3  r'  -  4)]. 
27.    [(7a-26)-(c4-3d)][(7a-2  6)  +  (c  +  3(f)) 


CHAPTER  V 

MULTIPLICATION  AND    DIVISION    OF    LITERAi 

EXPRESSIONS 

46.  Order  of  Factors.  —  Is  there  any  difference  between  the 
values  of  3  X  4  and  4  X  3  ?  Of  2  X  3  x  4  and  3  x  4  x  2  or 
4x2x3  or  2x4x3?  Does  it  change  the  value  of  the  product 
to  change  the  order  of  the  factors  ? 

In  general,  has  ah  the  same  value  as  ha  ?  Has  xyz  the  same 
value  as  xzy  or  yzx"^  Has  2xax3x6  the  same  value  as 
2x3xax6? 

Numhers  to  he  multiplied  may  he  taken  in  any  order  without 
changing  the  value  of  the  product. 

Note. — This  fundamental  principle  is  known  as  the  Law  of  Order  in 
Multiplication. 

47.  Grouping  of  Factors.  —  In  3  x  (2  x  4)  the  parentheses  indi- 
cate what?  Is  there  any  difference  between  the  values  of 
3  X  2  X  4  and  3  X  (2  x  4) ?  Of  2  x  3  x  4  x  5  and  (2  x  3)  X  (4  x  6)? 
Does  it  change  the  value  of  the  product  to  group  the  factors  so 
that  the  multiplications  are  performed  in  different  ways  ? 

In  general,  has  a^c  the  same  value  as  a  (he)  ?  Has  oi^o^y^]^  the 
same  value  as  (arV)(2/V)^ 

Numhers  to  he  multiplied  may  he  grouped  in  any  way  without 
changing  the  value  of  the  product. 

Note.  —  This  fundamental  principle  is  known  as  the  Law  of  Grouping  in 
Multiplication. 

48.  Law  of  Exponents  in  Multiplication.  —  How  else  is  AA 
written  ?  How  else  is  nnnn  written  ?  In  aj^  what  does  the  ex- 
ponent show  ?    a*  =  aaaaa.    a*  =  ?     i?  =  ? 

74 
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Multiplying  a'  by  a*,  we  get 

a^  X  a^  =  aa  X  aaa  or  cumaa  =  cf. 
Similiajly,  m'^  xm^  =  mmmmmm  =  m\ 

1^  X'u^X'i^^^  wwovvvw  =  v^^. 

In  multiplying  powers  of  the  same  base,  the  eocponent  of  the  product 
is  obtained  by  adding  the  eacponents  of  the  factors. 

In  symbols,  the  above  principle  is  expressed  by 

urn  X  a"  =«'"+". 

49.  Multiplication  of  Monomials.  —  By  use  of  the  principles 
stated  in  the  preceding  sections  the  product  of  any  two  or  more 
monomials  may  be  found. 

Example  1.  — To  multiply  2  x^  by  3  a;V*>  we  have 

(2  x2y)  (3  0^)  =  (2x3)  (^x^)  (yy^) 
=  QxY' 

ExAMPLB  2.  —The  product  of  -  6  M^N^  and  -  4  M*N^  is 

(-  5  Jlf2J\r6)(_  4  if4jvr2)  =  (_  5)(_  4)(Jf2Jlf*)(iV6iV2) 

=  20  M^N'. 

To  multiply  monomials,  find  the  product  of  the  numerical  coeffi- 
cients, using  the  laws  of  signs  ;  then  annex  to  the  result  the  products 
of  the  like  literal  factors,  using  the  law  of  exponents. 

In  performing  multiplication,  the  work  is  often  ^  ^ 

arranged  in  column  form,  as  here  shown.  — Kfi^ 

EXERCISES 

Find  the  product  of : 

1.  a*  and  a*.  5.  r*  and  r*.  9.  y  and  ^. 

2.  a?  and  a?.  6.  Fand  F*.  10.  n^  and  n^. 

3.  &»  and  y.  7.  U  and  L\  11.  TFand  WK 

4.  JV»  and  M\  8.  P  and  <«.  12.  T^  and  T". 
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13.  d^  and  cP.  16.   z  and  z^..  19.  p^,  j>2^  and  pi 

14.  .s^  and  «».  17.   A\  A\  and  ^*.      20.   x,  x",  and  ic*. 

15.  IP  and  6^«.  18.    C^  C*,  and  0«.      21.   w,  7i^  ««,  and  n«. 

22.  By  B^y  JB^y  aud  J5».  29.  c,  8  c^,  3  c^  and  2  c*. 

23.  2 ic*,  3 ar*,  and  2 a:«.  30.  -S(Py  -6dy  d,  B,ud2d\ 

24.  4wi,  2  m*,  and  wJ,  31.  ic^  and  aj^^^ 

25.  -  2  ^,  -  3  -4*,  and  4  A\  32.  -  2  aV  and  5  a/i^. 

26.  372^,  -7i2,  and  -2i2«.  33*  -  4  ulC  and  3  ^^B. 

27.  -52/,  -92/3^  and  -22/10  34.  7 s,  - 2 sr,  and  6 ^A 

28.  J5,  -  6  J5^  and  4  ^.  35.  -  9  x'yh'  and  -  4  oj^af*. 

36.  3  D'Wy  -  2  n^Wy  and  8  Z>«>r. 

37.  -  6  Jf  »J^,  9  jHf  W,  and  -  5  iV'P. 

38.  16  ojV,  -  2  aj^22^  and  7  t/^^l 

39.  —  2  mV,  8  mV>  and  —  5  w V« 

40.  a«,  -  2  d^b^y  7  a%  and  -  3  bc^. 

41.  ^  a^2/>  -  i  A^  and  i»22/«. 

42.  -  i  i5ri>,  i  ^^A  and  3  D». 

43.  f  rs*,  -  2  A^  and  ^  r^s*. 

44.  Jp^,  f  i>V>  and  2pV- 

45.  F;^F,  -41^,  and^F^. 

46.  - 1  c^rfio,  4  <^d^y  and  c^W. 

47.  ^  wt^y  5  TF^2^  and  4  TT^.. 

48.  -  J^fF^  -^MV\  and  -6JlfF*. 

49.  3,-5  Q^,  8  Q%  and  -  ^  Q^^^^ 

50.  Multiplication  of  a  Polynomlftl  by  a  Monomial.  —  The  multi- 
plication of  a  polynomial  by  a  monomial  is  similar  to  the  multi- 
plication of  denominate  numbers  containing  two  or  more  units  of 

measure. 

9  yd.     2  ft.       6  in.  92^  +  2/+   Qi 

Just  as  4  so  4_ 

86  yd.    8  ft.    24  in.  36y-H8/  +  24< 
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In  general,  since  the  whole  of  a  quantity  is  multiplied  by  a 
number  when  each  of  its  parts  is  multiplied  by  that  number,  we 
have  the  following  rule : 

To  multiply  a  polynomial  by  a  monomial,  multiply  each  term  of 
the  polynomial  by  the  monomial^   and  add  the  partial  prodiicts 

obtained. 

» 

Note. — This  fundamental  principle,  that  a  polynomial  is  multiplied  by 
multiplying  each  of  its  terms  separately  and  adding  the  partial  products  ob- 
tained, is  known  as  the  Law  of  Distribution.    It  is  expressed  in  symbols  by 

Example.  —  The  multiplication-  of  o^  __  2  a6  +  6^        2  _  o    i>  4.  m 
by  3  o^6*  may  be  indicated  either  in  the  form  «  ^1,8 

3«»6»(a2  -  2  a6  +  6^)  =  3  a»6«  -  6  a<6«  +  3  a«6»  3  a«6»  -  6  a<6«  +  3  a«6» 
or  as  in  the  margin. 

It  is  always  more  convenient  in  algebra  to  perform  multiplica- 
tions from  left  to  right.  This  may  also  be  done  in  arithmetic,  but 
for  convenience  in  "  carrying  ^'  it  is  usually  more  convenient  in 
arithmetic  to  begin  at  the  right. 


EXERCISES 

Multiply : 

1.  x  +  yhjB,  11.  cc^  —  2a?-fl  by  4. 

2.  a~6by3.  12.  a* -f- 2  a6 -|- 6^  by  a6. 

3.  n  — 4by7.  13.  3  — 8  m  +  4  m*  by  5m. 
4    PH-lby6  14.  7a2  +  12  6«by -2a26. 

5.  2^-3  by  4.  16.  16  J?«-4<«by  4i?. 

6.  6a  +  56by2.  16.  4  a^  +  7  ?/3  by  2  oj^yl 

7.  SM-9NhyS.  17.  S^- 5  ^  +  9  shy  4^. 

8.  -5^  +  7^byl0.  18.  ^-^AChydAO. 

9.  4aj  — 92^bya;.  19.  5  —  2  v4-7  v^  by  —  8 1;». 
10.   2a-7  64-cby6.  20.  i*- 2  Z^ +  3  by  4X1 

21.   37i-4-f-12i>by -2wy. 


1 

■ 

! 
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22.  TF«-6  W^+2  TF-3  by  -5  W\ 

23.  2c*  +  15-4c8by -Sc*. 

24.  u4*  +  2^B  +  52 13^3^8^^ 

25.  ah  ■\-hc-\-  ca  by  a6c. 

26.  2  Z>2„  3  /)  w+  W^  by  -  9  Z>*Tr«. 

27.  ^«-jB»by  2^J5. 

28.  3a?*-6aj3  +  ar^  +  8ar-lby8««. 

29.  7a6  +  3  6c  — 4  cd  by  2  oc.  33.  i>^(52)  +  3g). 

30.  5(4- a-a^.  34.   ^(^^ _  5  ^j5 ^ g  jgf^^ 

31.  4a;(3a;+,8y).  35.    -2m2(3- 9m-5m^. 

32.  7«(^-a0.  36.    3  .v*(aj2  -  3  ajy  +  7  y^. 

37.  -  8a262( -  15  aJ'b  +  afe^  -  ft*). 

38.  4  mW(m^  —  m*n  +  3  mrt^  —  w^). 

39.  i(45*-65+2).  42.    - fa^+^aj*?/- iajy^+i^* 

40.  ^^W(iW'-^WV+i>V^.  -\^ 

41.  ^a^  +  \ah-^\li'                         43.        1.2m2--2.5mn  +  3.4n« 
^ab -1.5m^ 

44.   2.15p»-.05p«  +  1.225-4 
.5p^ 

Simplify  by  removing  signs  of  grouping  and  uniting  similar 
^erms: 

45.   2(2a-3  6)-3a.  46.   5(^- J5)  +  2(J5-^). 

47.  l{s^-2st-\-t^-\-S{2s^-\-st-'A:f). 

48.  a(a5  -  6^  +  6(a2  +  a5). 

49.  3  P(5  -  2  P)4- 4(3 P+P2). 

50.  ^S{2S'-\^  +  \(2S'  +  S). 
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JT 


a^ 


y      ^ 


51.   4(2^-35)-2(4^  +  5). 

Note.  —  In  this  expression  the  term  —  2(4  A  +  E)  may  be  looked  upon  in 
two  ways*  either  as  indicating  that  4  ^  -f  ^  is  to  be  multiplied  by  2  and  the 
result  subtracted  from  the  part  that  precedes,  or  as  indicating  that  ^A+B 
is  to  be  multiplied  by  —  2  and  the  result  added  algebraically  to  the  part  that 
precedes.  In  either  case  the  terms  within  the  parentheses  {^A  +  B)  will 
have  their  signs  changed  in  the  process. 

62.   6(c  — 2fc)  — 4(2c  — 3fc).  54.   wi(n«— m/i)— n(mn-f  m*). 

53.   6P-4Q-3(7P  +  2Q).       55.    -5(10r+3  0-2(2  «-r). 

56.  - 3(aj2.y  -  xy^)  -  (xf  -  oi?y). 

57.  -3(v«-h2t;«M7-2t(r»)-2(-2v»-f 3v2|(7-Mr«^. 

58.  This  rectangle  is  made  up  of  three  parts  whose  common  width 
is  a  and  whose  lengths  are  ar,  y,  and  «,  respectively.  Show  that 
the  areas  of  the  parts  are  ax,  ay,  and  aZy  respec- 
tively. What  does  a{x  -\-  y  -\'  z)  represent  ? 
Hence,  show  that  a(x  -\-  y  +  z)  =z  ax  -{-  ay  -{-  azy 
which  illustrates  the  Law  of  Distribution, 

59.  By  a  rectangle  show  in  the  same  way 
that  2  a?(a  4-  2  6  +  c)  =  2  aa:  -f  4  6aj  +  2  caj. 

60.  Show  that  the  process  of  multiplying  a  polynomial  by  mul- 
tiplying each  of  its  terms  and  adding  the  partial  products  obtained 
is  used  in  arithmetic  in  the  multiplication  of  a  number  of  two  or 
more  figures  by  a  number  of  one  figure. 

Thus,  to  multiply  432  by  3,  we  see  that  432  is  in 
nature  a  polynomial,  and  may  be  written  as  the  siun 
of  three  terms.  432  is  multiplied  by  3  by  multiply- 
ing each  of  these  terms  by  3  and  adding  the  results. 

Note.  —  The  ancients  employed  this  principle  in  multiplication.  Thus,  by 
the  Greeks  the  method  of  calculating  7  x  326  was  equivalent  (in  modern  nota- 
tion) to  that  shown  here.  Because  of  the  principle  of 

place  value  in  our  notation,  we  perform  our  multi-     7  x  326  =  7 (300 -f- 20 -f- 6) 
plications  mechanically,  without  stopping  to  think  =  2100 -f- 140 -h 42 

of  this  Law  of  Distribution  underlying  the  work.  ~  ^^°^ 

61.  By  the  use  of  a  rectangle  as  in  Ex.  58,  illustrate  the  Law 
of  Distribution  in  finding  3  X  268 


-^ 


sz 


432  = 
3 


400  -F  30  -h  2 
3         3       3 


1296  =  1200  +  90  +  6 
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51.  Multiplication  of  a  Polynomial  by  a  Polynomial.  —  The  pro 
cess  of  multiplying  one  polynomial  by  another  is  similar  to  the 
process  in  arithmetic  of  multiplying  one  number  of  two  or  more 
figures  by  another  number  of  two  or  more  figures.  Just  as  in 
arithmetic  the  multiplicand  .is  multiplied  by  the  number  repre- 
sented by  each  fig'ure  of  the  multiplier,  and  all  the  partial  prod- 
ucts added,  so  in  multiplication  of  polynomials  in'  algebra  the 
^nultiplicand  is  multiplied  by  each  term  of  the  multiplier,  and  all 
^he  partial  prorl»»^.t8  added. 

For  example : 

25  2a;  +  5y 

84  3a;  +  4y 

^ustas      100s   4x25  so      6 ;b'^  +  15 a;^^  =:3a;(2a;  +  5y) 

760  =  80  X26  8a:2/  +  20y-  =  4yC2x  +  5i/) 

850  =  84  x25  6x2  +  23a;y  +  20y2=  (3a:  +  42^)(2x -|-  5y) 

Each  term  of  2  x  +  6  2^  is  multiplied  by  3  x  and  then  by  4  y,  and  the  similar 
^rms  of  the  partial  products  are  written  in  columns  and  added. 

Note.— See  that  pupils  clearly  understand  that  we  use  this  process  abridged 
fn  arithmetical  multiplication.  Then  have  them  see  that  algebraic  multipli- 
cation  \%  the  same. 

It  is  easily  seen  that  this  process  is  only  an  application  of  the 
Law  of  Distribution  noted  in  §  50.     Hence, 

To  obtain  the  product  of  two  polynomials,  multiply  the  multipli- 
cand by  eaxh  term  of  tJie  multiplier,  and  add  the  resulting  paHiol 
products. 

The  work  in  multiplication  can  be  checked  by  assigning  particu- 
lar values  to  the  general  numbers  involved,  as  in  addition  and 
subtraction,  and  seeing  if  the  product  of  the  particular  values  of 
the  factors  equals  the  particular  value  of  the  product. 

ExAMPLB  1. —  Multiply  2a  —  36+5cby3a+6— 2  c. 

2o  —86  +  6c  =4 

Za  ■\-    h  >^2c  =2 

6  o2  -  9  a6  +  15  ac 

2  ah  -.3  62_|.    5  5c 

>-    4<7c -f    ft  fee  ~  10  c^ 

6a2 - 7  aft  +  11  ac- 3 6'<»-f  11  6c-  10c2=s8 
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When  a  =  1,  6  =  1,  and  c  =  1,  the  multiplicand  =:  4,  multiplier  r=  2,  and 
product  =  8,  as  it  should. 

Observe  that  the  terms  of  the  first  partial  product  are  written  in  a  line  by 
themselves,  those  of  the  second  in  a  line  by  themselves,  etc.,  and  that  the  new 
kinds  of  terms,  when  obtained,  are  spaced  out  so  that  only  similar  terms  will 
fall  in  columns. 

Note.  —  A  polynomial  is  said  to  be  arranged  according  to  the  powers  of  a 
letter  when  the  exponents  of  that  letter  either  increase  or  decrease  in  the  suc- 
cessive terms  as  we  pass  from  left  to  right.  Thus,  x*  —  2x*  +  3b^+x— Sis 
arranged  according  to  the  descending  powers  of  x ;  while  2  y*  +  ary*  +  xhf^ 
+  x^  +  a^  is  arranged  according  to  the  ascending  powers  of  x.  How  is  the 
latter  arranged  as  to  y  ? 

It  will  be  found  an  advantage  in  multiplication  of  polynomials  to  arrange, 
if  possible,  both  the  multiplicand  and  the  multiplier  alike  according  to  the 
powers  of  some  letter,  before  multiplying. 

Example  2.  —  Multiply  ^2  _  2  +  2  ^  by  ^  —  6  +  ^4^. 

Arranging  both  trinomials  according  to  the  descending  powers  of  Ay  we 

have 

A^  +  2A  -2  =      11 

A*+     A  ^fi  =-4 


^4  +  2  ^8  -  2  ^a 

^8  +  2^2^    2  A 

-  6  ^2  _  12  ^  4-12 

^4  4.  3  ^1  __  tj  ^i  _  14  ^  +  12  -  -,  4 


when 
^4  =  1 


Note.  —  Substituting  1  for  each  of  the  letters  in  the  twg  preceding  examples 
tests  the  coefficients  and  signs  only.  Why  ?  To  test  the  exponents  other 
values  than  1  must  be  assigned  to  the  letters. 


EXERCISES 

Multiply  and  test : 

1.  n  +  2  by  n  +  2.  7.  8  6  + 1  by  3  6  + 1 

2.  ^  -  3  by  ^  +  2.  8.  3  72  +  1  by  4  i?  + 1. 

3.  a;-.4bya?~3.  9,  2  F+5  by  3  F+ 7. 

4.  2a4-3by3a-2.  10.  5y-8by6y-l. 

6.   5  2; +  6  by  2? +  4.  11.  4  2)4-2  by  -3  D  + 5. 

6.   4^  — 7by4i-h3.  12.  2wi  +  6by2m  — 6. 
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13.  a- 10  by  a +  10.  21.   2A;- 3c  by  2A:  — 3  c. 

14.  2  Tr  +  3by  2  Tr+3.  22.   a:2_2a;H-l  by  «  + 2. 

15.  3  +  4a;by  2H-3aj.  23.    ^'^- 3^ +  4  by  ^ -5. 

16.  l  —  Shj^-\-S.  24.   'y2+'UM;+ w^by  v-f-M?. 

17.  5-46by5-46.  25.   M^'^N^hym  +  NK 

18.  2a+36  by  5a  — 26.  26.   2aj— 3y+lby3a:+2y— 1 

19.  6p4-4f  by|)-2^  27.   aj2_  4^3^;  by  2  +  5  a;. 

20.  55  +  (7by55+a  28.    6-5i2by4^  +  7. 

29.   a«-a2  +  4a-6by  2a2-3a  +  2. 
•     30.   3n^  — w  +  4by  4n-3. 

31.  l-2AS  +  3/S^by4AS  +  5. 

32.  2  +  3r+r2]^y  2  +  3r+T*. 

33.  4a  +  66  +  10cby  2a  — 36+4c. 

34.  i2-5>S  +  3  Trby3i2  +  2  TT-zS. 

35.  ia  +  ^by^a  +  i. 

36.  2w  +  6p  — 5rby2j?  — 3«. 

37.  a-1  by  l  +  2a  +  a2. 

38.  363-5624.&_4by3-26. 

39.  D-2Z)2  +  4by  8  +  2D-M 

40.  2w^  — 5w;*  +  4w7  — 1  by  3  — 2t(;2  — w. 

41.  (a:  +  5)(2a?-5).  46.  (3- v)(v2  +  6- v), 

42.  (2  ^  +  4)  (5^-1).  47.  (a«  +  6«)  (a«  -  68). 

43.  (1-40(1+40.  48.  (n2-4)(n*  +  6n2  +  5). 

44.  (52 - 4 ^(7) (52  +  4 ^0).  49.  (a-30(2a2  +  a«-«*) 

45.  (aj2-2aj  +  l)(aj-l).  60.  (i a? +  ^2^) (i a? -4 2^). 

Find  the  product  of ; 

51.   «  —  1,  a;  +  2,  and  a;  +  1. 

SuGOBSTioN.  —  Multiply  X  —  1  by  a;  +  2,  and  that  product  by  ar  +  1. 
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52. 
53. 
54. 
55. 


a  +  3,  a  — 2,  2a  +  l. 
25-1,5  +  2,35-2. 
3F-4,3F-4,1  +  F, 
m  +  w,  m  —  «,  m*  +  w^. 


56.  2  +  (f,  2-(?,  4  +  cP. 

57.  2p  — 3f,  3j?  +  2t,  «+/). 

68.  S'+S  +  1,S-1,S»+1. 

69.  a^  —  «*,  or"  +  2»,  a^  +  2*. 


60.  i_A  + 1)(^  +  2)(^  +  Z){A  +  4). 


Remove  signs  of  grouping  and  simplify  by  combining  terms : 
.     61.    («  +  2)(«  +  3)  +  (2f-l)(«-4). 

62.  (2  +  F)(3i^-l)+F(5i^-2). 

63.  68-2&  +  (l -&)(!  + 6). 

64.  {x  +  w)  (a;  +  lo)  +  (a?  —  m?)  (a?  —  w). 

65.  (a  +  2)(a+5)-(2aH-l)(a-2). 

Suggestion.  —  The  product  of  (2  a  +  l)(a  — 2)  is  to  be  subtracted  from 
(a  +  2)  (a  H-  6) .    What  operation  must  be  performed  first  ? 

66.  (^  +  5)(-4  +  5)-(-4-5)(^-5). 

67.  2(2/«-3y  +  l)-(y  +  4)(?/-l). 

68.  (i;4-0(v-2«)-(v-«)(?;  +  2«). 

69.  n2-3n  +  4-(2-n)(3wH-2). 

70.  (2a  +  3 6)(2  a  +  3fe)-(2a-3 6)(2a - 3 6). 


<P  +     ^ 


ac 


3c 


71.  Show  by   the    accompanying   diagram 
that  (a  -\-h){c-\-d)=^ac  +  hc-^ad-\-  bd, 

72.  Show  by  a  diagram,  as  in  Problem  71, 
that  (a?  -h  5)  (aj  +  7)  =  a^  + 12  a;  +  35. 

73.  Show  by  a  diagram,  as  in  Problem  71, 
what  the  product  of  (a  -{•  b  -\-  c)  (x -{- y -{- z)  is. 

74.  Show  how  the  Law  of  Distribution  is  used  in  multiplying 
the  following : 


€gaf 


^^ 


234 
42 


506 
63 


427 
135 
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75.  A  rectangular  field  is  16  rods  longer  than  it  is  wide.  A 
second  field  is  5  rods  shorter  and  2  rods  wider  than  the  first. 
If  w  represents  the  width  of  the  first,  express  the  area  of  the 
second. 

76.  A  rectangle  is  8  inches  longer  than  it  is  wide.  If  its  length 
is  increased  by  4  inches,  and  its  width  decreased  by  2  inches, 
represent  by  use  of  one  letter  its  resulting  area. 

52.  Law  of  Exponents  in  Division.  —  Since  division  is  the  inverse 
of  multiplication,  the  law  of  exponents  in  division  is  obtained 
from  the  law  in  multiplication. 

Since  a^  x  a^  =  a^,  a^  ^  a^  =  a\ 
Since  n*  x  n^  =  n^^,  ri^^  -r-  n*  =  n®. 

Tell  how  the  exponent  of  each  quotient  is  obtained  from  the  exponents  of 
the  dividend  and  divisor. 

By  use  of  cancellation  w-e  arrive  at  the  same  conclusion. 
For  example,  ^  =  ^^^  ^  ^.^3.  =  ^^ 

In  dividing  powers  of  the  same  hoLse,  the  exponent  of  the  quotient  is 
obtained  by  subtracting  the  exponent  of  the  divisor  from  the  exponent 
of  the  dividend. 

In  symbols  this  rule  is  expressed  by 

53.  Division  of  Monomials.  —  By  reversing  the  rule  for  multi* 
plying  monomials  the  rule  for  division  is  obtained. 

Since  2axSb  =  6ab,  6ah-^2a  --Sb. 
.  Since  (7  x8)(- 3x5)  =  -21x8^  ( -21x8)  ^  (7a-3)  =  - 3a6. 

In  dividing  monomials,  divide  the  coefficient  of  the  dividend  by  that 
of  the  divisor,  using  the  laws  cf  signs;  then  divide  the  literal  factors 
by  subtracting  the  exponents  oj  the  letters  in  the  divisor  from  the  ea> 
ponents  of  the  like  letters  in  the  dividend. 

Thus,  (6  a:  V)  -h  (  -  2  xy^)  =  -  3  afiyK 
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Evidently,  if  a  letter  has  the  same  exponent  in  the  dividend 
and  divisor,  this  letter  will  not  appear  in  the  quotient.     Why  ? 

Thus,  C-  24 x8y«)-i-(-  4 ofiy^)  =  6 y«. 

Here  x  does  not  appear  in  the  quotient. 

This  division  may  be  indicated  also  in  the  foim 

-^^  =  6^,        or  ,      «!?-. 

-4a^         ^  -4x8y*)-24«V 


EXERCISES 
Divide : 

1.  a*  by  0?.  9.  s»  by  s«.  17.  a%'  by  a%l 

2.  iV^«  by  JV^*.  10.  P*  by  P«.  18.  icy  by  a^y«. 

3.  ^byi?.  11.  a^^hji^.  19.  m V  by  m V. 

4.  y^  by  f,  12.  ^"  by  A\  20.  a^ftV  by  a^W. 

5.  ««by«2.  13.  m^^by^io  gl.  6a:«by2ar^. 

6.  ^°byjr«.  14.  D^byM  22.  8  i^t'^  by  2  iJi;*. 

7.  ?y^byiy».  16.  6'by6^  23.  ^^TrlPhy  2irR, 

8.  aJ«  by  of.  16.  2«  by  z.  24.  18  TT^  by  9  W. 

25.  9a«by-3a«  33.  - 50 ar^t^^  by  2 aj^. 

26.  15  f'  by  -  5 «».  34.  ^A'hy^  A\ 

27.  -  24  P*yi  by  -  6  P.  35.  6  zH  by  4  2*f. 

28.  -  56  3f  «JV»  by  7  i\r«  36.  -  2  m^n  by  3  m^n. 

29.  36  a*6V  by  -  9  a%V.  37.  |  Q^  by  2  Q^^. 

30.  4aj*Vby— a^/.  38.  J  a^2/ V  by  —  ^- aJ*y*. 

31.  -6R2by2F««.  39.  7PVby-^n*. 

32.  18  i>*i;  by  6  D*.  40.  -xD^hy  -^^xL^, 

54.  Division  of  a  Polynomial  by  a  Monomial.  —  The  division  of  a 
polynomial  by  a  monomial  is  similar  to  the  division  of  denominate 
numbers  containing  two  or  more  units  of  measure. 

6ft.    Sin.  5/+.Sf 

^"^^  8)16  ft.     9i^        '^  8)16/+ 9i- 
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In  general,  since  divisor  x  quotient  =  dividend,  the  quotient  uiust 
be  such  that  the  product  of  its  terms  by  the  divisor  will  give  the 
terms  of  the  dividend.     Hence  the  rule : 

To  divide  a  polynomial  by  a  monomial,  divide  each  term  of  the 
dividend  by  the  divisor,  and  add  the  partial  quotients. 

Example.  —  Divide  4  ofiy  —  8  x^y'^  +  6  xy^  by  —2xy. 

We  divide  each  term  of  the  dividend  by  —  2  ay  and  set  the  results  down 
in  a  line  with  their  signs,  which  indicates  their  sum.  The  work  may  be 
written  in  either  the  form 

(4  x^y  -  8  a;2y2  +  6  xy^)  -r-  (  -  2  jcy)  =  -  2  a;2  +  4  ^.y  __  3  y2 

-  2  a;2  +  4  a;y  -  3  y2 
or  —  2  X2/)4  ofiy  ^%  atV^  4.  6  xj^ 

EXERCISES 
Divide : 

1.  4m-6nby2.  6.    -24P+ 72  Q  by  -  12. 

2.  12  2>  +  9i^by3.  7.   81 06 - 18 ac  by  9a. 

3.  16aj  +  24by4.  8.   aj  +  2a^bya;. 

4.  21a-286by7.  9.   A^-^A^hy  A\ 

5.  36  +  42^  by  6.  10.   30 m«  +  40 m^w  by  5 m* 

11;   2pq  —  4:pt  +  6pv  by  2 p. 

12.    -  6  TFV  + 18  Wg^- 12  TFy  by  6  TF^^. 

13.  aj«-a^  by  a^.  15.   27^-18^  by -- 9«8. 

14.  a^  —  a^6 -h  a^ft^  by  a^.  16.    —x^y  +  zhj—1. 

17.  -^4-25-(7by  -1. 

18.  4  t/;V  +  8  w;8^  -  12  w?2y4  ^y  4  ^^ 

19.  12 p«#  -  8p*«2  _|_  24p2  by  4p2. 

20.  -21a^-35a^-l4a;*by -7a?*. 

21.  (8a6-4  6c-206d)-f-46. 

22.  (2:^a:y  —  2  ajya^  4-  3  zy^)  -?-  2!y. 

23.  (2P¥-3PV+P^^)--P¥. 
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24.    (-a^— ^a'4-«^a)^(-a). 
26.    (M^N^-dMN^^i-MN^). 

26.  (a'K'-7b^K+2cir)-^{'-K). 

27.  (in^-^\n)^\n, 

28.  (-|iC2^-^aj2y)^(_|ajy)^ 

29.  (iWg--lWg^^(\Wgy 

30.     (.5<  +  ^--1.5^)-r-(.5<). 

55.   Division  of  One  Pol3rnomial  by  Another. — Let  us  divide 

First,  arrange  both  dividend  and  divisor  according  to  the 
descending  powers  of  x  (see  §  51).  The  work  may  be  arranged 
as  below.  „        .  ^ 


a^4-2a;  +  8)x*+     x^  +  Tx^- 6a;  +  8 

x*  +  2  x8  4-  8  ga 

—  x8-    x2-6x  +  8 

-  x8  -  2  x2  -  8  X 


x2  +  2x  +  8 
x2  +  2x  +  8 

Explanation. — The  product  of  the  term  of  highest  power  in  x  in  the 
quotient  and  the  term  of  highest  power  in  the  divisor  must  give  the  term  of 
highest  power  in  the  dividend.  Hence,  the  highest  term  of  the  quotient  is 
obtained  by  dividing  the  highest  term  of  the  dividend  x*  by  the  highest  term 
of  the  divisor  x^.    This  gives  x^,  the  first  term  of  the  quotient. 

Multiply  the  whole  divisor  by  the  term  of  the  quotient  just  found.  This 
gives  X*  +  2  X*  +  8  x2,  which  is  placed  below  the  dividend. 

The  dividend  is  the  product  of  the  divisor  by  the  whole  quotient.  Hence, 
subtracting  the  product  x*  +  2  x'  +  8  x^  from  the  dividend,  the  remainder 
—  x'  --  x2—  6x  -f"  8  must  be  the  product  of  the  divisor  by  the  part  of  the 
quotient  to  be  found. 

Therefore,  the  product  of  the  next  highest  term  of  the  quotient  by  the 
highest  term  of  the  divisor  must  equal  the  highest  term  of  the  remainder. 
Hence,  dividing  —  x*  of  the  remainder  by  x^  of  the  divisor  gives  —  x,  the 
second  term  of  the  quotient. 

Multiply  the  whole  divisor  by  the  new  term,  —  x ;  subtract  the  product 
from  the  remainder.    This  leaves  x^  +  2  x  +  8, 
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Evidently  the  third  term  of  the  quotient  will  be  obtained  from  this  second 
remainder  just  as  the  second  term  was  obtained  from  the  first  remainder. 
By  continuing  this  process,  all  of  the  terms  of  the  quotient  may  be  found. 

If  in  any  problem  the  divisor  is  an  exact  divisor  of  the  dividend, 
the  work  may  be  carried  on  until  a  remainder  zero  is  found. 
Otherwise  the  work  may  be  continued  until  a  remainder  is  ob- 
tained in  which  the  highest  term  is  of  lower  power  than  the 
highest  term  of  the  divisor.     This  is  a  true  remainder. 

Hence  the  rule  for  dividing  one  polynomial  by  another : 

1.  Arrange  both  the  dividend  and  divisor  according  to  the  descend- 
ing or  ascending  pozvers  of  some  letter. 

2.  Divide  the  first  term  of  the  dividend  by  the  first  term  of  the 
divisor  to  obtain  the  first  term  of  the  quotient. 

3.  Multiply  the  whole  divisor  by  this  term  of  the  quotient,  and 
subtract  the  result  from  the  dividend, 

4.  Treat  the  remainder  as  a  new  dividend  (having  the  terms 
arranged  as  before)^  and  repeat  the  process,  continuing  until  either 
the  remainder  zero,  or  a  true  remainder,  is  found. 

Example  1.  —  Divide  a^  —  11  a  +  30  by  a  —  5. 

a—Q 

a^b)a^-  11  a +  30 
gg-   5a 

-  6a +  30 

-  6a +  30 


Check.  —  When  a  =  1,  dividend  =  20,  divisor  =  —  4,  and  quotient  =  —  6, 
as  it  should. 

Example  2.  —  Divide  x*  +  y*  by  a:  +  y. 

x3  _  x^y  +  xy'^  -  y^ 


a;  +  y)x* 

+ 

y* 

a:*  +  xh/ 

—  x^y 

+ 

y* 

—  T^y- 

-  xhi^ 

a;-y           + 
xV  .f  xy^ 

v" 

-xy^-\- 

y* 

—  xy^  — 

y* 

2y* 
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In  this  example  there  is  a  true  remainder  2^  obtained.  By  using  the 
fractional  furiu  to  indicate  the  division  of  tlie  remainder,  as  in  arithmetic, 
the  entire  quotieut  in  this  problem  may  be  expressed  thus: 

Check.  —  When  «  =  2  and  y  =  1,  dividend  =  17,  divisor  =  3,  quotient 
=  5},  as  it  should. 

Note. — Observe  that  the  terms  in  the  dividend,  divisor,  and  all  the  prod- 
ucts and  remainders  in  the  above  example  ai'e  arranged  in  descending  powers 
of  X.  Similar  terms  should  be  kept  in  columns  in  the  work.  For  this  pur- 
pose it  is  often  necessary  to  leave  vacant  spaces  between  the  terms,  as  in 
this  example. 

EXERCISES 

Divide  and  check : 

1.  a2H-3a  +  2by  a  +  1.  14.   A.A^-^\)Y2AJrZ. 

%.  N^-^'dN-AO  by  N+S.  15.  25  J?2_4  by  5  J?-2. 

3.  aj2  — 5a;-F6  by  a;-2.  16.   4:p^-lhj  2p-\-l. 

4.  P«+7P-hl2by  P-h3.  17.   l-9a«byl-3a. 

5.  ^-6«-f8by  <-4.  18.   16-^25  L^  hj  4  +  6  D. 

6.  f-9y  +  20hjy-4:,  19.   a*-6'^bya-6. 

7.  B^^H-SOhj  H-^S.  20.   x^-4:fhyx  +  2y. 

8.  &2  +  6-20by  6  +  5.  21.    TT^- 25 ^«  by  TF- 6^. 

9.  m*+3m  — 40  by  m  — 10.  22.   m^+5  m/i +4n^  by  m-h4  w. 

10.  2iB*4-3ar  +  lby  2aj4-l.  23.  P^-9PQ+20  Q' by  P-5  Q. 

11.  33i^  +  16x-12hy  x  +  6.  24.  ar^  +  21  + 10  »  by  3 -F  aj. 

12.  12Jr2-^-6by4  2r^6.  26.  l4-2a-f  a^  by  a +  1. 

13.  6  F24-29F-F35by3F+7.  26.  15^  +  36  + 3^  by  y-f-4 

«7.   12^-30 J5;*  +  2^-5by  2^-5. 

28.  2r»--3r2  +  3  +  4rby3  +  2r. 

29.  J3*-lby  2^-1. 

80.   f-s^hyy  +  z.  32.    H^ - tf^  by  H^  +  ^. 

31.    TF*  -  F*  by  TT* -f- F*.  38.   144  ^  -  1  by  12  ij -f  1. 
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36.   a^  +  iB*4-l  byaj*  — ic2_|_i^ 

36.  w®  —  a^  by  n^  —  al 

37.  2y'^^f-l^y^llfhYf'--2y. 

38.  8d«  +  27^by  2d-3«. 

39.  4g*-9g24.20g-2oby2g2  +  3g-5. 

40.  ^8_2^2^5by-d-5. 

41.  ^*-3^A;  +  6A:2by^_3A;. 

42.  a*  +  n*  +  aV  by  n^  +  a*  —  an, 

43.  16  7i*-96/i«-h81-216^  +  216^«by9  +  4A2_i2A. 

44.  A  rectangalar  field  whose  area  is  oj^  +  3  ar^y  +  3  xif  +  y^  has 
a  length  oi  a?  -\- 2 xy  '\-  y\     What  is  its  width? 

45.  Show  that  the  problem  682^-31  may  be  written  in  the 
form  (6^2.^8^  + 2) -^(3^  +  1).  Find  the  quotient  in  this  form, 
and  compare  the  answer  with  that  obtained  by  the  arithmetical 
process. 

46.  In  the  problem  882-^42  express  the  given  numbers  as 
polynomials  and  find  the  quotient.  Compare  the  answer  found 
with  that  obtained  by  the  arithmetical  process. 

47.  Divide  1  +  a?  by  1  —  a?.  How  many  terms  are  there  in  the 
quotient  ? 

48.  Divide  1  -|-  2  n  by  1  +  n,  carrying  the  quotient  to  four  terms. 

49.  Divide  l+yhyl  —  yy  carrying  the  quotient  to  four  terms. 
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Find  the  product  of : 

1.  a^y  —  2  a%  and  —  3  a. 

2.  a?**  and  ar^". 

3      ym^  y8m^  g^jj^  y4» 

4.  3  r*,  -  4  r+^  and  -  2  f-\ 

5.-5  i?«+^  —  2  i^-*,  and  B^.    10.  af  •  af .  a* .  af ...  to  nfactors. 


6.  a"6"+^  and  a"+V. 

7.  -8Tf^i;and3  TTV. 

8.  5  21-^,  ^  2  2*+^  and  2— ». 

9.  a*  '  a!^ '  a*  '  a!^ '  a*. 


MULTIPLICATION  AND  DIVISION  91 

Divide  : 

11.  vi^hyvfi.  15.  12a^by  -6«». 

12.  Jlfby3P.  16.  -63^**  by  -1  A\ 

13.  y^  by  y*".  17.  48  cxf^h^  by  -  6  iB*6-^. 

14.  ^+^  by  -B-.  18.  -  80  v-^»  by  16  v"'-*^— \ 

Multiply : 

19.  a*  +  6*H-c*  by  a".  22.  /*•+  Q"  by  P  +  Q». 

20.  ar-»  —  y"  +  2;"+8  by  i»y .  23.  a' +  ft*' by  a*  -  i^. 

21.  aJ«  — y*by  a?"  — .y*.  24.  of— y",  aj*-|-y",  and  a^+y**. 

25.    F*  +  l,  P-1,  T^  +  1,  F*  +  L 

Divide : 

26c   a**  —  0^  by  a*. 

27.  10  a"+*  -  4  a'^^'*  by  2  a«. 

28.  M^  +  ^"^^  -h  J^'"^*  by  3f^  ' 

29.  jT'*'^^"'"^  +  j^^+^ic""'"^  by  ic*»+^^\ 

30.  a^  —  t/*  by  a*  —  2^. 

31.  TP»  -  F*"  by  F;**  -  F**. 

82.  a**  +  6*"  by  a"*  +  ft*. 

83.  /S^—  T^  by  5'*-  y. 

84.  a^  +  3aj2?/  +  3a^  +  2r'  +  2;«bya;  +  2^  +  2. 

SuooESTioN. — Arrange  the  dividend,  divisor,  all  partial  products,  and 
remainders  according  to  the  descending  powers  of  at,  without  reference  to 
the  other  letters  involved.  If  two  or  more  terms  in  any  case  contain  the 
same  power  of  as,  it  does  not  matter  which  precedes. 

85.  (jp-\-h^  —  &  +  ^ abc  by  a  +  6  —  c. 
36.   m^  4-  w^  -f-p^  —  3  mnp  by  m  +  n  4-i>. 

Z7.   u^  -{-  v^  +  w^  +  2  uv  +  2  uw  +  2  vw  hy  u  -{-  V  -\-  w, 
88.   4a2  +  4a6  +  «^2_i2ac-66c-|-9c2by  2a4-6-3c 


CHAPTER  VI 

LINEAR  EQUATIONS:   PROBLEMS 

56.  In  Chapters  II  and  III  we  found  how  to  solve  problems 
by  means  of  equations  containing  one  unknown  number.  With 
a  knowledge  of  the  principles  discovered  in  Chapters  IV  and  V  at 
command,  we  are  now  able  to  consider  additional  points  connected 
with  the  solutions  of  problems,  including  the  solutions  of  problems 
by  means  of  equations  containing  more  than  one  unknown  number. 

57.  Degree  of  an  Equation.  — The  degree  of  a  term  is  the  sum  of 

the  exponents  of  its  literal  factors.     If  there  is  only  one  literal 
factor,  its  exponent  is  the  degree  of  the  term. 

For  example :  «  is  of  the  Jirat  degree, 

6  Xi^  is  of  the  second  degree^ 
2  a^b  is  of  the  third  degree, 
3  vo^v^  is  of  the  fourth  degree. 

The  degree  is  expressed  sometimes  with  respect  to  some  one 

letter. 

Thus,  4  An^fi  is  of  the  first  degree  with  respect  to  A^  of  the  second  degree 
with  respect  to  n,  and  of  the  third  degree  with  respect  to  t. 

.    The  degree  of  an  equation  is  the  degree  of  its  term  of  highest 
degree  with  respect  to  the  unknown  number  or  numbers. 

Thus,  n  +  3  =  4  n        is  of  the  Jirst  degree, 

a;2  _  3  X  =  8  y         is  of  the  second  degree^ 
^8  +  iJ2  _  6  _  0  is  of  the  third  degree, 

y^z^  —  y«  =  2  y  +  3  is  of  the  fourth  degree* 

An  equation  of  the  first  degree  is  called  a  linear  equation. 
One  of  the  second  degree  is  called  a  quadratic  equation. 
One  of  the  third  degree  is  called  a  cubic  equation. 
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58.  Linear  Equations  with  One  Unknown  Number.  —  The  process 
of  solving  a  linear  equation  with  one  unknown  nuQiber  that  does 
not  contain  a  sign  of  grouping  was  given  in  §  15  and  §  36.  In  solv- 
ing linear  equations  that  contain  signs  of  grouping,  the  latter  should 
first  be  removed  by  use  of  the  principles  in  Chapt^^rs  IV  and  V. 

Example  1.— Solve    P-(6  -  2  >)  =  9(P— 1). 

Here  the  first  parentheses  are  removed  by  changing  the  signs  of  the  terms 
inclosed,  and  the  second  by  performing  the  indicated  multiplication,  giving : 

P-6H-2P=r9P-9, 
P  +  2P-0P=6-9, 
-6P  =  -8, 
P  =  }. 

Check.  —  When  P  =  }  the  equation  becomes 

j-(6-l)=0(i-l), 

or  —  4  J  =  —  4  J. 

Example  2.  —  Solve  (n  —  2)  (n  —  3)  =  (n  —  4)  (n  -  6). 
The  parentheses  are  removed  by  multiplication,  giving : 

n2  -  6  n  +  6  =  n2-  9 n  +  20, 
n2  -  n«  —  6  n  +  9  n  =  20  —  6, 

4  n  =  14, 
n  =  3i. 

Check.  —  When  n  =  3^  the  equation  becomes 

(3i  -  2)  (3i  _  3)  =  (3^  -^  4)  (3i  -  6), 
or  }  =  }. 

EXERCISES 

Solve  and  check : 

1.  3(a-hl)=12  +  4:(a-l).       4.  5(4-32?)  =  7(3-472). 

2.  3(aj-2)  =  2(a;-3).  6.   2«  -  (5^  +  5)  =  7. 

3.  5(2-42/)  =4(1 -3y).  6.   3(i;H-l) +5(i; -- 1)  =  0. 

7.  3  ((i  - 14)  =  7  ((?  -  18). 

8.  2(Tr-l)+3(Tr-2)+4(Tr-3)=0 

9.  2P-5(20-P)-6  =  0. 

10.   6(2i>4<l)-7  =  3(2i>-7)  +  51. 
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11.  2(m-2)  +  3(m-3)  =  20-4(m-4). 

12.  5A;4-6(A;4-l)  =  7(A-  +  2)4-8(A;  +  3). 

13.  2c-3(c-4)+20  =  2c  +  17. 

14.  85-3(2F-h7)=6r+4(4F+2). 

15.  4(5  +  4^)-5(6-|-4^)  +  100  =  2JS;  +  36. 

16.  12T-(4r-7)=3r-(9r-28). 

17.  (5-n)(l-hw)  =  (2--/i)(4  +  n). 

18.  (/r-  i)(/r-  2)  =  (ir+  3)  (jt-  4). 

19.  (s-l)(s-4)  =  2s  +  (5-2)(s-3). 

20.  (5r+7)(3  r-8)  =  (5  I>4)(3r-5). 

21.  (4^-7)(4^-7)=(2^-5)(8^  +  3). 

22.  (5-3w)(4i*  +  3)  +  l  =  (3u  +  7)(l-4tt). 

23.  (Q  +  4)(Q  +  8)-Q(Q  +  4)  =  128. 

24.  (4-3w;)(5  +  4w)  =  (8  +  2w;)(l-6w;)-82. 

25.  (a  — 4)  (a +  4)  =  a^  — 8  a. 

26.  2(2;  +  2)(2;-4)  =  2j(2;?  +  l)-21. 

69.  Problems  solved  by  Linear  Equations.  —  The  following  ex- 
ample illustrates  a  type  of  problems  solved  by  means  of  linear 
equations  involving  signs  of  grouping. 

Example.  —  A  man  made  two  investments  in  railroad  stocks,  amounting 
together  to  ^  15,000.  On  the  first  he  gained  14%,  and  on  the  second  he  lost 
6  %.  His  net  profits  from  the  two  investments  amounted  to  $  1065.  How 
many  dollars  in  each  investment  ? 

Let  a  =  amount  of  first  investment,  in  dollars. 

Then,  15000  —  a  =  amount  of  second  investment. 

.14  a  =  gain  on  first  investment. 

.05  (15000  —  a)  =  loss  on  second  investment. 

Hence,  .14  a  -  .05(15000  -  a)  =  1055. 

.14  a  -  750  +  .05  a  =  1055. 

.19  a  =  1805. 

a  =  0500. 

15,000  -  a  =  5500. 

Therefore  the  first  investment  was  $9500,  and  the  second,  $5500. 
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For  the    steps    in  the   process  'of  expressing  a  problem  by 
means  of  an  equation  involving  one  unknown  letter,  as  illustrated 
n  the  above  example,  review  §  16. 

EXERCISES 

1.  The  sum  of  two  numbers  is  25,  and  twice  the  larger  exceeds 
four  times  the  smaller  by  2.     Find  the  numbers.  , 

2.  Separate  34  into  two  parts  such  that  twice  the  greater  shall 
be  less  by  12  than  5  times  the  smaller. 

3.  The  sum  of  two  numbers  is  64.  Three  times  the  less  is  12 
more  than  twice  the  greater.     Find  the  numbers. 

4.  Separate  86  into  two  parts  such  that  three  times  the  greater 
shall  exceed  5  times  the  smaller  by  2. 

6.  There  are  two  consecutive  odd  numbers  whose  product  ex- 
ceeds the  square  of  the  less  by  34.     Find  the  numbers. 

6.  When  the  square  of  a  whole  number  is  increased  by  29  the 
result  is  found  equal  to  the  product  of  the  two  next  larger  con- 
secutive whole  numbers.     Find  the  three  consecutive  numbers. 

7.  I  bought  4  lb.  of  coffee  and  5  lb.  of  tea  for  $5.40.  The  tea 
cost  45  cents  a  pound  more  than  the  coif ee.  Find  the  cost  of  each 
per  pound. 

8.  A  newsboy  sold  51  papers  for  70  cents,  of  which  some  were 
one-cent  papers  and  the  others  two-cent  papers.  How  many 
papers  of  each  kind  were  there  ? 

9.  A  newsbqy  sold  two-cent  evening  papers  and  Saturday 
Evening  Posts  (price  5  cents),  receiving  in  all  92  cents.  The 
total  number  of  papers  and  Posts  together  was  34.  How  many 
were  there  of  each  ? 

10.  Some  boys  had  a  refreshment  booth  at  which  they  sold 
lemonade  and  cider.  The  price  of  lemonade  was  2  cents  a  glass 
and  of  cider  5  cents  a  glass.  In  an  afternoon  they  sold  43  glasses, 
and  in  counting  their  money  found  that  they  had  $1.31.  How 
many  glasses  of  each  did  they  sell  ? 


I 
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11.  Two  tanks  contained  equal  amounts  of  oil.  But  after  75 
gallons  bad  been  taken  from  one,  and  50  gallons  added  to  the 
other,  one  contained  twice  as  much  as  the  other.  How  many 
gallons  did  each  contain  originally  ? 

12.  What  amount  must  be  subtracted  from  each  of  the  numbers 
12, 14, 18, 10,  so  that  the  product  of  the  first  two  remainders  shall 
equal  the  product  of  the  last  two  ? 

18.  Two  electric  lights  have  together  a  strength  of  128  candle- 
power.  One  has  twice  as  much  and  16  candle-power  more  than 
the  other.     How  many  candle-power  has  each  ? 

14.  Two  grades  of  coffee  costing  the  dealer  28  cents  and  36 
cents  per  pound  are  to  be  mixed  so  that  the  mixture  shall  cost 
30  cents  per  pound.  What  parts  must  he  take  to  make  60  pounds 
of  the  mixture  ? 

15.  How  can  a  merchant  mix  10  pounds  of  t^a,  one  kind  cost- 
ing 50  cents  and  the  other  ^  cents  per  pound,  so  that  the  mixture 
shall  cost  60  cents  per  pound  ? 

16.  Two  grades  of  spice  worth  25  cents  and  45  cents  a  pound 
are  to  be  mixed  so  that  the  mixture  can  be  sold  for  50  cents  a 
pound  and  at  a  profit  of  25  ^.  What  parts  must  be  taken  to 
make  8  pounds  of  the  mixture  ? 

17.  A  grocer  received  a  shipment  of  80  dozen  eggs.  Part  of 
these  were  sold  at  28  cents  per  dozen  and  the  rest  at  30  cents  per 
dozen.  The  total  receipts  from  the  sale  of  the  eggs  amounted  to 
$  23.12.     How  many  dozens  were  sold  at  each  price  ? 

18.  Listerine  contains  25  %  alcohol.  When  used  to  spray  the 
throat,  it  should  be  diluted  by  adding  water  to  it.  How  much 
water  must  be  added  to  100  parts  of  listerine  so  that  the  mixture 
contains  only  15  %  alcohol  ? 

19.  If  a  medicine  contains  40  %  alcohol,  how  much  of  other  in- 
gredients  must  be  added  to  10  quarts  of  it  so  that  the  mixture 
shall  contain  only  25  %  alcohol  ? 

20.  How  many  quarts  of  water  must  be  mixed  with  40  quarts 
of  alcohol,  80  %  pure,  to  make  a  mixture  75  %  pure  ? 
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%1,  How  many  quarts  of  water  must  be  added  to  60  quarts  of 
alcohol^  85  %  pure,  to  make  a  mixture  75  %  pure  ? 

22.  How  many  gallons  of  cream  containing  28  fo  butter  fat  and 
milk  containing  4  ^  butter  fat  must  be  mixed  to  make  10  gallon^ 
of  cream  containing  25  %  butter  fat  ? 

23.  How  many  gallons  oi  cream  containing  30  %  butter  fat  and 
milk  containing  4.5  %  butter  fat  must  be  mixed  to  make  20  gallons 
of  cream  containing  20  %  butter  fat  ? 

24.  In  an  alloy  of  gold  and  silver  weighing  60  ounces,  there  are 
5  ounces  of  gold.  How  much  silver  must  be  added  in  order  that 
10  ounces  of  the  new  alloy  shall  contain  only  ^  ouncfe  of  gold  ? 

25.  In  an  alloy  of  copper  and  tin  weighing  36  ounces,  there  are 
12  ounces  of  copper.  How  many  ounces  of  copper  must  be  added 
to  this  in  order  that  the  new  alloy  may  have  4  ounces  of  copper  to 
every  10  ounces  of  the  alloy  ? 

26."  A  man  has  two  investments  together  amounting  to  $1800. 
On  the  first  investment  he  gets  5  %  annually,  and  on  the  other  he 
gets  6  ^0  annually.  His  annual  income  from  the  two  investments 
is  $  95.     Find  the  amount  of  each  investment. 

27.  $  5000  is  invested  in  two  places,  part  at  4  %  and  the  rest 
at  5  %.  The  annual  income  from  the  two  investments  is  $222. 
How  much  is  each  investment  ? 

28.  One  sum  of  money  exceeds  another  by  $  1400.  The  first 
at  8  %  and  the  second  at  6  %  give  an  annual  income  of  $  280. 
Find  the  value  of  each. 

29.  There  are  51  coins  in  a  money  drawer,  consisting  of  nickels 
•  and  dimes.     The  total  value  is  $3.35.     How  many  coins  of  each 

kind  are  there  ? 

30.  The  value  of  29  coins,  consisting  of  quarters  and  dimes,  is 
$4.55.     Find  the  number  of  each. 

31.  A  is  42  years  of  age,  and  B  is  12.  In  how  many  years  will 
A  be  only  twice  as  old  as  B  ? 
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32.  Eight  years  ago  a  raan  was  just  16  times  as  old  as  his  son, 
and  now  he  is  only  4  times  as  old.     What  are  their  present  ages? 

33.  Find  where  to  cut  a  board  which  is  50  inches  long  into  two 
parts  whose  difference  is  26  inches. 

34.  A  bar  of  iron  60  inches  long  is  to  be  cut  into  two  parts  such 
that  twice  one  part  is  equal  to  5  times  the  other.  Find  where  to 
cut  it. 

35.  A  belt  runs  over  a  pulley  48  inches  in  diameter,  making 
180  revolutions  a  minute.  It  is  desired  to  reduce  the  size  of  the 
pulley  so  that  by  making  216  revolutions  a  minute,  the  belt  will 
move  with  the  same  speed.  By  how  much  must  the  diameter  of 
the  pulley  be  reduced  ? 

36.  A  rectangular  field  is  6  rods  longer  than  it  is  wide ;  and  if 
the  length  and  breadth  were  each  4  rods  more,  the  area  would  be 
120  square  rods  more  than  it  is.  What  are  the  dimensions  of  the 
field? 

37.  A  square  court  has  the  same  area  as  a  rectangular  court 
whose  length  is  18  feet  greater  and  width  9  feet  less  than  the  side 
of  the  square  court.     Find  the  side  of  the  square  court. 

38.  A  tennis  court  is  6  feet  more  than  2  times  as  long  as  it  is 
wide,  and  its  area  exceeds  by  216  square  feet  twice  the  area  of  the 
square  whose  side  is  its  width.     Find  the  dimensions  of  the  court. 

60.  Business  Problems.  —  Certain  kinds  of  business  problems 
are  easily  solved  by  use  of  linear  equations. 

EXERCISES 

1.  A  university  has  an  endowment  which  invested  at  4% 
yields  an  annual  income  of  $  140,000.     What  is  the  endowment  ?  • 

Suggestion.  —  If  d  dollars  is  the  endowment,  .04  (f  =  140,000. 

2.  What  sum  of  money  invested  at  6  ^{^   will  yield  $510 
simple  interest  per  year  ? 

3.  A  certain  investment  at  4J  %  simple  interest  yields  $  3240 
in  6  years.     What  is  the  investment  ? 
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4.  A  certain  sum  of  money  was  invested  at  5  %  simple  interest. 
In  3  years  the  principal  and  interest  together  amounted  to  $  6900. 
What  was  the  amount  of  the  investment  ? 

5.  Pive  years  ago  I  invested  a  certain  sum  of  money  at  6  % 
simple  interest.  It  now  amounts  to  $1560.  How  much  did  I 
invest  ? 

6.  A  number  of  years  ago  I  invested  $  1500  at  5  %  simple  in- 
terest. The  amount  at  present  is  $  2025.  How  many  years  ago 
was  the  investment  made  ? 

7.  A  commission  merchant  charged  $  10.80  for  selling  a  car  load 
of  fruit,  and  remitted  $  349.20.    What  was  his  rate  of  commission  ? 

8.  Merchants  sometimes  mark  goods  to  sell  at  an  advance,  and 
then  allow  a  discount  on  the  marked  price.  At  what  advance 
must  a  merchant  mark  goods  costing  $  12  in  order  that  he  may 
sell  them  at  a  reduction  of  20  %  from  the  marked  price,  and  yet 
make  a  profit  of  25  %  on  the  goods  ? 

SoGGESTioN.  —  If  a=the  advance,  in  dollars,  the  marked  price  will  be 
12  +  a,  and  the  selling  price  80  %  of  this,  or  .80(12  +  a).  Hence,  .80(12  +  a) 
=  12  +  .25  X  12. 

9.  At  what  advance  must  a  merchant  mark  an  article  costing 
him  $3.50  in  order  that  he  may  sell  it  at  a  reduction  of  10  %  from 
the  marked  price,  and  yet  make  a  profit  of  30  %  on  it  ? 

10.  A  clothing  merchant  puts  on  sale  a  lot  of  boys'  suits  costing 
him  $8  each,  and  advertises  them  to  sell  at  a  reduction  of  25  % 
from  the  marked  price.  At  what  advance  must  he  first  mark 
them  to  sell  in  order  that  he  may  make  this  reduction  and  still 
make  a  profit  of  20  %  on  the  cost  of  the  suits  ? 

11.  A  milliner  advertises  a  lot  of  hats  that  cost  her  S  2.85  each 
for  special  sale  at  "  \  off."  At  what  advance  must  she  first  mark 
them  in  order  that  by  allowing  this  discount  she  may  make  a  profit 
of  75  cents  on  each  hat  ? 

12.  The  proprietor  of  a  china  store  marks  for  sale  a  lot  of  dishes 
that  cost  him  S  16.50.  At  what  advance  must  he  mark  them  so 
that  he  may  then  mark  them  down  15  %  and  make  a  profit  of  20  %  ? 
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18.  A  ladies'  tailoring  establishment  marked  a  suit  at  an 
advance  of  50  9&,  then  reduced  the  selling  price  by  20%  of  the 
marked  price,  and  got  $16.80  for  it.  What  was  the  cost  of 
the  suit? 

14.  A  druggist  had  marked  perfume  to  sell  at  a  profit  of  40%. 
He  then  advertised  it  for  special  sale  at  42  cents  an  ounce,  which 
was  a  reduction  of  14if  %  from  the  marked  price.  What  did  it 
cost  the  druggist  per  ounce  ? 

15.  Men's  suits  that  had  been  marked  to  sell  at  a  gain  of  25  % 
were  damaged  and  disposed  of  at  a  fire  sale  at  half  price,  which 
was  a  loss  of  $  7.50  on  each  suit.     What  was  the  cost  of  the  suits  ? 

61.  Problems  involving  Motion. — When  an  object  moves,  the 
distance  that  it  goes  in  a  unit  of  time,  as  a  second  or  an  hour,  is 
called  its  rate  of  motion,  speed,  or  velocity. 

For  example :  If  a  train  runs  CO  miles  in  2  houra,  its  velocity  is  SO  miles 
an  hour. 

If  the  velocity  does   not  change  throughout  the  motion,  the 

motion  is  said  to  be  imiform.     In  case  a  body  moves  with  uniform 

motion,  the  distance  that  it  goes  in  ^ny  length  of  time  is  obtained 

by  multiplying  the  velocity  by  the  number  of  units  of  time ;  that 

is, 

distance  =  time  x  velocity. 

EXERCISES 

1.  An  express  train  runs  with  a  velocity  of  45  miles  an  hour. 
How  far  does  it  go  in  4  hours  ? 

2.  The  "  Rocky  Mountain  Limited,"  on  the  Rock  Island  Road, 
runs  from  Omaha  to  Denver,  a  distance  of  580  miles,  in  14  hours 
and  48  minutes.  What  is  the  average  speed  of  the  train,  making 
no  allowances  for  stops  ? 

3.  Sound  travels  through  the  air  1080  feet  a  second.  If  a 
flash  of  lightning  is  a  mile  away,  how  long  after  the  flash  should 
one  hear  the  thunder  ? 
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4.  A  train  leaves  a  station  and  runs  at  a  speed  of  40  miles  an 
hour.  Two  hours  later  a  second  train  leaves  the  same  station 
and  runs  over  the  same  track  at  the  rate  of  55  miles  an  hour. 
In  how  many  hours  will  the  second  train  pass  the  first  ? 

StJGOBSTioir.-^Let  t  s  numbeir  of  hours  after  seoond  train  starts  until  it 
passes  the  first.  Then,  since  the  first  train  has  a  start  of  two  hours, 
55«  =  40(«  +  2). 

5.  A  messenger,  going  6  miles  per  hour,  has  been  gone  for 
two  hours  when  it  is  found  that  the  message  is  wrong.  A  second 
messenger,  riding  at  an  average  of  10  miles  per  hour,  is  sent  to 
overtake  him.  In  how  many  hours  will  the  second  messenger 
overtake  the  first  ? 

6.  Two  motor  cyclists  start  at  the  same  time  from  points  280 
miles  apart,  and  travel  towards  each  other.  One  rides  24  miles 
per  hour,  but  is  delayed  3  hours  on  the  road  because  of  a  break 
in  his  machine.  The  other  rides  20  miles  pec  hour  uninter- 
ruptedly.   In  how  many  hours  will  they  meet  ? 

7.  Two  pedestrians  started  at  the  same  time  from  points  44|. 
miles  apart,  one  walking  at  the  rate  of  2^  miles  an  hour,  and  the 
other  at  the  rate  of  2|  miles  an  hour.  When  and  where  did  they 
meet? 

8.  Two  automobile  parties  started  from  the  same  place,  one 
going  north  at  20  miles  an  hour  and  the  other  south  at  18  miles 
an  hour.    In  what  time  will  they  be  120  miles  apart  ? 

9.  A  motor  cyclist  rode  75  miles  in  4  hours.  Part  of  the  dis- 
tance was  on  a  country  road  at  a  speed  of  20  miles  an  hour,  and 
the  rest  within  the  city  limits  at  10  miles  an  hour.  Find  how 
many  hours  of  his  ride  were  in  the  country. 

10.  A  train  runs  from  Joliet,  111.,  to  Chicago,  39.6  miles,  in  1.1 
hours.  The  run  from  Joliet  to  Englewood  is  made  at  40  miles  an 
hour,  and  the  run  from  Englewood  to  Chicago  at  24  miles  an 
hour.  Find  the  time  required  to  make  the  run  from  Englewood 
to  Chicago!    Find  the  distance  from  Englewood  to  Chicago. 
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11.  A  train  running  from  Chicago  to  Denver  at  the  average 
speed  of  40  miles  an  hour  takes  three  hours  longer  to  make  the 
run  than  one  running  at  45  miles  an  hour.  Find  the  distance 
from  Chicago  to  Denver. 

SuGOBSTioN.  —  First  find  the  time  required  at  a  speed  of  40  miles  an  hour. 

12.  An  ocean  liner  going  20  knots  an  hour  leaves  New  York 
when  a  freighter  going  6  knots  an  hour  is  already  90  knots  out. 
How  long  will  it  take  the  liner  to  overtake  the  freighter? 

13.  A  travels  8  hours  at  a  rate  of  3  miles  per  hour  less  than 
the  rate  of  B.  B  travels  an  equal  distance  in  6  hours.  What  is 
the  rate  of  each  ? 

14.  Two  trains  approach  each  other,  leaving  stations  149  miles 
apart  at  the  same  time.  One  goes  10  miles  per  hour  faster  than 
the  other,  and  they  meet  in  2  hours.     What  is  the  rate  of  each  ? 

15.  The  longest  steel  bridge  in  the  world  is  said  to  be  one  of 
the  Spokane,  Portland,  &  Seattle  Railroad,  over  the  Columbia 
Eiver.  Including  approaches,  it  is  2  miles  long.  It  would  take 
a  freight  train  1144  feet  long,  running  15  miles  per  hour  (1320 
feet  per  minute),  just  3  minutes  to  cross  the  ten  main  spans. 
Find  the  length  of  the  ten  main  spans. 

16.  A  man  shooting  at  a  target  heard  the  bullet  strike  the  tar- 
get 3|  seconds  after  he  fired.  The  bullet  was  known  to  travel 
1375  feet  a  second ;  and  sound  travels  approximately  1100  feet  a 
second.  How  long  after  he  fired  did  the  bullet  hit  the  target  ? 
How  far  away  was  the  target  ? 

17.  A  bullet  going  1650  feet  per  second  is  heard  to  strike  a  tar- 
get 2  seconds  after  it  is  fired.  How  long  after  it  is  fired  does  it 
hit  the  target  ?    How  far  away  is  the  target  ? 

18.  Find  the  time  between  4  and  5  o'clock  when  the  hands  of 
a  clock  are  together. 

Suggestion.  —  Let  x  =  the  number  of  minute  spaces  which  the  minute 
hand  has  traveled  from  4  o'clock  on  until  it  overtook  the  hour  hand.  Then 
^  X  will  be  the  number  of  minute  spaces  which  the  hour  hand  has  traveled 
meanwhile.     Why  ?    The  difference  is  20.     Why  ? 
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19.  rind  the  time  between  7  and  8  o'clock  when  the  hands  of 
a  clock  are  together. 

20.  At  what  time  between  6  and  7  o'clock  is  the  minute  hand 
15  minute  spaces  behind  the  hour  hand  ? 

Suggestion.  —  Starting  at  6  o'clock,  how 
maay  minute  spaces  has  the  minute  hand  had 
to  gain  on  the  hour  hand  ? 

21.  Find  the  time  between  4  and  5 
o'clock  when  the  hands  of  a  clock  are 
directly  opposite  each  other. 

22.  At  what  time  between  8  and  9 
o'clock  are  the  hands  of  a  clock  directly 
opposite  each  other  ? 

23.  How  long  is  it  from  the  time  that  the  hour  and  minute 
hands  of  a  clock  are  together  until  they  are  together  again  ? 

Suggestion.  —  Let  t  =  the  number  of  minutes  required.    Since  the  minute 
hand  makrs  one  revolution  in  60  minutes,  it  makes  ^^  of  a  revolution  in  one 

minute,  and  ^  t  revolutions  in  t  minutes.  Simi- 
larly, the  hour  hand  makes  ^j^y  of  a  revolution 
in  one  minute,  and  yjj  ^  revolutions  in  t  min- 
utes.    Hence,  ^  «  —  7J5  ^  =  1. 


24.  The  earth  makes  a  circuit  around 
the  sun  in  12  months,  and  Mercury 
makes  a  circuit  around  the  sun  in  3 
months.  If  the  earth  and  Mercury  are 
"  in  conjunction,"  as  in  the  figure,  how 
long  will  it  be  until  they  are  in  conjunction  again? 

25.  Venus  makes  a  circuit  around  the  sun  in  225  days,  and 
Mars  in  687  days.  How  many  days  elapse  between  two  consecu- 
tive conjunctions  of  these  two  planets  ?  . 

62.  Problems  on  Specific  Gravities  of  Substances.  —  A  cubic  foot 
of  steel  weighs  7.8  times  as  much  as  a  cubic  foot  of  water.  This 
number,  7.8,  is  called  the  specific  gravity  of  steel.     In  general, 
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The  ratio  of  the  weight  of  a  given  volume  of  any  solid  or  liquid 
substance  to  the  weight  of  an  equal  volume  of  water  at  the  freezing 
point  of  temperature  is  the  specific  gravity  of  the  substance. 

What  does  it  mean  to  say  that  the  specific  gravity  of  alcohol  is 
.79? 

A  cubic  centimeter  of  distilled  water  at  the  freezing  point 
weighs  just  1  gram.  Since  the  specific  gravity  of  pure  gold  is 
19.36,  1  cubic  centimeter  of  gold  weighs  19.36  grams;  2  cubic 
centimeters  weigh  2  x  19.36  grams  j  3  cubic  centimeters  weigh 
3  X  19.36  grams  j  etc.    Evidently, 

The  weight  of  an  object  in  grams  equals  the  product  of  its  volume 
in  cubic  centimeters  and  its  specific  gravity. 

Thus,  if  the  specific  gravity  of  copper  is  8.9,  1  cubic  centimeter  of  cop- 
per weighs  8.9  grams.  Hence,  10  cubic  centimeters  of  copper  weigh 
10  X  8.9  grams,  or  89  grams. 

Certain  problems  in  the  specific  gravities  of  mixtures  of  sub- 
stances are  solved  by  use  of  linear  equations. 

EXERCISES 

1.  The  specific  gravity  of  cast  iron  is  7.2.  Find  the  weight 
of  10  cubic  centimeters  of  cast  iron.     Of  200  cubic  centimeters. 

2.  The  specific  gravity  of  glass  is  2.89.  Find  the  weight  of 
100  cubic  centimeters  of  glass.     Of  2b  cubic  centimeters. 

3.  Brass  is  made  of  copper  and  zinc,  and  its  specific  gravity 
is  8.4,  How  many  cubic  centimeters  of  copper,  of  which  the 
specific  gravity  is  8.9,  must  be  used  with  200  cubic  centimeters 
of  zinc,  of  which  the  specific  gravity  is  6.9,  to  make  brass  ? 

SuoGBSTioNi  —  The  volume  of  the  brass  is  the  sum  of  the  volumes  of  the 
copper  and  zinc,  and  the  weight  of  the  brass  is  the  sum  of  the  weights  of  the 
copper  and  zinc.  Let  v  =  volume  of  copper  in  cubic  centimeters.  Then, 
weight  of  copper  =  8.9r,  weight  of  zinc  =  6.9  x  200,  and  weight  of  brass 
K  8.4(v  +  200).    Hence,  8.9 1?  +  6.9  x  200  =  8.4(t?  +  200). 

4.  How  much  zinc  must  be  combined  with  250  cubic  centi- 
meters of  copper  to  form  brass  ? 
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5.  How  many  cubic  centimeterg  of  water  (specific  gravity  1) 
must  be  mixed  with  500  cubic  centimeterg  of  alcohol  (specific 
gravity  .79)  so  that  the  specific  gravity  of  the  mixture  shall 
be  .9? 

6.  A  piece  of  ice  containing  1,000,000  cubic  centimeters,  spe- 
cific gravity  .92,  floats  in  water.  How  many  cubic  centimeters 
in  an  oak  beam,  specific  gravity  1.17,  that  may  be  placed  upon 
the  ice  without  making  it  sink  ? 

SnooBSTioN. — The  specific  gravity  of  the  combination  of  ice  and  oak 
must  equal  1,  the  specific  gravity  of  water. 

7.  How  much  steel,  specific  gravity  7.8,  must  be  attached  to 
a  piece  of  white  pine,  specific  gravity  .42,  containing  10,000  cubic 
centimeters,  in  order  that  the  specific  gravity  of  the  combined 
materials  may  be  2  ? 

8.  In  Problem  7,  how  much  steel  must  be  used  so  that  the 
combined  materials  will  just  float  in  water  ? 

9.  A  piece  of  glass  containing  850  cubic  centimeters,  specific 
gravity  2.89,  is  made  to  float  by  attaching  cork  to  it  How  much 
cork,  specific  gravity  .24,  must  be  used  ? 

10.  My  watch  case  is  made  of  14-karat  gold,  specific  gravity 
14.88.  How  much  pure  gold,  specific  gravity  19.36,  must  be 
combined  with  20  cubic  centimeters  of  nickel,  specific  gravity 
8.57,  to  make  14-karat  gold  ? 

11.  When  100  cubic  centimeters  of  mercury  and  10  cubic  centi- 
meters of  gold  (specific  gravity  19.36)  are  combined,  it  is  found 
that  the  specific  gravity  of  the  combined  materials  is  14.1.  Find 
the  specific  gravity  of  mercury. 

12.  It  is  found  that  when  90  cubic  centimeters  of  copper  (spe- 
cific gravity  8.9)  and  150  cubic  centimeters  of  tin  are  combined, 
the  specific  gravity  of  the  combination  is  7.9.  What  is  the  spe- 
cific gravity  of  tin  ? 
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63.  Problems  involving  the  Lever.  —  In  every  form  of  lever,  such 
as  the  steelyard,  crowbar,  nutcracker,  teeter  board,  etc.,  it  is 

found  that  the  two  weights  or  forces  ex- 
erted balance  v/hen  they  are  placed  at 
such  distances  from  the  point  of  sup- 
port or  fulcrum  that  the  products  of  the 
weights  or  forces  by  their  distances  from 
the  fulcmm  are  equal. 

Thus,  in  case  of  the  steelyard,  tod  ==•  WD, 

Some  problems  on  the  use  of  the  lever  may  be  solved  by  linear 
equations. 

EXERCISES 

1.  On  a  steelyard  the  distance  Z>  is  2  inches  and  the  weight  w 
is  \  pound.     If  d  is  8  inches,  what  is  the  weight  W? 

2.  A  nutcracker  is  held  4  inches  from  the  hinge  or  fulcrum, 
and  a  nut  is  placed  1  inch  from  the  hinge. 
A  squeezing  force  of  3  pounds  is  required  to 
crack  the  nut.     What  is  its  resistance  ? 


3.  Two   children    play   at    teeter.     One 
weighs  80  pounds,  and  sits  5  feet  from  the 
point  of  support  of  the  teeter  board.     If  the 
board  balances  when  the  other  sits  6  feet  from  the  point  of  sup- 
port, what  is  the  weight  of  the  second  child  ? 

4.  Two  boys  play  at  teeter.  One  weighs  100  pounds,  and  sits 
6  feet  from  the  point  of  support.  The  other  weighs  120  pounds. 
How  far  from  the  point  of  support  must  he  sit  in  order  to  make 
the  board  balance  ? 

5.  A  board  12  feet  long  is  to  be  used  as  a  teeter  board.  If  the 
people  weigh  95  pounds  and  110  pounds,  respectively,  and  sit  at 
the  ends  of  the  board,  find  the  point  at  which  it  must  be  sup- 
ported in  order  to  balance. 

6.  A  workman  lifts  a  stone  weighing  420  pounds  by  means  of 
a  crowbar.     If  the  fulcrum  is  placed  6  inches  from  the  point  at 
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which  the  crowbar  is  applied  to  the  stone,  how  far  from  the  ful- 
crum must  the  workman  grasp  the  crowbar  to  lift  the  stone  witli 
a  force  of  100  pounds  ? 

7.  In  Problem  6,  if  the  man  grasps  the 
crowbar  at  a  point  48  inches  from  the 
point  where  the  crowbar  is  applied  to 

the  stone,  where  must  the  fulcrum  be  placed  in  order  that  he  may 
lift  the  stone  with  a  pressure  of  70  pounds  ? 

8.  Weights  of  240  pounds  and  300  pounds,  respectively,  are 
applied  at  the  ends  of  a  beam  40  inches  long.  At  what  point 
must  the  beam  be  supported  in  order  to  balance  ? 

9.  A  and  B  carry  an  object  suspended  from  a  horizontal  rod 
60  inches  long  held  between  them.  If  one  is  to  lift  only  three 
fourths  as  much  as  the  other,  at  what  point  of  the  rod  must  the 
object  be  suspended  ? 

10.   A  man  has  a  team  of  which  one  horse  weighs  1200  pounds 

and  the  other  1500  pounds.  If 
their  draft  power  is  proportional  to 
their  weight,  how  must  he  divide 
the  50-inch  doubletree  in  order  to 
justly  distribute  the  load  ? 

11.  A  farmer  has  a  team  of  which 
one  horse  weighs  1400  pounds  and 
the  other  1600  pounds.  If  their  draft  power  is  proportional 
to  their  weight,  where  must  he  place  the  clevis  on  the  4-foot 
doubletree  so  as  to  justly  distribute  the  load  ? 

64.  Problems  on  the  Decimal  Number  System. — In  any  number 
such  as  4258,  the  8  is  called  the  one^  digit,  the  5  the  tena^  digit, 
and  2  the  hundreds^  digit,  etc. 

Any  number  of  two  or  more  digits  in  our  decimal  system  of 
notation  is  in  nature  a  polynomial.  Thus,  483  =  400  -f-  80  -f-  3,  or 
100  X  4  + 10  X  8  4-3.  Similarly,  any  number  whose  hundreds', 
tens',  and  ones'  digits  are  respectively  h,  t,  and  u,  may  be  written 
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in  the  polynomial  form  100 k  +  lOt  +  u.  In  writing  a  number  in 
the  polynomial  form,  each  digit  must  be  multiplied  by  10, 100, 
1000,  etc.,  according  to  the  position  that  it  occupies  in  the 
number, 

EXERCISES 

1.  Write  in  the  polynomial  form  the  following  numbers :  25  \ 
347;  4196. 

2.  Write  the  number  whose  ones'  digit  is  a,  tens'  digit  6,  hun- 
dreds' digit  c,  and  thousands'  digit  d, 

8.  In  a  number  of  two  digits,  the  sum  of  the  digits  is  9.  If 
the  digits  are  interchanged  in  position,  the  new  number  obtained 
exceeds  the  given  number  by  27.     Find  the  number. 

SuooESTioK.  —  If  a;  =  the  tens'  digit,  0  —  a;  =  the  ones'  digit. 

Hence,       10a;-fO  —  a;=  the  number. 

Hence,     10(9  —  x)  +  x  =  the  number  with  the  digits  interchanged. 

Hence,     10(9-a;)+a;  =  lOo;  +  9 -«  +  27. 

4.  A  number  is  composed  of  two  digits  whose  sum  is  12.  This 
number  exceeds  by  36  the  number  obtained  by  interchanging  the 
digits.     Find  the  number. 

5.  In  a  certain  number  of  two  digits,  the  tens'  digit  exceeds  the 
'  ones'  digit  by  2.     The  sum  of  the  given  number  and  that  obtained 

by  interchanging  the  digits  is  154.     What  is  the  number? 

6.  A  number  consists  of  two  digits  of  which  the  ones'  digit  is 
3  more  than  the  tens'  digit,  and  the  number  is  3  more  than  4 
times  the  sum  of  its  digits.     What  is  the  number  ? 

7.  What  is  the  number  of  which  the  tens'  digit  is  2  more  than 
the  ones'  digit,  and  which  is  7  times  the  sum  of  the  digits  ? 

8.  In  a  number  of  two  digits  the  ones'  digit  is  8  less  than  the 
tens'  digit,  and  the  number  is  20  less  than  twice  that  obtained 
by  interchanging  the  digits.     What  is  the  number  ? 

9.  In  a  number  of  three  digits,  the  tens'  digit  is  1  more  than 
the  ones'  digit,  and  the  hundreds'  digit  is  1  more  than  the  tens' 
digit.  The  number  is  21  more  than  50  times  the  sum  of  its 
digits.    Find  the  number. 
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65.  Linear  Equations  with  Two  Unknown  Numbers. — Problems  in 
which  the  values  of  more  thaa  one  unknown  quantity  are  to  be 
found  are  often  most  easily  solved  by  use  of  equations  containing 
more  than  one  unknown  number. 

Example. — A  merchant  sold  10  suits  for  $-102.  He  received.  $16  for 

each  of  one  kind  and  ^  18  for  each. of  the  other  kind.  How  many  were  there 
of  each  kind  ? 

Let  n  =  the  number  sold  at  1 15  each,  and  m  =  the  number  sold  at  $  18 
each 

Then                                   f           n  +  m  =  10,  •                    (1) 

ll5n  +  18m  =  162.  (2) 

Multiplying  (1)  by  15,          15  » + 16  m  =  160.  (8) 

Subtracting  (3)  from  (2),                  3  m  =  12.  (4) 

Hence,                                                    m  =  4.  (6) 

Replacing  n»  by  4  in  (1),                »  +  4  =  10.  (6) 

Hence,                                                     n  =  6.  (7) 

Therefore,  6  suits  were  sold  at  $  15  each  and  4  suits  at  $  18  each. 

66.  Simultaneous  Equations.  — In  the  example  in  §  65,  we  have 
seen  two  equations  concerning  two  unknown  numbers  whose 
values  satisfy  both  equations. 

Thus,  in  the  example,  when  w  =  6  and  m  =  4,  equation  (1)  becomes 
6  +  4  =  10,  and  equation  (2)  becomes  90  +  72  =  162. 

Two  or  more  equations  containing  two  or  more  unknown  num- 
bers which  satisfy  all  of  the  equations  are  called  simultaneous. 

67.  Systems  of  Simultaneous  Equations.  —  Two  or  more  simul- 
taneous equations  are  said  to  constitute  a  system.  To  solve  a 
system  of  equations  is  to  find  the  seta  of  values  of  the  unknown 
numbers  which  satisfy  all  of  the  equations. 

Thus,  in  the  system  of  equations  in  §  66,  the  set  of  values  n  =  6  and  m  =4 
constitute  a  solution. 

68.  Elimination.  —  The  solution  of  a  system  of  two  linear 
equations  is  most  easily  found  by  so  combining  the  two  equations 
as  to  obtain  a  new  equation  in  which  one  of  the  unknown  num- 
ber? does  not  appear.    This  process  is  called  elimination.    A  sim- 
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pie  method  of  elimination  is  shown  in  the  example  in  §  65. 
Compare  the  steps  in  the  process  of  solving  the  following  system 
with  those  in  the  example  in  §  ^^. 

ExAMPLK. -- Solve  the  system   /    ^+^^  =  12,  (1) 

12^-    5  =  6.  (2) 

Let  us  first  eliminate  B,- 

Multiplying  (2)  by  4,  8  ^  -  4  B  =  24.  (3) 

Adding  (3)  to  (1),  9  ^  =  36.  (4) 

Hence,  ^  =  4.  (6) 

The  value  of  B  may  now  be  found  in  like  manner  by  eliminating  A  be- 
tween equations  (1)  and  (2),  but  is  more  easily  found  by  replacing  A  by  its 
value  4  in  equation  (1)  or  equation  (2). 

From  (1),  when  ^  =  4,  4+4B  =  12.  (6) 

Whence,  J5  =  2.  (7) 

See  if  the  solution  -4  =  4,  B  =  2  satisfies  both  equations  of  the  system. 

A  study  of  this  example  and  that  in  §  ^5  will  reveal  the  follow- 
ing rule : 

To  eliminate  one  of  the  unknown  numbers,  multiply  the  members 
of  each  equation,  if  necessary j  by  such  a  number  as  will  make  the 
mimerical  coefficients  of  that  unknown  number  the  same  in  both  of 
the  resttltiug  equations.  Add  or  subtract  (according  to  signs)  the 
corresponding  members  of  the  resulting  equations. 

After  finding  the  value  of  one  unknown  number,  substitute  its  value 
in  either  of  the  given  equations  and  solve  the  resulting  equation  for 
the  value  of  the  other  unknown  number,  v 

Note.  —  Other  methods  of  elimination  will  be  discussed  in  Chapter  XII. 


Solve : 

a-6  =  3. 


1. 


2. 


3. 


5  ilf+ 4  iV^=  22, 
'6M+    N=9. 

{6E-    d  =  10, 
{7JE-2d  =  15. 


EXERCISES 


4. 


6. 


6. 


4:X—Sy  = 

=1, 

3  x—'4:y  = 

=  6. 

2n+5k= 

=  15, 

3n-4A;  = 

=  11. 

f       P+ili: 

=  12, 

2P-    B. 

=  6. 
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(6T-{-7H=-33, 

r5  TF-2F-35  =  0, 
•    |4Tr-    F-25  =  0. 


10. 


11. 


12. 


2m—    w  —  5  =  0, 
5  m  —  2  n  =  14. 

5«-2a  =  l, 
8«  =  5a-ll. 

flOG^-llv-f27  =  0, 
10v-ll(?=36. 


69.   Problems  solved  by  Use  of  Systems  of  Equations.  —  In  a 

problem  in  which  the  values  of  tivo  unknown  quantities  are 
sought  it  always  will  be  found  that  the  problem  expresses  or 
implies  two  facts  or  suppositions.  Represent  each  unknown  num- 
ber by  a  letter.  Then  each  of  the  facts  or  suppositions  expressed 
in  the  problem  gives  an  equation  containing  the  unknown  num- 
bers. These  two  equations  constitute  a  system,  which  may  be 
solved  by  the  method  of  §  68. 

Many  of  the  problems  in  the  exercises  in  the  earlier  part  ot 
this  chapter  might  have  been  solved  by  use  of  two  equations  con- 
taining two  unknown  numbers. 

Example.  — I  have  $1.50  in  dimes  and  nickels.     There  are  25  coins  in  all. 
How  many  dimes  and  how  many  nickels  are  there  ? 
Let  d  =  number  of  dimes,  and  n  =  number  of  nickels. 

r      d+     n  =  25,  (1) 


Then, 


10d+on  =  l50. 


(2) 


Note  that  the  fadt  that  there  are  25  coins  in  all  gives  equation  (1),  and  the 
fact  that  their  total  value  is  $  1.50  gives  equation  (2). 
Solving  this  system,  d  =  6,  and  n  =  20. 
Hence,  there  are  5  dimes  and  20  nickels. 


EXERCISES 

Solve  by  using  two  equations  with  two  unknown  numbers : 

1.  A  man  invested  $5600,  part  in  bonds  that  paid  4%,  and 
the  remainder  in  a  business  enterprise  that  yielded  8%  on  the 
investment.  The  total  yearly  earnings  from  the  two  investments 
amounted  to  $328.     Find  the  amount  of  each  investment. 
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SuooBSTiON.  — Let  a  —  amount  of  investment  in  bonds,  and  b  =  amount  oi 
investment  in  business  enterprise. 


Then  I  «  +  &  =  6«00, 

^"®°'  1.04  a +  .08  6  =  328. 


2.  A  man  had  $2150  to  invest.  Part  of  this  sura  he'  loaned 
at  6  %  interest,  and  the  remainder  he  invested  in  stock  of  a  build- 
ing and  loan  association  that  paid  7  %  dividends.  From  the  two 
investments  his  annual'  income  was  $142.50.  What  was  the 
amount  of  each  investment  ? 

3.  A  money  drawer  contains  $3.50  in  dimes  and  nickels. 
There  are  50  coins  in  all.  How  many  coins  of  each  kind  are 
there  ? 

4.  In  playing  teeter,  two  boys  use  a  board  12  feet  long.  One 
boy  weighs  80  pounds  and  the  other  110  pounds.  At  what  point 
must  the  board  be  supported  to  balance  ? 

5.  A  teamster  has  a  team  of  which  one  horse  weighs  1250 
pounds  and  the  other  1500  pounds.  Assuming  that  draft  power 
is  proportional  to  weight,  how  should  he  divide  the  50-inch  double- 
tree in  order  to  properly  distribute  the  load  ? 

6.  A  merchant  mixes  28-cent  coffee  and  36-cent  coffee  to  sell 
at  30  cents  a  pound.  What  quantities  of  the  two  grades  of  coffee 
should  he  take  to  make  40  pounds  of  the  mixture  ? 

7.  The  specific  gravity  of  copper  is  8.9,  that  of  zinc  6.9^  and 
that  of  brass  8.4.  Find  the  number  of  cubic  centimeters  of  copper 
and  the  number  of  cubic  centimeters  of  zinc  that  must  be  'com- 
bined to  produce  600  cubic  centimeters  of  brass. 

Suggestion.  —  Let  c  cubic  centimeters  copper  and  z  cubic  centimeters 
zinc  be  the  amounts  required. 

c  +  z  =  600, 
8.9  c  +  6.9  z  =  SA  (c  i-  z). 


Then,  I 


8.  How  much  gold,  specific  gravity  19.36,  and  how  much 
nickel,  specific  gravity  8.54,  must  be  combined  to  make  10  cubic 
centimeters  of  an  alloy  of  which  the  specific  gravity  is  12  ? 
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9,  In  a  number  of  two  digits,  the  sum  of  the  digits  is  10,  and 
when  the  digits  are  interchanged,  the  number  is  increased  by  36. 
Find  the  number. 

10.  A  belt  runs  over  two  pulleys.  The  circumference  of  one 
pulley  is  2  feet  more  than  the  circumference  of  the  other.  One 
pulley  makes  3  revolutions  while  the  other  makes  2.  Find  the 
circumference  of  each  pulley. 

11.  When  the  Panama  Canal  was  finished,  the  distance  from 
New  York  to  San  Francisco  by  boat  was  reduced  by  7796  miles. 
The  distance  by  the  old  route  exceeded  twice  the  distance  by  the 
Panama  route  by  2502  miles.  Find  the  distance  by  the  old  route 
and  the  distance  by  the  Panama  route. 

12.  The  distance  from  New  York  to  Yokohama,  Japan,  was 
reduced  by  2952  miles  when  the  Panama  Canal  was  completed. 
If  the  distance  by  the  old  route  were  twice  as  great,  and  the  dis- 
tance by  the  Panama  Canal  three  times  as  great,  the  latter  would 
exceed  the  former  by  4184  miles.  Find  the  distance  by  each 
route. 

13.  The  ship  Mauretania,  built  in  1907,  is  583  feet  longer  than 
the  ship  Britannica;  built  in  1840.  The  Mauretania  is  169  feet 
more  than  three  times  as  long  as  the  Britannica,  Find  the  length 
of  each. 

14.  In  1847  the  Deutachlandf  the  first  ship  of  the  Hamburg- 
American  Line,  arrived  in  New  York.  The  present  Deutschland 
carries  15,283  tons  more  than  the  first  Deutschland,  The  tonnage 
of  the  present  Deutschland  exceeds  by  226  tons  22  times  the 
tonnage  of  the  old  Deutschland,     ffind  the  tonnage  of  each. 

15.  It  is  stated  that  the  daily  ration  for  a  laboring  man  should 
contain  4  ounces  each  of  fat  and  protein.  In  pork  the  per  cent 
of  fat  is  26  and  the  per  cent  of  protein  is  13 ;  and  in  beans  the  per 
cent  of  fat  is  2  and  the  per  cent  of  protein  is  22.  How  many 
ounces  each  of  pork  and  beans  are  required  to  make  a  ration  for 
one  day  ? 
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SUPPLEMENTARY  EXERCISES 

Note.  —  As  we  have  seen,  many  practical  formulae  contain  two  or  more 
unknown  numbers.  It  often  is  found  necessary  to  solve  such  formulae  for 
one  of  the  unknown  numbers  in  terms  of  the  others.  Thus,  the  circumference 
of  a  circle  is  computed  by  the  formula  C  =  2  vB.     If  this  is  solved  for  B  in 

terms  of  C,  we  get  i2  =  -^ .  Such  formulae  are  solved  by  the  same  processes 
as  equations  with  one  unknown  number. 

1.  In  the  simple  interest  formula,  I=prt,  solve  for  t  in  terms 
of  7,  p,  and  r. 

2.  The  distance  an  object  moves  in  t  seconds  at  v  feet  per 
second  is  s  =  tv.     Solve  for  t, 

3.  The  area  of  a  triangle  is  expressed  by  A  =  ^BH,  Solve 
for  H, 

4.  The  area  of  a  trapezoid  is  expressed  hy  A  =  ^H{B-{'  -B'). 
Solve' for  B', 

5.  The  relation  between  the '  readings  on  the  Fahrenheit  and 
Centigrade  thermometers  for  any  temperature  is  expressed  by 
(7  =  |(F - 32).     Solve  for  K 

6.  The  formula  for  finding  the  horse  power  of  a  steam  engine 

is  H.  P.  =  ^    ^  ,  where  «  =  the  mean  effective  pressure  in  pounds 
33000  ^  F  I' 

per  square  inch,  I  =  the  length  of  stroke  in  feet,  a  =  area  of  piston 
in  square  inches,  n  =  twice  the  number  of  revolutions.  Solve  for 
Z,  the  length  of  stroke. 

7.  In  a  polygon  with  n  sides  the  sum  of  all  the  angles,  in 
degrees,  is  given  by  s  =  180  (n  —  2).     Solve  for  n. 

8.  Solve  2  ax  —b  =  cy  for  x, 

9.  Solve  A(n  —  1)  +  ^  =  n  for  ^ 

10.  Sol ve  (  F-  /SX  F+  2  >S)  =  F^  +  /S^  for  V. 

11.  Solve  2(2^-1) -|-3  =  a(«  +  2)  for  f. 

12.  Solve  R{R  +  1c)-  k(l  -Ji)  =  J^'  +  l  for  B 
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In  each  of  the  following  systems  solve  for  x  and  y : 

13     j8ar+      y  =  60a,  (3x  +  7by=16b, 

[7x-10y=  9o.  *     \2x  +  5by=13b. 


J3a:-2y:=26n.  "     1 


5  ma;  —  2  ny  =  63  mn, 
2  mx  +    ny=i  IS  mn. 


17.  A  square  has  the  same  area  as  a  rectangle  whose  length  is 
3  inches  greater' and  width  2  inches  less  than  the  side  of  the 
square.     Find  the  dimensions  of  the  square  and  of  the  rectangle. 

18.  In  a  certain  family  each  daughter  has  as  many  sisters  as 
brothers;  but  each  son  has  twice  as  many  sisters  as  brothers. 
How  many  children  are  in  the  family  ? 

19.  The  leader  in  a  "  guessing  game  "  tells  each  of  the  others  to 
add  6  years  to  his  age,  multiply  the  result  by  4,  subtract  24  from 
the  product,  and  to  the  remainder  add  his  age.  When  the  results 
are  announced,  the  leader  tells  at  once  the  age  of  each  individual. 
If  an  individual  gives  80  as  the  result,  what  is  his  age  ? 

20.  Find  the  longitude  of  a  place  in  the  Central  Time  belt  at 
which  it  is  observed  that  the  local  or  sun  time  is  15  minutes  faster 
than  standard  time. 

21.  Find  the  longitude  of  a  place  in  the  New  York  Time  belt 
whose  local  time  is  10  minutes  slower  than  standard  time. 

22.  A  crop  of  60  bushels  per  acre  of  corn  takes  from  one  acre 
rf  soil  58  pounds  less  of  phosphoric  acid  than  of  nitrogen,  and 
23  pounds  less  of  potash  than  of  nitrogen.  Five  times  the  amount 
of  phosphoric  acid  exceeds  twice  the  amount  of  potash  by  8 
pounds.  How  many  pounds  of  each  of  these  fertilizers  are  taken 
from  an  acre  of  soil  ? 

23.  Fifteen  pounds  of  tin  weigh  13  pounds  in  water,  and  15 
pounds  of  zinc  weigh  13.5  pounds  in  water.  How  much  tin  and 
how  much  zinc  in  an  alloy  which  weighs  56  pounds  in  air  and  49 
pounds  in  water? 

Note The  method  given  in  this  problem  of  finding  the  proportional 

parts  of  metals  in  an  alloy  by  first  weighing  the  pure  metals  and  the  alloy 
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each  in  air,  then  in  water,  is  said  to  have  been  first  disoovered  and  used  by 
Archimedes,  about  220  b.c.,  in  determining  for  King  Hieron  of  Syracuse 
whether  a  crown,  claimed  by  the  maker  to  be  pure  gold,  was  not  alloyed  with 
silver. 

24.  Two  seconds  after  a  marksman  fires  he  hears  the  bullet  hit 
the  target,  which  is  440  yards  distant.  If  sound  travels  through 
the  air  at  a  velocity  of  1100  feet  a  second,  find  the  average  veloc- 
ity of  the  bullet. 

25.  Two. weights  balance  when  one  is  12  inches  and  the  other 
15  inches  from  the  point  of  support.  If  the  first  is  replaced  by  a 
weight  6  pounds  greater,  the  second  must  be  moved  3  inches  far- 
ther from  the  point  of  support  to  balance  it.     Find  the  weights. 

26.  A  crew  that  can  row  6  miles  an  hour  down  a  stream  can  row 
2  miles  an  hour  up  the  stream.  Find  the  speed  of  the  current 
and  the  speed  at  which  the  crew  can  row  in  still  water. 

27.  A  local  train  820  feet  long  and  an  express  train  500  feet 
long  run  on  parallel  tracks.  When  running  in  the  same  direction 
it  requires  88  seconds  for  the  express  to  pass  the  local,  but 
when  running  in  opposite  directions  it  requires  only  17.6  seconds 
for  them  to  pass.     Find  the  rates  of  the  two  trains. 


CHAPTER  VII 
SPECIAL  PRODUCTS  AND   QUOTIENTS 

70.  Special  Rules.  —  The  products  or  quotients  of  expressions 
of  many  forms,  called  type  forms,  may  be  written  down  at  sight 
by  special  rules,  without  performing  in  detail  the  complete  pro- 
cesses of  multiplication  or  division.  By  discovering  and  learning 
these  rules,  much  time  and  labor  in  multiplications  and  divisions 
may  be  saved.  They  reveal  also  many  "  short  cuts  "  in  the  mul- 
tiplication of  arithmetical  numbers  that  are  valuable  to  know, 
some  of  the  most  important  of  which  are  given,  in  this  chapter. 
The  need  for  use  of  these  special  rules  presents  itself  so  often  in 
algebra  that  they  should  be  thoroughly  mastered  before  proceed- 
ing f  atther. 

71.  Squares  and  Cubes  of  Monomials. —  What  is  the  product  of 
a^xa^?     Of  5mVx5mV?     Of  (-3a^/)(-3ajyV)? 

Since  (7  M*y  means  7M^x7  M*,  what  is  its  value  ?  Find  the 
value  of  (9  i^Q*)*.    Of  (-  4  A^a^s^^ 

From  these  examples,  the  following  rule  is  evident : 

To  square  a  monomial,  sqitare  the  numerical  coefficienty  and  mulr 
tiply  each  exponent  by  2, 

Since  (2  v^^  means  2  w^  x  2 1^  x  2^«;*,  what  is  its  value  ?     Find 
the  value  of  (3  H^)K    Of  (-  4  A^^CTf, 
These  examples  reveal  the  following  rule  : 

To  cube  a  monomialy  cube  the  numerical  coefficient,  and  multiply 
each  exponent  by  3. 

Similar  rules  may  be  discovered  for  raising  monomials  to  the 
fourth  power,  the  fifth  power,  etc. 

117 


118 


ELEMENTARY  ALGEBRA 


EXERCISES 

/ 

Give  at  sight 

the  values  of  the  indicated  powers : 

1 

1. 

{ay. 

11. 

{Ly. 

2i;  (xyy. 

31. 

(al'^Tfy.                      1 

2. 

(R^\ 

12. 

{t^y. 

22.    (aby. 

32. 

(3  ^fy. 

3. 

(w'y. 

13. 

{sy. 

23.    (fzy. 

33. 

(5  MNy. 

4. 

W. 

14. 

W- 

24.  (nwy. 

34. 

(2  d?¥<^y. 

5. 

{py. 

16. 

W. 

25.    (W'^f)^ 

35. 

(8  w'^y. 

6. 

(ny. 

16. 

((n'. 

2B.  (Hyy. 

36. 

(11  A«r8)2. 

7. 

W^. 

17. 

(y'y. 

27.    (a¥)8. 

37. 

(15  iB2/V/. 

• 

8. 

(vy. 

18. 

(N^\ 

28.  (vyy. 

38. 

(6 1;¥)2. 

9. 

W- 

19. 

(i^y. 

29.  (Avy. 

39. 

(9>S^//2)2. 

10. 

(A'^y. 

20. 

(by. 

30.    (w;*^i^)'. 

40. 

(16  m^ny/. 

41. 

(SL^wy, 

48.    (- 

-%h^Hy.              55. 

( — 

3  &Ty, 

42. 

(5  a^ry. 

49.    (- 

-  2  a»6»c^2                5g^ 

V  — 

4  jyyi;»)l 

43. 

(2  aVby. 

50.    (- 

-  10  RS'  vy.         57. 

(  — 

2/^F27?)». 

44. 

{^ft^yy. 

51.    (- 

.j/e^6)«                58^ 

( — 

3  JI'Ty. 

45. 

(6  V^n^ff. 

52.    (- 

-  3  al'b^dy.               59. 

(— 

2  i(;*i;^». 

46. 

(-  2  /1^)2. 

63.    (- 

-  icV)8.                     60. 

( — 

3  ay  {2  ay. 

47. 

(-3mV)«. 

54.    (- 

-  2  a¥)3.                   61. 

(2' 

ny{-  3  w«)2. 

72.  Square  Roots  and  Cube  Roots  of  Monomials.  —  What  is  the 
number  which  squared  gives  9  ?  25  ?  a*  ? 

The  number  whose  square  is  a  given  number  is  called  the 
square  root  of  the  given  number. 

Thus,  since  7^  =  49,  the  square  root  of  49  is  7. 

Similarly,  the  number  whose  cube  is  a  given  number  is  called 
the  cube  root  of  the  given  number. 

Thus,  since  (2  v'^f  =  8  tys,  the  cube  root  of  8 1?«  is  2  »2. 

The  numbers  whose  fourth  powers,  fifth  powers,  etc.,  are  a 
given  number  are  called  the  fourth  root,  fifth  root,  etc.,  of  the 
given  number. 
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A  root  of  a  number  is  indicated  by  placing  before  it  the  sign  ^, 
called  the  radical  sign.  Usually  a  vinculum  is  attached  to  the 
radical  sign,  to  show  how  far  its  effect  is  to  extend.  To  indicate 
what  root  it  is,  except  in  the  case  of  a  square  root,  a  little  num- 
ber called  the  index  is  written  above  the  radical  sign. 

For  example,  the  square  root  of  n  is  written  Vn  ;  the  cube  root  of  n  is 
written  v'w  ;  the  fourth  root  of  n  is  written  Vn;  etc.  In  the  case  of  square 
root  the  index  2  is  understood  and  left  off. 

In  most  simple  practical  work,  one  needs  only  a  knowledge  of 
square  roots  and  cube  roots. 

Since  (-f  3)2  =  9  and  (-3)2  =  9,  V9  is  eitW  +3  or  -3. 
Similarly,  since  (+6)^=36  and  (-6)^  =  36,  V36  is  either  +6  or 
—  6.     In  general. 

Every  positive  number  has  two  square  roots,  which  have  the  same 
absolute  value,  one  positive  and  the  other  negative. 

The  two  square  roots  of  a  positive  number  are  often  written 
together,  with  a  double  sign  ± . 


Thus,  V81=±9;   Vl44=±12. 

Since  no  positive  or  negative  numbers  squared  can  give  a  nega- 
tive number, 

A  negative  number  has  no  square  root  that  can  be  expressed  as  a 
positive  or  negative  number. 

Note.  —  What  to  do  in  a  problem  where  the  square  root  of  a  negative 
number  is  required  to  be  found  will  be  discussed  later. 

Since  (+2)8  =  8  and  (_2)8  =  -8,  ^/8  =  2  and  ^-^  =  -2. 
In  general, 

Ally  7iumber  has  only  one  cube  root  that  can  be  expressed  as  a 
positive  or  negative  number.  This  cube  root  of  a  positive  number  is 
positive,  and  of  a  negative  number  it  is  negative. 

Note.  —  It  will  be  shown  later  that  every  number  has,  in  addition  to  the 
one  positive  or  negative  cube  root,  two  other  cube  roots  that  cannot  be  ex- 
pressed as  simple  positive  or  negative  numbers.  In  this  chapter  only  the 
positive  or  negative  cube  root  of  a  number  will  be  considered. 
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Since  the  square  root  of  a  monomial,  wben  squared,  must  give 
that  monomial,  it  follows  from  §  71  that : 

To  find  the  square  roots  of  a  monomial,  take  the  square  roots  of  the 
numerical  coefficient  and  divide  tJie  exponent  of  each  letter  by  2. 

Similarly,  it  follows,  from  §  71,  that : 

To  find  the  cube  root  of  a  monomialy  take  the  cube  root  of  the 
numerical  coefficient,  and  divide  the  exponent  of  each  letter  by  3. 


Thus,  \/(54a86*  =  ±  8 a'fta  .  VlOO v^y'^  =  ±  10 jK*y.    And  VStoei®  =  2 to»<8 j 
{^-27  mi%6  =  -  8  m^nK 

EXERCISES 
Give  at  sight  the  square  roots  of : 

1.  1,  4, 16,  81, 121,  49,  144,  36. 

2.  a\  W^,  a^,  P«,  n",  ^",  f", 

3.  Jf ",  Z>^,  >S^8,  A:«2^  9  a^,  16  a*. 

4.  49  B^,  25 1;«,  100  22",  36  a^6«,  81  a^. 

6.   16  Tr«F^^  9mV,  25  d¥,  121  ^y,  225  riV/. 

6.  144  a¥<>,  49  m;^*^^,  169  a^y  V,  625  i?*m^«. 

7.  196  an^d",  256  ^^T^a^,  441  ^i*aj«/,  400  m%« 

Give  at  sight  the  cube  roots  of : 

8.  1,8,27,64,125,216,512,1000. 

9.  -1,  -8,  -27,  -64,  -125,  -1000. 

10.  ^^  n",  f,  W^,  aja,  P«,  r". 

11.  -y^S  y\  M^,  a8»,  -2)»,  -2^^  -i«. 

12.  -  t^M  _  2^*^,  -  8  »«,  -  27  6^«,  -  125  i*. 

13.  64  i?,  27  iM",  -  8  m%»,  - 125  riV,  -  ^^^^(f . 

X4.   -i>8^r»,  216  ilf  ^a^*,  -  27  oPf^f,  343  F»F«,  -  8  F^lli^\ 
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15.  The  area  of  a  square  is  49  cP.  What  is  the  length  of  one 
aide? 

16.  The  base  and  altitude  of  a  right  tri- 
angle are  8  a?  and  Goj,  respectively.  Find 
the  length  of  the  hypotenuse. 

SuooESTioN.  —  The  square  of  the  hypotenuse 
equals  the  sum  of  the  squares  of  the  base  and  altitude. 

17.  The  volume  of  a  cube  Is  64  J^.   Find  the  length  of  one  edge. 

18.  The  diameter  Dy  in  inches,  necessary  of  a  steel  shaft,  upon 
which  are  fastened  pulleys  that  drive  machines  in  a  factory,  in 
order  to  impart  H  horse  power  to  the  machinery  when  making  N 

revolutions  a  minute,  is  computed  by  the  formula  D  =  yl — . 

Find  the  diameter  of  the  shaft  necessary  to  impart  80  horse 
power  when  making  100  revolutions  a  minute. 

73.  BquAtiona  solved  by  finding  Square  Roots.  —  Many  equations 
may  be  solved  by  extracting  roots.  The  following  illustrate  the 
solutions  of  equations  of  the  second  degree  by  finding  square  roots. 

ExAMFLB  1.-**  Solve  i>*  =  0. 

Binoe  P«  =  9,  P  =  \/9 

=  ±3. 

Example  2.  •—  Solve  y*-  40  =  0. 

Transposing,  ^  =  49. 

Hence,  y  e=  V49 

=  ±7. 

EXERCISES 

Solve : 

1.  aj«  =  25.  6.   iP-64  =  0.  11.  3p2-48=0. 

2.  ««  =  81.  7.   ^-121  =  0.  12.  7Z>2-28=0. 

3.  ^»  =  36.  8.   2^2  _  225  =  0.  13.  49  =  v^. 

4.  n2==100.  9.   2a2  =  8.  14.  144=/S«. 
6.  2^-16  =  0.  10.   6Jlf«  =  45.  16.  75=3  1?^. 
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16.  The  time  required  for  an  object  starting  from  rest  to  fall  a 
given  distance  is  found  from  the  equation  16  f  =  s,  where  t  is  the 
time  in  seconds  and  s  is  the  distance  in  feet. 

Find  the  time  required  for  an  object  to  fall  64  feet. 

Suggestion.  — 16  i^  _-  ^4^  Solve  for  u  Has  the  negative  answer  any 
meaning? 

17.  In  the  following  table  are  given  the  distances  that  an  ob- 
ject falls.  Complete  the  table  by  finding,  by  the  formula  in 
Problem  16,  the  time  required  in  each  case. 


Distance 

16  Ft. 

144  Ft. 

676  Ft. 

1600  Ft. 

Time 

^ 

i 

18.  In  the  manufacture  of  lids  for  metal  boxes  and  cans,  a 
circular  piece  of  metal,  called  the  "blank,"  is  cut  from  a  flat 

sheet  of  it,  and  then  stamped 
into  the  required  shape  by 
means  of  a  machine  called  a 
"  die."  In  computing  the  size 
of  the  blank  to  be  cut  for  a  lid  of  given  size,  men  assume  that 
the  area  of  the  blank  is  equal  to  the  total  area  of  the  lid. 

Find  the  radius  of  the  blank  necessary  to  make  a  lid  whose  area 
is  12.5664  sq.  in. 

Suggestion.  —  If  i?  is  the  radius,  3.1416  i?2  _  12.6664. 

19.  The  area  of  the  surface  of  the  lid  of  a  lard  bucket  is 
28.2744  square  inches.  Find  the  radius  of  the  blank  from  which 
it  is  made. 

74.  Product  of  the  Sum  and  Difference  of  Two  Terms.  —  Find,  as 
in  Chapter  V,  the  products :  (a  —  4)  (a  +  4)  ;  (P  +  B){P  —  5)  ; 
(a^  -  1){^  +  7) ;  (2R^  +  3)(2  R^  -  3). 

How  many  terms  in  each  product  ?  Why  not  more  ?  Why  is 
the  last  term  negative  in  each  product  ? 
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In  general,  where  a  and  h  are  any  two  terms,  it  is  found  that : 

(a  -h  h){a  -  6)  =  a*  -  b\ 
Hence, 

To  find  the  xyroduct  of  the  sum  and  the  difference  of  the  same  two 
termSy  take  the  difference  between  their  squares. 

Example.  —  (4  k^  +  3)  (4  k^  -  3)  =  (4  wtS)^  -  3^ 

=  16to«-9. 

EXERCISES 

Give  at  sight  the  products  of : 

1.  n  4- 3  and  n- 3.  18.  {12  H^ba){12H  +  5a). 

2.  ^4- 6  and  ^-6.  19.  (a^  -  9)(a2  +  9). 

3.  v-f  2and'y-2.  '  20.  («» -  4)(icS  +  4). 

4.  a? +  5  and  a? -5.  21.  (2^^ -1)(2^2^1). 

5.  fc-4andfc  +  4.  22.  {1  ^  -  4:t%l  ^+ 4.f). 

6.  n  — 7andn-f  7.  23.  (1  —  6iC*)(l +6iB*). 
1,   w  +  V  and  w  —  v.  24.  (a^  —  b^)(a^  +  6'). 

8.  2a +3  and  2a- 3.  25.  .(a?*  — 2^)(a;*  +  y*). 

9.  5P  +  land5P-l.  26.  (P^ -\- Qf^(P^  -  Qff). 

10.  4/S-7and4/S'4-7.  27.  (4-^)(^4-4). 

11.  10-3i2andlO-f  32^.  28.  (1  -  6x)(6x +  1), 

12.  l-oj^andl+a^.  29.  (23f-f  7J\^)(-7^+2 JI[f). 

13.  6-f  2vand6-2v.  30.  (12 +  5^^(- 12  +  5  «^. 

14.  2x  +  5z2i.nd2x-5z,  31.  (- 10  Z)s+9)(l6i>3  +  9). 

15.  9M+STB.nd9M-3T,  32.  (a  +  !)(«  -  l)(a*  +  1). 

16.  5a-46and5a  +  46.  33.  (2- TF)(2-f  Tr)(4  +  TT^. 

17.  (6TF  +  7F)(6>r-7F).  34.  (l-aj)(l+a;)(l+aj2)(l+a?*> 

Give  at  sight  the  quotients  of  the  following : 

35.  (a^-b^-h^a-^-b).  37.    (Z)^  -  1) -*- (Z>  -  1). 

36.  (p^^f)^(x-y).  38.   (16  -  ^) -i- (4  -  2^). 
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39.  (9h*^25fi)'i-(Sh  +  5t).         49.    (144 n« ^  1) ^ (12 n« - 1). 

40.  (81^*-l)-T-(9^«-l).  43.  (64/S*-25)-*-(5  +  8>S2). 

41.  (2^  -  36) -*- (2^ -h  6).  44.   {36  x^ -  ^9  y*) -i- (6  x -^  7  f). 

Solve  without  the  aid  of  pencil : 

45.  w2  +  n'-6=:(n-^2)(n  +  2). 

46.  ic2  +  2i0  +  3«:(aj+3)(a;-3). 

47.  4.A'--  A  +  1=:(2A  +  7)(2A^7). 

48.  9i?(i?  +  2)=^(3iJ  +  6)(3J^-6). 

75.   Products  of  Arithmetical  Numbers  by  the  Rule  in  §74. — 

The  product  of  two  arithmetical  numbers,  of  which  one  is  less 
than  a  multiple  of  10  and*  the  other  exceeds  this  multiple  by  the 
same  amount,  m^y  be  given  at  sight  by  the  rule  in  §  74. 
Thus,  d8  X  62  :=  (60  -  2)  (60  +  2)  =  602  -  23  =  3000  -  4  =  3696. 

EXERCISES 
Find  mentally  the  products  of  the  following : 

1.  19x21.  7,   48x52.  13.  86x75. 

2.  28x32.  8.   53x47.  14.  88x92. 

3.  22x18.  9,    69x71.  16.  99x101. 

4.  39x41.  10.   72x68.  16.  97x103. 

5.  43x37.  11,  63x57.  17.  109x111. 

6.  34x26.  12.   77x83.  18.  118x122. 

19.  Find  the  cost  of  22  boxes  of  berries  at  18  cents  a  box. 

20.  Find  the  cost  of  17  dozen  eggs  at  23  cents  a  do2en. 

21.  Find  the  cost  of  28  pounds  of  butter  at  82  cents  a  pound. 

92.   Buckwheat  weighs  52  pounds  a  bushel.     Find  the  weight 
)f  48  bushels. 

23.  Onions  weigh  57  pounds  a  bushel.     Find  the  weight  of 
63  bushels. 

24.  A  field  ia  77  rods  wide  and  83  rods  long.     Find  its  area* 
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76.   Product  of  Two  Binomials  with  One  Common  Term. 


a; -1-5 


x-1 
x  —  5 


aj*-H   7x  Q^—   Ix 

+   6aj4-36         —   5aj-h35 


oj-f  7 
0?— 5 
a*  +  7a; 
-5aj-35 


a?-7 
x-\-6 
7?-1x 
4-6a  — 35 


ar^ -h  12  X -I- 35      a^-12a?-h35      aj2  +  2«-35        aj«-2a;-35 

Tell  how  the  first  term  of  each  of  the  above  products  is  obtained. 
How  is  the  coefficient  in  the  second  term  of  each  obtained  ?  How 
is  the  third  term  of  each  obtained  ? 

In  general^ 

(x-f  a)(x-|-*)  =  Jr*+(a  +  *)x  +  a*. 
That  is, 

To  find  the  product  of  two  binomials  having  a  common  termy  take 
the  square  of  the  common  term,  plus  the  algebraic  sum  of  the  unlike 
terms  times  the  common  term,  plus  the  algebraic  product  of  the  un- 
like tdrms. 

Example  1.  — (n  +  2) (n  +  3)  =  n«  H- (2  H-  8)n  H-  2 .  8 

=  n2  4-  6  n  +  6. 

Examplb2.—  (<-7)(«  +  4)=<2+(-7H-4)«+(-7-4) 

=  ^-.3«-28. 


EXBRCISSS 

Give  at  sight  the  products  of: 

1.  (a -J- 4)  (a +  5).       10.  (m -f  7)  (m  4- 8). 

2.  (a?4-l)(»  +  3).       11.  (^4-l)(^-hl0). 

3.  (Jlf+2)(Jf+6).    12.  (a? -h  8)  (a -f  6). 

4.  0/-f7)(y-f4).        13.  (a-5)(a-3). 


5.  (n-f-6)(ri-f-l). 

6.  (v-|-3)('y-|-8). 

7.  {t  +  4:)(t-9). 

8.  (^  +  7)  (^  +  3). 


14.  (TF-8)(Tr-2). 

15.  (JS-6)(i2-l). 

16.  (tS)(t^  12). 

17.  (B-16)(B-3). 

18.  {N-9){N--7). 


19.  (d-15)(d-2). 

20.  (^-6)  (5-12). 

21.  ('y-4)(v-10). 

22.  (d-16)(d-10). 

23.  (a-f  5)(a  — 3). 

24.  («-M2)(a;-8). 

25.  (n4-8)(n-4). 

26.  (F-3)(F4-9). 

27.  (f-5)(?-h8). 
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28.  (6 -12)  (6 +  7).      34.  (m+16)(m-12).  40.  (y*+7)(y*-ll). 

29.  (a?  +  3)(aj-15).      35.  (u-ll)(u-{-9).  41.  (c^- 10)  (0^  +  4). 

30.  (y-l)(2/  +  6).        36.  ((7+18)  ((7-7).  42.  (2a+5)(2a+3). 

31.  (^+4)  (^-9).     37.  (x2  +  2)(ar*  +  5).  43.  (3a:4-7)(3a?+2). 

32.  (^-15)  (^+10).  38.  (a3-l)(a«  +  9).  44.  (6^-l)(6«-4). 

33.  (^  +  14) (^-4).   39.  {P^-6)(P^-S).  45.  (8 a? +3) (8 a; -2)! 

46.  (4  TT- 2) (4  TT-f  5).  65.  (6k-{-St)(6k-5t). 

47.  (52^  +  7)(5y  — 2).  56.  (4m  +  9n)(4m— 3n). 

48.  (2c-3)(2c-12).  57.  (9 D -Sv)(9 D  +  Sv), 

49.  (8'y  +  16)(8'y-9).  58.  (7 v +  2w)(7v-9tv), 

50.  (2ix^-\-5)(2x'-{-3),  59.  (3a2  +  46'^(3a2  4-12  62). 

51.  (7^3-2)(7^«  +  6).  60.  (5t'-6s')(5f  +  4.s').  • 

52.  (12  W^  -  20)  (12  TT^  + 16).      61.  (8  5^  -  4  ^C)  (8  ^  +  ACf). 

53.  (2a  +  36)(2a+46).  62.  (4 c^ - 22 cP) (4 c^  +  5 d^. 

54.  (5x-2y){5x-6yy  63.  (1  - 5  a)(l  +  3  a). 

Find  mentally  the  indicated  quotients : 

64.  (a^4-5a?4-6)-5-(a;  +  2).  69.  (s^  +  4  ^  _  60) -j- (s  + 10). 

65.  (n2-4ri4-3)-s-(ri-.l).  70.  (W^-\-  W-^72)-i-(W-Sy 

66.  (^«-2^-15)-i-(^  +  3).       71.  (2/2  +  9^4- 20) ---(y +  4). 

67.  (v2_7^^i2)-^(v~4).  72.  (r2-16r  +  63)-5-(r--9). 

68.  (r2-!r-12)-f-(2'-4).  73.  (m2-3m~54)^(m  +  6). 

Solve  mentally : 

74.  (a:  +  3)  (ic  +  4)  =  ar*  + 33. 

75.  (v  +  5)(v-3)  =  ('y  +  2)(v-l> 

76.  (2ri  +  7)(2w-6)  =  4(n2  +  2). 
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77.  Products  of  Arithmetical  Kumbers  by  the  Rule  of  §  76.  —  The 

products  of  many  arithmetical  numbers  may  be  obtained,  without 
the  aid  of  pencil,  by  the  rule  of  §  76. 

Thus,  87  X  92=(90-3)(90  +  2)=902-lx90-6 

=  81QP  -  90  -  6 
=  8004. 

EXERCISES 

Find  mentally  the  following  indicated  products : 

1.  32x33.  6.  43x38.  11.  89x96. 

2.  51  x  52.  7.  48  x  53.  12.  87  x  91. 

3.  42x43.  8.  76x74.  13.  112x113. 

4.  64  X  66.  9.  87  X  83.  14.  198  X  199. 

5.  39  X  42.  10.  98  X  92.  15.  251  X  253. 

16.  Find  the  cost  of  34  dozen  eggs  at  32  cents  a  dozen. 

17.  If  a  train  goes  42  miles  an  hour,  how  far  will  it  go  in 
48  hours  ? 

18.  Find  the  cost  of  34  yards  of  cloth  at  36  cents  a  yard. 

19.  How  many  square  feet  in  a  lot  92  feet  wide  and  98  feet 
long? 

20.  Oats  weigh  32  pounds  to  the  bushel.     Find  the  weight  of 
35  bushels. 

78.  Square  of  a  Binomial.  —  What  operation  is  indicated  by 
(/I  +  6)*  ?     Find,  by  multiplication,  the  values  of : 

(a;  +  3)*;  (^-5)^;  (m-^-nf',  (m--ny. 

♦ 
What  two  terms  in  the  square  are  positive  in  each  of  the  above 

cases  ?     When  is  the  second  term  of  the  square  negative  ? 

It  is  seen  that  for  any  values  of  a  and  6, 

(a-f  6)'  =  a'  +  2a6  +  62  and  (a -  6)^  =  a^*- 2  a6  +  ft^. 
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These  identities  give  the  following  rule  : 

To  square  a  binomial  take  the  square  of  the  first  terrrif  plus  (or 
minus)  tivo  times  the  product  of  the  terms,  plus  the  sqvxire  of  the 
second  term. 

Example.  —  (2  a^  -  3  ftp  _  (2  a^)^  -  2(2  a^)  (3  6)  +  (3  6)2 

=  4o*-12a26+962. 


EXERCISES 


Find  the  squares  of  the  following : 


1.  n  +  3. 

2.  a +  5. 

3.  P+2. 

4.  a  —  4. 

5.  TT-e. 

6.  «  — 3. 

7.  w-f«. 

8.  x-^y, 

9.  2a+3&. 

10.  5  r  —  4  s. 

11.  3(74-8  2). 


v\ 

•xy 

^y. 

4 

H Ij      i| 

HX^ 

12.  7t(;  — 3v. 

13.  5  5-f  9  r. 

14.  10  6 -c. 

15.  9i^-f8a 

16.  4:K-7L. 

17.  12x'\-y, 

18.  ^-^16  5, 

19.  11  TF-f3a. 

20.  4^  — 9n. 

21.  5^  +  16^. 

22.  a;^  +  l. 

23.  a2-3. 

24.  n^-fS. 

25.  ^*-10. 


26.  T^-f. 

27.  A^^2JB^, 

28.  3f2_4^^ 

29.  51^  +  21/^. 

30.  2^  +  1, 

31.  Al^^t 

32.  a;" +  6, 

33.  12  ^7  a*. 

34.  9  +  15i2». 

35.  2p^-q\ 

36.  l-8d^ 

37.  ff-^Aa 

38.  iB*/-f5. 

39.  A^-4:A, 


40.    Show  geometrically,  by  the  accom- 
panying diagram,  that 

(X'^yy  =  a^-{'2xy-\-f. 
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41.  Show  geometrically,  by  this  diagram,  that 

Solve : 

42.  0  +  4)2  =  ^(^  +  3)  +  36. 

43.  (2  F+  3)2  =  (2  F+ 1)  (2  F+  3). 

44.  (4A;-7)2  =  (4A;-5)(4A;  +  3). 

45.  (w  +  2)2-u2^w-5. 


..-.h — ^x-H 


JL^ 


79.  Squares  of  Arithmetical  Numbers.  —  By  the  method  of  §  78, 
the  squares  of  many  arithmetical  numbers  are  easily  found  with- 
out the  aid  of  pencil. 

Thus,  622  =  (60  +  2)2  =  8600  +  240  +  4  =  3844, 

and  702  =  (80  -  1)2  =  6400  -  160  +  1  =  6241. 


13. 

109. 

17. 

249. 

14. 

199. 

18. 

301. 

15. 

148. 

19. 

502. 

16. 

498. 

20. 

999. 

EXERCISES 

Find  mentally  the  squares  of : 

1.  41.  5.   68.  9.   92. 

2.  59.  6.   89.  10.   99. 

3.  72.  7.   78.  11.   98. 

4.  38.  8.   83.  12.   101. 


80.   Square  of  a  Polynomial.  —  By  actual  multiplication,  it  is 
found  that : 

(a  +  6  +  c)'^  =  a^  4-  6'  +  cH  2  a6  +  2  ac  +  2  6c. 

In  general. 

The  square  of  any  polynomial  equals  the  sum  of  the  squares  of  all 
of  its  termSf  plus  two  times  the  algebradc  product  of  each  term  into  all 
of  the  terms  following  it. 
ExAMPLB.  — (2  w2-  3n  +  6)2  =(2«2)2  ^  (_  3  w)2  +(5)2  +  2  (2n2)(-  8 n) 

+  2(2n2)(5)  +  2(-37i)(6) 
=  4 n*  +  9n2  _|-  25  -  12 n8  +  20  w"  -  30  w 
=  4  w*  -  12  w8  +  29  ^2  -  30  w  +  25. 
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EXERCISES 

Write  down  the  squares  of  the  following  polynomials : 

1.  a  —  b  -\-  c,  5.   2ti  —  6v  -\'  w,      9.    a  -\- b  -\-  c -{-  d, 

2.  2x  +  Sy-\'Z.       6.   A^-\-2A-{-l,     lo.   x-y  +  z  —  w. 

3.  m-2n-'p.       7.   ar*-2a?  +  3.       11.   a«-a«-a  +  l. 

4.  ^  +  35-01      8.   r2  +  «^-«'.         12.   l  +  2P-3P2H-4i* 

81.   Quotients  of  the  Form  a*  —  6'  Divided  by  a  —  6. — By  actual 

division, 

(a«-  6^  -5-  (a  -  6)  =  a2  +  a6  +  6«. 
That  is, 

IftJie  difference  between  the  cubes  of  two  terms  is  divided  by  the 
difference  between  those  terms,  the  quotient  equals  the  square  of  the 
first  term,  plus  the  product  of  the  two  tei^ms,  plus  the  square  of  the 
second  term. 

ExAMPLB.— ^^^"^J^^  =  (2  ay  +  (2  a)  (3  h)  +  (3  6)a 
2a  —  3  6 

EXERCISES 

Find  mentally  the  values  of  the  indicated  quotients : 

1.  ^^.  6.    ^^^«.     '  11.    ?I^lzil. 

3^-1 

cg«-648« 
d-4.s  * 

8  io«  -  27  v« 
2w-Sv 

1253P-^IP 

5M-N  * 

&Ca^-125B^ 


2^    ^^^^ ^^  ^^   o  -^.^  12^ 


aj- 

-y 

m^ 

-w8 

m 

—  n 

v^ 

-v« 

w 

—  v 

aj8- 

-1 

X  - 

-r 

1- 

.ps 

A 

7>3-8 

\>« 

i>-2- 

7. 

ss^27 

8-3' 

8. 

J5«-64 

5-4' 

o 

125 -y» 

«7. 

5  —2^  * 

10. 

a^- 868 

3.  •  o.     ; — «  1«5* 


4.    :.  9. ^.  14. 


6.   .  10.    — -.  16. 

1-P  a-2b  4:A-'5B 
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16. 


17. 


18. 


19. 


1000  r»-l 
lOr-1    ' 

36-6c     * 

64g«~343Zy 
4:H-7D    ' 

a^y*  —  1 


20. 


21. 


22. 


23. 


8- 

-a»6» 

2- 

-aft 

a«- 

-1 

o>- 

-1* 

»»• 

-»• 

m^ 

-n«' 

1- 

-<• 

l-<» 


24. 


25. 


26. 


27. 


8a'^-27y 
2a-3b^' 

64  TP-gf^ 

J\P-  N^' 

l-8y" 
1  -  2>' 


Find  mentally  the  following  indicated  products : 

28.  (a  -  b)  (a*  +  aft  -f  2>*)- 

29.  (m  —  n)  (m*  +  mn  +  w*). 

30.  (Tr-F)(PF2+TrF+0- 

31.  (a:  —  1)  («*  +  a?  +  1). 

32.  (2a-l)(4a2  +  2a+l). 

33.  (3a?-2y)(9aj2  4-6a^  +  42^. 

34.  (4s-5«)(16«^  +  20s«  +  25e*). 

35.  (a^-l)(aJ*4-a^H-l). 

36.  (l--22>2)(l  +  2i>^-f  4I>*). 

82.  Quotients  of  the  Form  a^-\'b^  Divided  by  a  +  b.  —  By  actual 
division, 

.       (a«  +  6«)  -!-  (fl  4-  6)  =  fl'  -  a6  4-  *'. 

That  is, 

If  the  sum  of  the  cubes  of  two  terms  is  divided  by  the  sum  of  these 
terms,  the  quotient  equals  the  square  of  the  first  term,  minus  th^ 
product  of  the  two  teims,  plus  the  square  of  the  second  term. 

Example.  — l—^^tM*  =  (.5^)2  _  (5^)  (2  0  +  (20^ 

=  2b  S^- 10  St -{-it^. 
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EXERCISES 

Find  mentally  the  values  of  the  indicated  quotients : 

1.  ^+t.  10.  2!l±2TV.  19.  ^±i. 

2.  r^l±£l.  11.  Pi±125Q!.  2,    1  +  aV 

TT  +  y  P+SQ                    l+a» 

„    m»  +  »»  ,„    8m»  +  n'  „,     TT'  +  B* 

O.                           ■  *  XZ»                                 '  *  AL,      — • 

4.  ^.  13.   %^±l.  22.   y.^^Jf. 

5.  ?^i+^.  14.  6i?!±l?5j^.  23.   l?^^!±i. 

y  +  2  4ic-f52/                     5P2_^1 

^    27  +  <'  ,e    1000  ^  +  a«  ^^    216  4-aV 

3  +  ^  10^  +  a                      6  +  a^» 

64H-iV^'  ,g    216 m«  +  27 n»              343  +  8 1?¥ 

4  +  iV^*  '       6m  +  3n     '          '     7  +  2t;««» 

a^  +  125  &«  +  343  d'                    W  ^  IP 

'      x-{-5    *  •      b  +  7d                    •  W-\-K^' 

9    ^  +  ^^'  18    8ig«  +  125c«                 27 -hu" 

.      '  1  +  26  •      2i?-f-5c                      3  +  w*  ' 


Find  mentally  the  following  indicated  products : 

28.  (m  +  n)(m^-mn-\-n^,        33.    (4 aS  + 1) (16 /S* - 4 aS  + 1). 

29.  (x  +  l)(x^^x-{-l),  34.    (a  +  56)(a2-5a&  +  256^ 

30.  (l+a)(l--a  +  a2).  36.   (l  +  a^(l-aj2^^4^^ 

31.  (W+V)(W^-WV+V^.   36.    (2/*  +  2;«)(y*-yV  +  /). 

32.  (3P+1)(9P2-3P+1).   37.   (2 +  3.^)(4-6.^  +  9.4^. 
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SUPPLEMENTARY  EXERCISES 

Give  the  squaxes  of  : 
1.   ar\  S^',  — a^;  ^"JS";  y+*;   — r"^;  a^+\ 

Give  the  square  roots  of : 

3       ^2n.     yea.    p4nQ10».    ^+2.    ^4t+6 

4.   16  i>«-+« ;  25  X**-*  r8"+2 .  81  «*»<**+*. 
Give  the  cubes  of : 

6.  2^";  So'+y-i;  -4Jlf*»JV^;  -Sc'-'d*^!. 

Give  the  cube  roots  of : 

7.  vj^',  Q*;  ?V^;  -A^]  -Sa^j/^\ 

8.  27  aJ*'^**;  --64iV^V'';  -125a^e^. 

Give  at  sight  the  products  of : 

9.  (af  +  1)  («**  - 1).  13.    (^"  +  3)  (^«  +  7) 

10.  (F'  +  3)(F'-3).  14.    (Z)^' +  6) (Z)^' - 4). 

11.  (a"+i  +  2)  (a"+^  -  2).  15.    (N' -l)(N'-{-S), 

12.  («•  +  y*)  (aJ- -  2/').  16.    (3  2/2«  _j.  5)  (3  yi«  __  2). 

Give  the  squares  of ; 

17.  a«  +  l.  19.    F'+T'.  21.   5ir*-tZ*. 

18.  af  — 2/".  20.    2y*»  +  3t(;*«.  22.   Sp^^-hg*". 

The  products  of  polynomials  often  may  be  obtained  mentally 
by  grouping  their  terms  so  as  to  form  binomials. 

Find  the  products  of  the  following  by  writing  the  factors  as 
binomials,  and  using  the  rule  in  §  74. 
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m 

23.  (tt  +  6  +  c)(a  +  6  — c). 

Solution.— (a  +  6  -fc)Ca  +  6—  c)  =  ([a  +  6]  +  c)([a  +  6]  —  c) 

=  [a  +  6]'^  -  c2 
=  a2  +  2a6+  62  «  c^. 

24.  (aj  +  2^-l)(aj  +  .y4-l).  27.    (6- c-h6)(6-c- 6). 

25.  (a^  +  a  +  lXa'^  +  a-l).  28.   (/S-f 2 ^-3)(^  +  2«  +  3). 

26.  (m  — 7i4-^)(m  — n— p).  29.    (a  — 56  — c)(a  — 5  6  +  c). 

30.  (JV+Sv  — 5w)(JV^+3'y  +  5w). 

31.  (a  —  2b-\-c)(a-{'2b-{-c). 
Suggestion. —  Group  a  and  c. 

32.  (P-Q  +  iJ)(P+Q  +  i2). 

33.  (a^  +  aj  +  l)(a?2_a.  +  l). 

34.  (a*-a6  +  6^(a*  +  a6  +  62). 

35.  (a  -f  6  —  c)(a  —  6  +  c). 

Solution.  —  Since  b  and  c  both  have  different  signs  in  the  two  factors, 
group  them.    Then 

(o  +  6  -  c) (a  -  6  +  c)  =  (a  +  [6  -  c]) (a  - [6  -  c]) 

=  a2  -  [6  -  c]2 

=  a2  _  [ft2  _  2  6c  +  c2] 
=  o2  _  52  ^.  2  6c  -  c2. 

86.    (4n  — 3ar— y)(4w  +  3a;  +  3^). 

37.  (2u  +  Sv  —  w)(2u  —  Sv-{'W). 

38.  (3P-4r+F)(3P+4r-F). 

39.  (a  +  6  +  c  4-  d)  (a  +  6  —  c  —  d). 

Suggestion.  —  Group  a  and  6  into  one  term,  and  c  and  d  into  one  term. 
Thus,  ([a  +  6]  +  [c  +  d])([a  +  6]  -  [c  +  d]). 

40.  (aj-2y—«  +  2;)(aj  — 2^  +  ^  —  2;). 

41.  (R-{-2S''2T-{-U){R'^2S^2T-(J). 

42.  (a^  — a:*-aj  +  l)(aJ^-aJ*  +  a;  — 1). 

43.  (l  +  a-a2-a3)(l  +  a  +  a*4-a'). 
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Find  the  products  of  the  following  by  writing  the  factors  as  bi- 
nomials and  proceeding  as  in  §  76 : 

44.    (a  +  6  +  3)(a-f-6  — 5). 

Solution,  —(a  +  b  +3)(tt  +  6  -  6)=  ([a  +  6]  +  8)([o  +  6]  -  6) 

=  [a  +  by^  -  2[a  +  6]  -  16 
=  a2  +  2  a6  +  62  -  2  a-  2  6  -  16. 

46.  (a;-2^  +  2)(ar-y  +  3). 

46.  (jp  +  ^  +  10)(p4-9-16). 

47.  (2  TF-3F+8)(2  W^S  F-S). 

48.  (ir2_j.a.^(5)(^^a;-2). 

49.  (f-.t^lO)(f-t-U). 

50.  (n*-l  +  n)(n*-24-«). 


CHAPTER  VIII 

FACTORS.    MULTIPLES.    EQUATIONS   SOLVED  BY 

FACTORING 

83.  Factoring.  —What  are  the  factors  of  6  ?  Of  10  ?  Of  12  ? 
Ofmn?     Otv(v-{-t)? 

The  process  of  finding  the  factors  of  a  given  expression  is  called 
factoring. 

If  a  factor  of  a  given  expression  does  not  itself  have  factors,  it 
is  called  a  prime  factor  of  the  expression.  In  general,  to  factor 
an  expression  means  to  find  its  prime  factors. 

Facility  in  the  factoring  of  many  expressions  depends  upon  an 
ability  to  recognize. the  special  forms  of  the  expressions  and  upon 
a  knowledge  of  the  rules  in  Chapter  VII. 

84.  Polynomial  with  a  Monomial  Factor.  —  If  each  term  of  a 
given  polynomial  is  divisible  by  the  same  monomial,  the  poly- 
nomial is  divisible  by  the  monomial,  and  hence  the  monomial  is 
a  factor. 

For  example,  in  18  a*  —  9  a*  +  27  a^,  each  term  is  divisible  by  9  a\ 

2a2-a  +  -3 

9a2)18a*-9a3  +  27a2 

Hence,  since  the  dividend  always  equals  the  product  of  the  divisor  and 
quotient, 

18a»-9a'*  +  27a2  =  9a2(2a2_a  +  3). 
That  is,  the  factors  of  18  a*  -  9  d^  +  27  a^  are  9  a^  and  2  o^  _  «  +  3. 

Hence  the  rule  iot  finding  the  factors  of  a  polynomial  with  a 
monomial  factor : 

Find,  by  inspection,  the  monomial  of  highest  power  that  will  divide 
each  term  of  the  polynomial.  Divide  the  polynomial  by  this  mono- 
mial.    The  divisor  and  quotient  are  the  monomial  and  polynomial 

factors,  respectively,  of  the  given  polynomial. 

136 
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The  division  should  always  be  performed  mentaUyf  and  the 
work  written  as  shown  in  the  following  example : 

Example. — Factor  2  nx^  —  4  ny^  +  6  n«*. 

2  na;a  -  4  ny3  +  6  »«a  ~  2  n  (ai*  -  2  y2  +  3  «2) . 


6.  A^^4:A\ 

8.  afi  +  5x\ 

9.  n^m^  —  m\ 


EXERCISES 
Factor : 

1.  2a  +  2b. 

2.  Sx  —  6y. 

3.  4:&-16AC. 

4.  5ni2-f  lOwQ. 

5.  Sclx'-Sdy^ 

17.  4Fi*  +  6FaF,  +  4FiFs. 

18.  H^'^eH'h^2H*b^  ' 

19.  v^^  +  2  v«2  ^  i;<8. 

20.  8nW  +  6«W  +  4nm^ 

21.  3a*6-6a%2  +  3aW. 

28.   4:af^--6xy-\-Ssi^f-12xY' 


11.  «V  +  5«^. 

12.  5  ?<r» -^  10  «;2v. 

13.  18ar^-9a?. 

14.  c%  +  2c2'/i2. 


10.   27rIP+27rRH.      16.   7P*  +  21P«. 

22.  2  irR^ -i- 2  TT}^ -\- 2  TrRr. 

23.  a*&*c2  +  0^6 V  H- a^6 V. 

24.  24  «<r^d[s- 12  t/;^(i+ 42  t(;W. 

25.  eu^  +  S-y^^-iei;*. 

26.  —  aj'  —  a^  —  a?. 

27.  -a2-a6-6^ 


t 


29.  ^10Jlf«-hl2Jl/«-16Jlf*+8J[f2. 

30.  56ay~14aV4-28ay~105ay.    [ 

31.  Show  bj  this  diagram  that  a:*  +  xi/  =  a?  (a?  +  y). 

32.  Show  by  a  diagram  that 
na  —  nh  =  n(a  —  h). 

33.  Many  arithmetical  computa- 
tions may  be  shortened  by  applying 

the  process  of  factoring  in  §  84.     Thus, 

4x74-6x7  =  10x7,  or  70. 

Find  by  this  method  the  values  of  the  following:  17  X  45  + 13 
X45;  38x92  +  42x92;  64x575  +  85x575-24x575;  9x 
3.1416  +  16x3.1416;  2x16x8  +  2x24x8  +  16x24;  365  X 
784  -  15  x  784  +  60  X  784. 
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34.  If,  in  two  numbers  of  two  digits  each,  the  tens'  digits  are 
equal  and  the  sum  of  the  ones'  digits  is  10,  the  numbers  may  be 
expressed  by  lO^-j-w  and  10^  +  10  — le,  respectively,  in  which  t 
is  the  tens'  digit,  u  the  ones'  digit  of  one,  and  10  —  w  the  ones' 
digit  of  the  other. 

Show  that  their  product  is  100  f^  + 100 « + 10  u  -  u\ 

Show  that  this  may  be  written  100  t(t  + 1)  +  w(10  —  u). 

Hence,  to  multiply  two  numbers  of  which  the  tens^  digits  are  equal, 
and  the  sum  of  the  ones'  digits  is  10,  take  the  j)Toduct  of  the  number 
of  tens  by  a  number  one  greater  for  the  hundreds  and  annex  the 
product  of  the  ones. 

Thus,  74  X  76  =  5624  ;  69  x  61  =  4209  ;  43  >^  47  =  2021. 

35.  Give  at  sight  the  products  of  the  following:  23  x27;  16 X 
14;  26  X  24;  32  X  38;  46  X  44;  56  X  54;  68  X  62;  77  X  73;  88  x 
82;  93x97;  81x89;  84x86;  79x71;  75x75;  91x99;  94x96. 

36.  State  a  rule  for  squaring  any  number  ending  in  5  that  fol- 
lows as  a  special  case  of  the  rule  in  Exercise  34. 

37.  Give  at  sight  the  squares  of  the  following : 

26*,  45;  35;  ^6-,  85;  56)  95;  75;  105;  115. 

85.  Polynomials  Factored  by  Grouping  Terms.  —  Some  polyno- 
mials that  do  not  have  monomial  factors  may  be  factored  by  the 
method  of  §  84,  after  first  grouping  the  terras. 

Example  1.  — Factor  a^  -\-  ah  -\- ac -\-  he,  ' 

Grouping  the  first  two  terms  aud  factoring  them,  then  the  last  two,  gives 
a(o  +  6)  +  c(a  +  6). 

Now  the  factor  a  +  6  is  common  to  the  two  terms.  Dividing  by  a  +  6 
gives  a  quotient  a  •\-  c. 

Hence  the  factors  are  a  +  b  and  a  +c. 

That  is,  a2  ^  a6  +  ac  +  6c  =  (a  +  6)(a  +  c). 

Example  2.  —  Factor  mt  •\- nv  —  nt  —  mv. 

Grouping  the  first  and  fourth  terms,  and  the  second  and  third  terms, 

mt  -\-  nv  —  nt  —  mv  =.  m(t  —  v)—  n(t  —  v) 

=  (i  —  »)(wi  —  n). 
Notice  that  we  factor  out  —  n  from  the  second  group,  rather  than  +  n,  so 
that  the  expressions  left  in  parentheses  will  be  the  same. 
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These  examples  illustrate  the  rule : 

Group  the  terms  of  the  polynomial  to  be  factored  so  that  a  mono- 
mial  factor  may  he  divided  out  from  each  group,  and  that  the  expres- 
sions left  in  parentheses  are  the  same  in  all  of  the  groups.  TTien 
divide  by  the  expression  in  parentheses,  wHiing  the  divisor  as  one 
factor  and  the  quotient  as  the  other. 

If  in  Example  2  we  should  group  the  second  and  fourth  terms, 
factoring  out  v,  and  group  the  first  and  third  terms,  factoring  out 
tf  we  would  get  the  factors  (?'—<)  (n  --?n).  It  is  evident  that  these 
factors  differ  from  those  in  the  solution  above  only  in  their  signs. 
So  in  other  types  of  problems  in  factoring,  two  sets  of  factors  may 
be'  obtained,  differing  only  in  sign.  For  practicahpurposes  only 
one  set  of  factors  is  ever  needed,  and  the  otUer  may  be  ignored. 

Note.  — Tlie  student  should  check  his  work  in  every  problem  in  factoring 
by  some  method.  In  most  cases,  this  is  easily  accomplished  by  multiplying 
mentally  the  factors  obtained,  to  see  if  the  product  equals  the-  given  expres- 
sion to  be  factored.  A  second  method,  convenient  in  many  cases,  consists 
of  assigning  special  values  to  all  letters  involved  and  comparing  the  values 
of  the  factors  with  the  value  of  the  given  expression.  Thus,  if  in  Example  1 
above  we  make  a  =  l,6=:2,  c  =  3,  then  the  expression  to  be  factored  be- 
comes 12  and  the  factors  3  and  4,  respectively. 

EXERCISES 
Factor : 

1.  3(x-^y)-\-n(x-hyy  9.  1B^{N-M)+4.A0{M-'2P) 

2.  a(P  -  Q) -{- b{P  -  Q).  10.  x{w--v)  +  {v-w). 

3.  v(a-^b)-'t{a  +  by  H-  ac  +  ad  +  &c -h 6d 

4.  2  ir(m  -  7i)  -  3  ?/(m  -  n).  12.  nm-^ny '\-7nM^xy. 

5.  6w{h-k)^u{h-k).  13-  vt'\-wt-^2v  +  2w. 
Q,  aix-y)^b{y~x).  14.  Wg -^  W1i-\-gk-hk. 

Suggestion.  -This  may  be  writ-      ^^'    mp^np-mq-  nq. 
X^na(x  —  y)  —  b(x  —  y).  16.    as  —  bs  —  at-^bt. 

7.  s(A-'5)-^t(5-A).  17.   vu-vR  +  uS-RS. 

8.  p(r-'R)  —  q(R'-r).  18.   mn -\- mi  —  ns  —  st. 
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19.  a^ -^  xy -\- ODZ -\- yz.  2B.   h^J(^  —  m^l(^ -— h^  +  m\ 

20.  p^-hpr—pq-qr.  26.    W^x  —  V^x  —  W^y -\- V^y. 

21.  M^-MN-\-MP--^NP.  27.  FC-\'00+2F-\-2G. 

22.  2v-{-x^  —  2u'-vu.  28.  i)^  — 3p  — 2g  +  6.        ' 

23.  3rs-25a?  +  3r2^-2ajy.  29.   i^^ ~ i^ - i^r  +  r. 

24.  2«-«m-2m  +  4.  80.   2a*-ca^  — a*c  +  2a^. 

86.  Trinomials  that  are  Perfect  Squares. — If  a  biuomial  is 
squared,  as  in  §  78,  the  result  is  always  a  trinomial.  A  trinomial 
which  is  the  square  of  a  binomial  is  called  a  perfect  square. 

Since  any  binomial  must  be  either  of  the  form  a-\-h  or  a  —  6, 
and  since  (a  4-  6)^  =  a*  +  2 a6  +  h^  and  (a  —  &)'  =^a?'-'2db-{-  &*,  evi- 
dently any  trinomial  which  is  a  perfect  square  must  be  either  of 
the  form  a^  +  2  aft  +  6^  or  a^  —  2  a6  +  &l  In  either  case,  the  term 
2  ah  is  twice  the  product  of  the  absolute  values  of  Va*  and  V^^ 
Hence, 

A  trinomial  is  a  perfect  square  if  one  term  is  twice  the  prodvjct  of 
the  absolute  values  of  the  square  roots  of  the  other  two  terms. 

In  9  a;2  —  24  xy  -\- 16  y'^^  what  are  the  square  roots  of  9  x^  and  16  y^  ?  What 
is  twice  the  product  of  their  absolute  values?  Is  the  trinomial  a  perfect 
square  ?  * 

Since  the  binomial  factors  of  a  trinomial  which  is  a  perfect 
square  are  equal,  to  factor  such  a  trinomial  is  equivalent  to  express- 
ing it  as  the  square  of  a  binomial. 

Example  1.  — Factor  25  m^  —  40  r?i  +  16. 

V267)3  =  ±  5m,  and  Vi6  =±  4. 

Since  twice  the  product  of  these  roots  must  give  —  40  w,  the  positive  root 
of  one  term  and"  the  negative  root  of  the  other  must  be  chosen,  which  can  be 
done  in  two  ways. 

Hence,  26w2- 40w  4- 16  =  (5m -4)3  or  (— 6m  +  4)a. 
Check, —When  m  =  2,  the  trinomial  is  36  and  the  factors  6  and  6,  or  —  6 
and  —  6. 

Example  2.  —  Factor  64  v^ -\- 112  vt -{-  49  «2. 

y/E^  =  ±Sv,  and  V4972=±7e. 
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Since  twice  the  product  of  these  roots  must  give  -f  112t?i,  they  muBt  be 
taken  with  like  signs,  which  can  be  done  in  two  ways. 

Hence,  64 ««  +  112««  +  49«2  =  (8 v  +  7  0^  or  (-  8t? -  7 0*. 

It  is  seen  here,  as  in  §  85,  that  there  are  two  sets  of  factors  in 
each  probleip.  In  practice  only  one  of  these  is  used,  viz.  the  set 
in  which  the  first  term  is  positive. 

To  find  a  binomial  of  which  a  given  trinomial  is  a  square,  take 
as  the  terms  the  square  roots  of  the  two  square  terms  of  the  trinomial 
with  such  signs  tha^t  their  product  gives  the  sign  of  the  remaining 
term. 

EXERCISES 

Determine  which  of  the  following  are  perfect  squares : 

1.  x'  +  6x  +  9.  9.    16H^^12m  +  9t^. 

2.  n^  +  ie  +  Sn,  10.   49a?2-|-4,v2-20. 

3.  1-4^  +  4^^  11.   24  TT^-lOTT  +  l. 

4.  25«»-|-12«  +  l.  12.   a* - 2 a262 _- 54. 

5.  x^  +  ax  +  aK  13.   m*  + 18  ma  +  81  a'. 

6.  9v^-6v'\-4:.  14.   62 _  12 6c H- 36 c2. 

7.  M+4:MN+4:]sn.  15.    dp^  +  SSpq-^-Ad^. 

8.  r2-10r«  +  25a2.  le.   ZH  + 1  +  2 i}^. 

Make  perfect  square  trinomials  of  the  following  by  supplying 
the  missing  terms : 

17.  a^^9  +  y\  24.  36  +  ?~12a?. 

18.  a2-2a&  +  ?.  25.  a*-? +  100. 

19.  ?  +  2mn  +  n\  26.  ?  +  l+x\ 

20.  4^2^?  +  !.  27.  4P3_^1  +  ?. 

21.  16-24«  +  ?.  28.  ri^ -  12 rirj  +  ?. 

22.  25v«-?+9t^,  29.  ?-32iV^+?. 

23.  Tr^+49  +  ?.  30.  ?  +  426»  +  ?' 
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Factor : 

31.  aj«-f  6aj-f-9,  46,  4 w^i? -f 36 zrv^  +  81  r/'. 

32.  i22-4i?-f-4,  47.  3f2-50JfiVr-f-625iV^. 

33.  <2  +  8^4.16.  48.  9ri2  +  30rir2  +  25r/. 

34.  25  — lOa  +  al  49.  x" - 2 o(?y- -{- xy^. 

35.  l  +  12n  +  36n3.  50.  a*  +  4  a^fe*  ^  4  a^^*. 

36.  49172-28  TF4-4.  51.  P2_6PQ3^9Q6 

37.  ^2  +  2^  +  1.  52.  81  m* 4- 36 m^n  +  4 n^. 

38.  81-18^  +  ^1  53.  25  TF*-40>r2^  +  16^. 

39.  aj*  +  4a^  +  4.  54.  ory  +  2 aj^y  +  a-. 

40.  16-24i>2  +  91>^  55.    c-rZ2  +  2  cdmn  +  mV. 

41.  a^'-QKixy  +  ^ay^  56.   i2V  -  8  i^rt  + 16  ^. 
(First  remove  monomial  factor  a.)    5''jr^    24  v^  4-  36  V'^  +  4  V. 

42.  2  n^  H- 20  WW -f  50  ml  58.  25  2^  +  81  ^^  +  90  2^. 

43.  tS^^S0tSV+22btV^  59.  64 ^i^  _^ 49 ^/ -  112 fi«2. 

44.  16  ^2  ^  56  J7d  + 49  (P.  60.  36^3^144^  +  144^1 

45.  2562-60  6c  +  36c2.  61.  -l-6a-9a2; 

87.  Trinomials  of  the  Form  x'^  ^  ax  ■\-  b,  —  By  the  principle  in 
§  76,  the  product  of  two  binomials  having  a  common  term  x  is 
always  a  trinomial  in  the  general  form  u^ -\-  ax-^h. 

Thus,  (a;  +  6)(x  +  7)  =  x2  +  12 X  +  35. 
Here  a  equals  12  and  h  equals  35. 

It  follows  that  a  trinomial  in  the  form   x^-\-ax-\-b  may   he 
factored  into  two  binomials  with  a  common  term  jr,  if  for  the  other 
terms  of  the  factors  two  numbers  can  he  found  whose  algebraic  sum 
is  the  coefficient  a  and  whose  algebraic  product  is  b. 

Example  1.  — Factor  x'^—Sx-{- 15. 

For  the  second  terms  of  the  factors,  we  are  to  find  two  numbers  whose 
sum  is  —  8  and  whose  product  is  +  15.    These  are  evidently  —  3  and  —  6. 
Hence,  x^  -  8x  +  16  =  (x  -  3)(;r  -C" 
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Check,  —  When  x  =  1,  the  trinomial  is  8,  and  the  factors  —  2  and  —4^ 
respectively  ;  or  mentally  multiplying,  (x  —  3)  (x  —  6)  =  x^  —  8  x  +  16. 

Example  2.  —  Factor  m^  —  4  mn  —  45  n^. 

We  are  to  find  two  numbers  whose  algebraic  sum  is  —  4  n  and  product 
—  46  n^.    These  are  evidently  —  9  n  and  +  6  ».  * 

Hence,  m*  —  4  mn  —  46  n^  ==  (m  _  9  «)  (^  _^  5  nj. 


Factor: 

1.  f+5t  +  6. 

2.  a2  +  5a  +  4 

3.  n«  +  8n  +  12. 

4.  i«  +  9P+14. 
6.  aj»  +  9«  +  20. 

6.  /S«+9/S  +  8. 

7.  v^  +  lOv  +  16. 

8.  a^+lOa  +  O. 

9.  i22  +  10R  +  24. 

10.  7c^  +  10Jc  +  21. 

11.  F*  +11  F+18. 

12.  (f +  11(1 +24. 

13.  Jir+mf+30. 

14.  6«+126  +  20. 
16.  2/2+12  3, +  27. 

16.  ^2  +  12^  +  32. 

17.  r2  +  15r+54. 

18.  m*+irm  +  70. 
19  0^  + 13  c +30.  . 


EXERCISES 

20.  y+142)  +  48. 

21.  ^-5J5  +  6. 

22.  iV*- 5-^+4. 

23.  «;*  — 8«7  +  12, 

24.  Q»-9Q  +  14. 

25.  2;«-9  2+20. 

26.  t^-lOt  +  9. 

27.  D^^ioD  +  ie. 

28.  F2--10F+21. 

29.  a^- 10  a +  24. 

30.  !r»-9!r+8. 

31.  y2-17y  +  30. 

32.  .fl2_i4^+45 

33.  TF2-4TF+3. 

34.  m*- 12m +  32. 

35.  c*+35-12c. 

36.  J52+55-16J5. 

37.  t^-^-T  —  St 

38.  i^*  +  2i^-15. 


39.  a*  +  2a;  — 3. 

40.  2?  +  3i2-10. 

41.  ^2  +  3jr-4. 

42.  s2-35  +  2s. 

43.  2/2  + 3  2/ -18. 

44.  3a-28  +  a*. 

45.  C«-12  +  4C. 

46.  5  m-[-m^—  14 

47.  62  +  3[^_40. 

48.  5aj-36  +  aj*. 

49.  ^2- 3  J?- 18. 

50.  (f-Sg-4:0. 

51.     7^^  —  14  —  5/71. 

52.  r2-4r-12. 

53.  a^  -H  5  aJ2/  +  6  y*. 
64.  a*+7a6+106l 
56.  w^—5tov+&'V^, 

56.  r*-7rs  +  10s2 

57.  i>*-3p^-28(72 
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88.  0*-^5CZ>-14Z>».  66.  «7 V -h  2  M;«t;  -  99  M>». 

59.  fJir^yz-UT?.  67.  cPmH  c^^m  -  56  d^ 

60.  a262-.3a6-18.  68.  2  si^  _  55  ^^  _^  230  a. 

61.  mV-.2wn  — 35.  69.  3  a^  —  90  a;  +  600. 

62.  ^«- 19  ^-120.  70.  6  6«c  + 126  6c -f- 660  c. 

63.  F«-F- 30.  71.  81^  +  30a«2  4-a¥. 

64.  aft*  -  3  a6  -  70  a.  72.  4  w;?!^  -  28  w;n  -  240  w. 
(First  remove  monomial  factor  a.)        73.  90  'y?/  —  204  v  +  6  vy*. 
66.  ajy*  +  icy  — 90a;.  74.  Q  —  ba  —  a\ 

88.  Trinomials  of  the  Fonn  ax^  -{-  bx  +  c.  —  There  are  different 
methods  of  factoring  trinomials  of  the  form  aa?  +  bx-{-c.  Two 
methods  are  given  here. 

First  Method.  —  If  any  two  binomials  such  as  mx-hp  and 
nx  +  q  are  multiplied,  their  product  equals  mnoi^  -j-  mqx  -f-  npx 
+pq,  which  may  be  written  mnaP'{-(mq  +  np)x  +  pq,  This  is  of 
the  general  form  aa^  +bx'\-c. 

Thus,  (2  ac  +  8)  (3  «  +  1)  =  6  aj2  +  11  x  +  3. 

If  a  trinomial  of  the  general  form  aoc^  -\-bx  +  c  has  binomial  fac- 
tors of  the  forms  mx-^-p  and  nx  +  q,  these  may  be  found  by  trial. 

Example  1. —  Factor  2  x^  +  5  x  +  2.  The  first  terms  of  the  binomial  fac- 
tors most  be  factors  of  2  x%  and  the  second  terms  must  be  factors  of  2. 
The  sum  of.  the  products  of  the  first  term  of  each  by  the  second  of  the  other, 
called  the  cross  products,  must  be  6  x.  Since  all  signs  of  the  trinomial  are 
positive,  only  positive  terms  for  the  binomial  factors  need  be  sought. 

The  possible  trial  sets  of  factors  may  be  arranged  as  follows : 

2x+2  x+2 

X4-  1  2x4-1 

It  is  seen  that  the  second  of  these  gives  the  right  sum  of  cross  products. 
Hence,  the  factors  are  x  +  2  and  2  x  +  1. 

Check.  —  When  x  =  1,  the  trinomial  is  9,  and  the  factors  3  and  3,  respec- 
tively ;  or  multiplying  the  factors,  (x  +  2)  (2  x  -f  1)  =  2  x*  -f  5  x  +  2. 

Example  2.  —  Factor  3  vj^  +  ww  — 10 1?^. 

Since  the  third  term  is  negative,  the  factors  of  it  chosen  must  have  un- 
like signs. 
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Four  of  the  many  possible  trial  sets  of  factors  are : 

10  — 2»  w-\-2v  w-~5v  '  w+6v 

3 to  +  6 »  Sw  —  6v  Sw  -[-2v  Sw  —  2v 

It  is  seen  that  the  second  of  these  gives  the  right  sum  of  cross  products. 
Hence,  3  w2 -f  lov  -  10  v^=  (w +  2v)(Sw— 5v). 

Each  trial  set  should  be  tested  as  written.  If  done,  it  usually 
will  be  unnecessary  to  write  down  all  possible  sets.  Each  set 
should  be  written  down  as  above,  and  the  sum  of  cross  products 
found  mentally.  In  a  short  time  the  student  should  be  able  to 
factor  most  trinomials  in  very  few  trials.  The  following  princi- 
ples systematize  the  work : 

I.  If  the  trinomial  contains  no  monomial  factory  neither  factor 
can  contain  one. 

Thus,  in  Example  1,  since  2  ic^  +  5  as  4-  2  contains  no  monomial  factor,  it 
was  useless  to  write  the  first  trial  set,  with  the  binomial  2x4-2. 

II.  If  the  last  term  of  the  trinomial  is  -f,  the  last  terms  of  the 
factors  will  be  both  -\-  or  both  — ,  according  as  the  middle  term  of 
the  trinomial  is  -}-  or  —. 

III.  If  tJie  last  term  of  the  trinomial  is  — ,  the  last  terms  of  the 
factors  will  have  unlike  signs. 

Second  Method.  —  In  mna^  -f  mqx  +  npx  +  pq,  which  is  the 
product  of  mx-\-p  and  nx  +  q,  the  product  of  the  terms  mno?  and 
pq  equals  the  product  of  the  terms  mqx  and  npx.  From  this  we 
may  infer  that 

If  we  may  separate  the  second  term  of  a  trinomial  in  the  form 
ax^  +  bx  -\-c  into  two  terms  ivhose  product  is  equal  to  that  of  the  first 
and  third  terms,  we  may  factor  the  expression  as  in  §  85. 

Example  3.  --  Factor  3  aJ2  +  11  a-  +  6. 

3x2.6  =  18x2.     Now  l^x^  =  ^X'2x  =  l^X'X.    The  sum  of  the  factors 
9  X  and  2  x  is  the  middle  term.     Hence  we  write 
3x2  +  llx  +  6  =  3x2  +  9x  +  2x  +  6 

=  3x(x  +  3)  +2(x  +  3) 
=  (x  +  3)(3x  +  2). 
Note  that  it  will  be  necessary  only  to  use  the  coefficients  in  determining 
how  to  break  up  the  middle  term,  as  shown  in  the  next  example. 
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Example  4.  —Factor  12  ««  —  6  to  -  2  ««. 

12(—  2)  =-  24.     2i  =  3  X  8  =  6  X  4  =  etc.    Since  the  product  —  24  has 
a  negative  sign,  the  two  t'^rms  into  which  —  5^0  is  to  be  separated  must 
have  unlike  signs.     The  retjuired  terms  are  —  8  to  and  3  to. 
Hence,       12  «2  -  5  to  -  2  r^  =  12  f'-*  -  8  to  +  3  to  -  2  v^ 

=  4«(3«  — 2r)  +r(3t— 2©^ 
=  (3«-2r)(4t  +  t>). 

EXERCISES 

Factor: 

1.  10a2  +  17a  +  7.  22.  46«-36-27. 

2.  3«2  +  ll^  +  10.  23.   6n*~17w-14. 

3.  3a:*-|-10a?  +  3.  24.   3Z*-2i-6. 

4.  5m2  +  12m  +  4.  25.  3i?'2_2^_4. 

6.   2F«+9F+10.  26.   3i?-i2-2. 

6.  3^2  +  10^4-7.  27.   2a?x-'ax-2%x. 

7.  8  r^  +  22  r  + 15.  .  (First  remove  the  monomial  fao 


8.  3s«-iiB+ia 


tor.) 


9.  10^2  —  17  2/4-7.  28.  6  c^d -  c(«  —  35  (f . 

10.  3/S2-1054-3.  29.  62;2-72-20. 

11.  5^-12^4-4  30.  20ic2-46a?-84. 

12.  15-22a?4-8»2.  31.  36 gf^ ~  15 gf - 6. 

13.  2P2-9P+10.  32.  4a2/*-10a^-36a. 

14.  5-llc4-2c«.  33.  15TrV-5F9r-20gr. 
16.  4-8A:4-3A:2^  34.  30  wV  -  37 1^  -  7  v^. 

16.  4^2  4-322-27.  36.  2  Q2^-5  Qf-25f. 

17.  6m2  4-lTm-14.  36.  4  02  4-32  04-15. 

18.  3I>2  4-22)-5.  37.  4ar^4-23a^4-15y2. 

19.  3a2  4-a-4.  38.  2  M^'\-lb  MN-\'l  IP. 

20.  3v2^^_2.  39.  2d2-3cfA:4-A:-. 

21.  4fi'2-ir-5.  40.  6JSr'-23JS;P+20/?'2 
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41.  Ub-  +  2c^-llbc. 

42.  7  A^ +  4:71^ -29  An. 

43.  21IP  +  2Et-StK 

44.  2ri2-5n^2-18r2^ 

45.  ST'S''2TrS-5r'S. 


46.  12  G^n«  -  5  G^dn^  -.2  (^nl 

47.  4  ft^a;  _  2  6da;  -  20  (f  a;. 

48.  12  r2-4rz-i6Z«. 

49.   3a*-a2-2. 

60.   6to-t-\'15wvH'-54:'i^t 


89.  Binomials  of  the  Form  a^  —  b\  Since  the  product  of  a  +  5 
and  a  —  6  is  a^  —  6^,  the  factors  of  a^  —  6^  are  a  +  b  and  a  —  6. 
Hence, 

Tlie  factors  of  the  difference  between  the  squares  of  two  numbers 
are  the  sum  and  the  difference  of  the  numbers. 

Example.  —  Factor  4 1^  —  26. 

4  <2  _  26  =  (2  t)^  -  (6)2 

=  (2{  +  5)(2«-6). 

Check.  — When  i  =  1,  the  trinomial  is  —  21,  and  the  factors  7  and  —  3 
respectively.    Or,  check  by  finding  the  product  of  the  factors. 

Observe  that,  by  taking  the  negative  square  roots  of  the  terms,  we  might 
also  write  4  «2  _  25  =  (-  2  0^  -  (-  6)^ 

=  (-2(-6)(-2«  +  5). 

See  §  84  and  §  86. 

EXERCISES 
1.   Show  by  the  accompanying  diagram  that  sc^  —  y*  =  (a?  +  y) 


Factor : 

2.  -y«-4. 

3.  a* -9. 

4.  F*-l. 
6.   t^-16. 

6.  1-Pl 

7.  4c  — w\ 
14.  A'-IU. 
16.   l-16ic*. 


8.  T<?-25. 

9.  16 -SK 

10.  H'-64. 

11.  49 -ml 

12.  100- 

13.  a^-81. 


X 


u^ 

3» 

• — — 1 

'i' 

"— — i- 

k              11                 •* 

K 

■    WV 

fc     y 

^ 

16.  1-49*^ 

17.  9-4^. 


18.  7i^-J(?. 

19.  81m2-64»« 
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20. 

«?-49b'. 

23. 

S6E'-F:            28.   16«"- 

21. 

16Ji"-26C. 

84. 

81IF'-49C.         n.   60a"- 

22. 

4e"-25<p. 

26. 

0' 

nomtal  factor  fin 

28. 

«■»■-»■• 

33.  zsry-rj". 

29. 

to"-». 

84.  «y-i. 

80. 

6af-Ma. 

35.   4-360'!'. 

31. 

16«.'-S6m<. 

36.  2oop'ir'-8jr'. 

82. 

SH-2SI'. 

37.  )»•-»•. 

18. 

16- 

r'. 

121/ 

3261 

the    mo- 


40.  rr'  —  wr,'. 

41.  2^Ii^-S7rRff*. 

42.  Show  tliat  the  area  of  the  shaded 
border  in  this  figure  is  ^  =  (.4  +  a)(A  —  a). 

43.  Show  that  the  area  of  the  ring  shown  in  tho  figure  is 
S  —  Tr{fi+j-)(fi  —  i-),  where  i?  is  the  outer  radius  andrthe  inner 
radius  of  the  ring. 

44.  The  ct'oas  aection   of   a  hollow    iron 
column  is  10  inches  in  outer  diameter  and  8  i 
niches  in  inner  diameter.     Find  the  area  by  ( 
the  formula  in  Problem  43. 

4G.   The  cost  of  steel  conatruetion  such  as 
is   used   in   bridges   and    modern    large   city 
buildings  ia  computed  at  so  much  per  pound  of  steel  used,  and 
hence  the  weight  of  steel  is  always  computed. 

A  hdlow  steel  column  is  16  ft.  long,  14  in.  in  outer  diameter, 
and  10  in.  in  inner  diameter.  Find  its  weight,  allowing  490  lb.  to 
a  cubic  foot.     Use  formula  in  Problem  43. 

46.   Find  mentally  the  values  of  the  following: 
28'-22':  37'-33':  49"~41»i  76'-74':  gT'-gS":  116'-114» 


dius  and  r  the  inner 

o 
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90.  Polynomials  which  can  be  Written  in  the  Form  o'  —  4'.  — 
Some  polynomials,  by  grouping  terms,  can  be  written  in  the  form 
a^  —  ^,  and  hence  factored  by  the  method  of  §  89. 

ExAMPLB  1.  —Factor  %b^-^2vjv  +  v^  —  t\ 
Grouping  terms, 

Check.  — When  io  =  l,«  =  l,  t  =  l,  the  polynomial  is  8,  and  the  factors 
3  and  1,  respectively. 

Example  2.  —  Factor  A^  ^  S^  ■\- 2  BC  -  C^. 

A^'-B^  +  2BC-C^^A^-{B'--2BC+  C^) 

^A^-{B-cy 

=  (^  +  [5-0])(^-[5-C]) 
:={A+B-C){A'-B-\-  C). 

Learn  to  omit  all  except  the  first  and  last  steps,  and  to  write  out 
the  work  as  follows  : 

Example  3.  —  Factor  ««  +  6  aj  —  m^  +  4  m»  —  4  n"  +  9. 

a;2  +  6a;  —  m*  +  4  mn  —  4  n^  +  9  =(a;2  +  6 «  +  9)-(m2  -  4 «m  +  4  n2) 

=  (z  +  3  +  »»-2n)(aj  +  3-.w4-2n). 

EXERCISES 

Factor : 

1.  (a  +  5)«-l.  10.  491^-(3!r-.5)l 

2.  {x^yY-z^.  11.    (x  +  yy-(a  +  by. 

3.  (S+Ty''25.  12.    (Jf-iV)2-(Tr-F)2. 

4.  (h^ky--i6f.  13.  {c+Dy-i^.E-'Fy, 

6.  (2m  +  n)2-36.  14.  (1  _  «)«  -  (v  -  ^)2. 

6.  l--(^  +  J5)l  16.  7n?  +  2mn-\-n^  —  V, 

7.  4.-(2w  +  vy.  16.  iP-4i?^  +  4-43-^. 

8.  25a*-(6-c)l  17.  l  +  2a;4-a^-y'. 

9.  36  ri»  -  0-2  -  4  rj)'.  18.  r,^  +  6  r^r, -f  9  r,«  -  rg- 
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19.  aj*  +  4aj'-f  4ar2-l.  22.    1 -a^ -2  ah-V. 

20.  W+9D^-4:M^-6WIX        23.   4  -  Jt/^  +  6  3/F- 9  F*. 

21.  l-8a;  +  16a:2_^  24.    1  - A2^14A&-49A:«. 

25.  ^*-9J52-30BC-25C«. 

26.  16  1/2 +  36  Fir- 4^2- 81  TP. 

27.  /S2-!r2  +  4ar-4al 

28.  12pg  +  16r2-4p*-9(/*. 

29.  ^2_4(72_3ji^_|.i6j52^ 

30.  6fm  — «2_  9^2^  j[ 

31.  a2  +  2a6  +  &2_^2_2cd-(?. 

32.  if*  —  4  a?  -+-  4  —  m^  +  6  7mw,  —  9  nK 

33.  l  +  2icy  +  22)  — 2^  —  35* +i>^. 

34.  1^24-120^-10  %-4a2  +  25/-9<*. 

35.  Jf2_i2c?Jf-4A;JVr-|-36(f-4JV^*-H 

36.  aj*-^2^10JS;m*-16ic27i-25m<  +  64n*.     . 

91.  Binomials  of  the  Form  a^  -  6^  — From  §  81  it  follows  that 
the  factors  of  a^  —  b^  are  a  —  b  and  a^  -\-ab  -{-  b\  Test  these 
factors  by  actual  multiplication.     Hence, 

One  factor  of  the  difference  between  the  cubes  of  two  terms  is  the 
difference  between  tJie  terms,  and  the  other  factor  is  tJie  sum  of  their 
squares  and  their  product. 

Example.  —  Factor  8  m^  —  126  n*. 

8  m8  -  125  »8  =(2  mY  -  (5  n)» 

=  (2  m  -  5  n)  (4  m^  +  10  m»  +  25  n*). 

Check.  —  When  m  =  1  and  n  =  1,  the  binomial  is  —  117,  and  the  factors 
*-  3  and  39,  respectively. 
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15] 


EXERCISES 

1.   Show  by  the  accompanying  diagram  that  ie*  —  y*  =  (a;  —  y) 
i^  +  xy  +  f).      (If    y'  ia  taken 
from    a?,   it    leaves   three 
each  X—  y  thick.)  •     y 

Factor: 


G.   l-P". 


7.  27 -ft 

8.  Sw'-ty. 

10.  64  J/"- 1. 

11.  J»f'-125ff'. 

12.  8r,'-27r,'. 

13.  64ff«-27a'. 

14.  216  F*- 125  F,'. 
16.  <r'6'-l. 


IT.   12ja'-a'.       ! 

18.  2Pl^^lGP*.    i 

19.  8iy-24y.      24.   27^- 


25.  47rr*-32,)M 


26.    The  volume  of  a  sphere  whose   diameter  Is  D  is  Jwi)^. 
Show  that  the  volume  of  a  spherical  shell  whose  outer  diameter 
is  D  and  inner  diameter  d,  is 
F=  J  7r(D-  d)(0=+IW+  (P). 

27.  Compute,  by  the  formula 
in  Problem  26,  fhe  volumes  of 
spherical  shells  whose  respec- 
tive outer  and  inner  diameters 
are  in  the  following  table. 
T2~hr! 


ro]4in.     6  in.    12  in.  [  15  ip.l 
(7     3  in.    4  in.    10  in.    12  in. 
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92.  Binomials  of  the  Form  o®  -f-  *l— From  §  82  it  follows  that 
the  factors  of  a^  4-  h^  are  a  -{-  6  and  a^-^ab-^-  b\  Test  these  fac- 
tors by  actual  multiplication.     Hence, 

One  factor  of  the  sum  of  the  cubes  of  two  terms  is  the  sum  of  the 
terms,  and  the  other  factor  is  the  sum  of  their  squares  minus  their 
product. 

Example.  —  Factor  27  W^  +  64 T*. 
27Tr«  +  64  F8  =  (3  Wf  +  (4  F)^ 

=  (3  fr+4  F)(9Tr2_l2  TrF+16F2). 
Check.  —  When  W=l  and  F=  1,  the  binomial  is  91  and  the  factors 7  and 
13,  respectively. 


.  Factor : 

1.  m^-fnl 

2.  ^3^1. 

3.  1+P^. 

4.  w;S+8.     ' 

5.  iy8  +  64. 

6.  27  +  v«. 

7.  125  +  ^. 

8.  2>'  +  216. 

9.  1  +8a». 
10.  l4-27a;3. 


EXERCISES 

11.  64JV^8+1. 

12.  8a8-f5l 

13.  f-\-21^. 

14.  TF3-|-64  2>3, 

16.  27>S^+8r8. 

16.  125  ri«  +  27 1-2^ 

17.  64a8  +  27<«. 

18.  16aj3+54y». 

19.  a^fes  +  l. 

20.  27-fmW. 


21.  27  P2  +  P^ 

22.  8x^+125  0;. 

23.  81  i>*-|- 24  D. 

24.  v^-f-i^. 

25.  8^«  +  l. 

26.  40a«  +  135  6«. 

27.  irIJ^-\-ir6^, 

28.  54i2i9+2i22^. 

29.  Stti^  4-  81 9rt'^^ 

30.  w;*-f  V*. 


93.  General  Suggestions  on  Factoring.  —  As  shown  in  the  preced- 
ing sections,  the  method  of  factoring  any  given  expression  depends 
upon  the  special  form  of  the  expression.  There  are  no  general 
rules  or  principles  that  can  be  laid  down  for  factoring  all  expres- 
sions. To  factor  any  expression,  wherever  the  need  for  it  is 
encountered,  requires  first  that  the  expression  be  identified  as  hav- 
ing some  special  form,  such  as  one  of  those  discussed  in  this  chap- 
ter, and  second  the  application  of  the  special  ride  for  factoring 
expressions  of  that  form.    The  following  miscellaneous  exercises 
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are  given  for  practice  in  identifying  tlie  special  forms  of  expres- 
sions to  be  factored. 

General  Suggestions : 

I.  In  factoring  any  expression,  first  see  if  there  is  a  monomia^ 
factor;  and  if  there  is  one,  separate  the  expression  into  this  mono- 
mial and  the  corresponding  polynomial  factor. 

II.  Then  try  to  identify  the  polynomial  factor  as  having  one  of 
the  special  forms  discussed  in  the  preceding  sections;  and  ifsuccess- 
fuly  factor  it  by  the  appropriate  rule. 

III.  Repeat  the  process  with  each  factor  obtained,  until  the 
prime  factors  of  the  given  expression  are  found.  Write  the  given 
expression  as  the  indicated  product  of  all  of  the  prime  fojctors. 

MISCELLANEOUS  EXERCISES 

Factor : 

1.  ^* 4-3^8  +  ^*.  16.  Jtf2-|-13Jf-|-42. 

2.  2a:82/  +  6ar^/  +  4aJ2/*-  17.  42  - 13  y  +  y«. 

3.  4«;2-f  12tov  +  9t;*.  18.  TP-42-Tr. 

4.  m^w-|-6mn  +  9n.  19.  a*  — 42  + a. 

5.  P2^8P+12.  20.  <«-4^«  +  4e. 

6.  <*-8t+12.  21.  8-JS8. 

7.  2?+ 4 22 -12.  22.  a^4-2a^-48a?. 

8.  7i2_4^_i2.  23.  a^-2aj2-48a;. 

9.  a8  +  8a2  +  15a.  24.  TF*  -  9  TFg -h  20  g«. 

10.  JJf»-8Jlf«4-16Jif.  26.    1^2  +  9  TF^  +  20^1 

11.  (P  +  2(P-15d.  26.   ^*-16<*. 

1«.  v«  — 'W*.  27.  a8  +  a2  +  8a  +  8. 

13.  5  jB«y - 10 ar'?/*  +  5 aJ2^.  28.  l-4m^  +  4  mv- v*. 

14.  a  —  a^,  29.  x-y  +  3  «?/ —  28  y. 
16.  2y-2I>^-15i>.  30.  72  +  JV'2  +  17iV; 
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31.  17  af -f  72  «-fa%. 

32.  A^^r>A-^50. 

33.  ^*-5^  — 50. 

34.  2aP  +  Sx-\-l. 

36.   ^-125. 

36.  ah^  —  lho^. 

37.  144Z2-jJf<. 

38.  fluc  — 6a?  — a-f-&. 
89.   i;*-15t;  +  50. 

40.  ar^^/*  - 10  0^  -  56. 

41.  2a«-3a  +  l. 

42.  (y^-gF'. 

43.  ajy  — a?  — y-l-1. 

44.  TV?  +  w*. 

45.  2^2^5^1B  +  2M 

46.  i/'  +  S. 

47.  wV  +  5  icy^  -f-  6  i^, 

48.  Z>^  -  7  2)2  _j.  10^ 

49.  a^V  4- 7  ary  + 10. 

60.  F*4-ll  F2-26. 

61.  0a2  +  lla  +  3. 

62.  12w;2-23w;  +  10. 

63.  27 +r^ 

64.  36  jW^2  __  ^4  ^3^2 

66.  3a?2  4-7aj?/4-2?/2. 

66.  81i?*-16rA 

57.  tt/>-3a-26  +  6. 

68.  2m«-9mr<4-10n2. 


69.  1^4-1^-42^ 

60.  aj*4-2a^"-35y*. 

61.  a* -(a -6)1 

62.  l>»^-p'-5*  +  l. 

63.  7m;2  +  36m;  +  5. 

64.  2^2  +  5^-3. 

65.  2^2_5^^3^ 

66.  a2  +  4a6-c«+42>«. 

67.  ^  +  125. 

68.  5m^  — 9mw-.2«l 

69.  812^-3. 

70.  12^2^5^-2. 

71.  216  ^-v'. 

72.  Zab^-\-2abx-'ah, 

73.  8  2>8  +  l. 

74.  6  6c— lls^  +  5fl 

75.  Sla^-lOOv*. 

76.  iV^«  +  aiV^- 2  JV- 2  a. 

77.  4aj2-(a  +  6)l 

78.  27J5;8  +  1. 

79.  4^2^32^J5  +  39M 

80.  125 -y^^^^ 

81.  4(a-6)2-(y  +  2)2. 

82.  8  7?'^-f  15J5-2. 

83.  n'H-6rir2-l-4r8-4r3«-}-9r/. 

84.  40  Jf « + 135  F'. 

85.  H^-t^^vH'-vt. 

86.  3a:2^3.__2. 
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87.  A^  +  A^n-A-n.  94.  l  +  4aV- a*-4«*. 

88.  15  +  2z-z^.  96.  9a'  +  6bd^cP-9V. 

89.  xy  +  z^  —  xz  —  yz.  96.  v*  — 216<*. 

90.  9aj*-27a:  +  20.  97.  5  Q^ _ 79  Q^ _  16 <*. 

91.  D»  — 216.  98.  a?  +  a^~ai»'-a. 

92.  W^—Y^  99.  -y^  +  v'^w? 4- W^  +  wr*. 

93.  mn*  +  7mn-30m.  100.  i?  +  2i2- jBr-2r. 

HIGHEST  COMMON  FACTOR  AND  LOWEST  COMMON 

MULTIPLE 

94.  Highest  Common  Factor.  —  Ad  expression  that  is  a  factoi 
of  each  of  two  or  more  expressions  is  called  a  common  factor  of 
those  expressions.  The  expression  with  the  greatest  numerical 
coefficient  and  *the  highest  powers  of  its  literal  factors  that  is  a 
common  factor  of  two  or  more  expressions  is  called  their  highest 
common  factor  (H.C.F.). 

We  shall  consider  here  only  the  highest  common  factors  of 
expressions  whose  factors  may,  be  obtained  by  the  methods  of  this 
chapter. 

Example  1.  —  Find  the  H.C.  F.  of  8  A^BG^  and  12A^B^0^. 
The  largest  namber  contained  in  both  8. and  12  is  4. 
The  highest  power  of  A  contained  in  both  A^  and  A^  is  A^. 
The  highest  power  of  B  contained  in  both  B  and  B^  is  B. 
The  highest  power  of  C  contained  in  both  C*  and  C^  is  C*. 
Hence,  the  H.  C.  F.  is  4  A^BC^. 

Example  2.  —  Find  the  H.  C.  F.  of  ««  -  x'h/ —  xi/^  +  y^  and  2  x»—  4a;2y +2a;y«. 

3fi^x^y-xy^-hy^  =  (x^^^(x  +  y). 
2 «»  -  4a;2y  +  2  a:y2  _  2  »(«  -.4(^. 
Hence,  H.  C.  F.  =  (a;  —  y)2,  or  a;^  -  2  xy  +  y2. 

To  find  the  highest  common  factor  of  two  or  more  monomials^  take 
the  product  of  the  greatest  common  divisor  of  their  numerical  coeffi- 
cients and  each  letter  raised  to  the  lowest  power  to  which  it  appears 
in  any  of  the  monomials. 

In  polynomials^  factor  each  expression  and  proceed  as  with  mono- 
mialSf  treating  eaeh  factor  as  you  would  a  single  letter. 
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EXERCISES 

Find  the  highest  common  factor  of: 

1.  4  a!^h\  6  a^b\  7.   49  vrvVs,  21  wW^. 

2.  9  a^6V,  12  a^ftV.  8.   35  C^DP^,  -  56  CiyP^. 

3.  15  TTF*,  20TfT«i7».  9.  24mV*,  ^wp*,  ISwVg. 

4.  8  mn^,  96  w*wp*.  10.   12  (v  +  «)*,  8  (v  +  «)'. 

6.  16  J/^JVr^,  24  M^N^P^.  ii.   14  (^  -  Ff,  21  (^  -  F)\ 

6.   2a^y»«2^y»2^.  12.   6(a?-l)»,8(aj-l)(a?-2). 

13.  10(y  +  l)«,4(y  +  l)'(y-l). 

14.  39  (w  -  nf  (m  +  «)^  2^  (m  -  «)  (m  +  »)*• 
16.  ^*-l,  ^«  +  2^-3. 

16.  1  -  <*,  1  -  ««,  1  -  <*. 

17.  F2  +  2F-15,  F2-4F+3. 

18.  a2-&2^a8-6»,  a2-8a6  +  26«. 

19.  2a5"  +  4ir,  4a^  +  12a^  +  8aj. 

20.  i?-3ij,  9-i?^i22-5J?  +  6. 

21.  «;2  —  1,  t(;3  +  i,  w  +  1. 

22.  2a2  +  a-6,  6a2-7a-3. 

23.  3rir2»-3ri%4riV  +  2riV-6nVv 

24.  ^'^-.AB*,  J[8  +  ^^-B  +  ^B+5». 

25.  6m^  +  14mV4-4mn',  4m*  +  16m^  +  16mV. 

95.  Lowest  Common  Multiple.  —  A  multiple  of  a  given  expression 
is  any  expression  of  which  the  given  expression  is  a  factor.  A 
common  multiple  of  two  or  more  expressions  is  an  expression  that 
is  a  multiple  of  each.  The  lowest  common  multiple  (L.  C.  M.)  of 
two  or  more  given  expressions  is  the  expression  with  the  least 
numerical  coefficient  and  the  lowest  powers  of  its  literal  factors 
that  is  a  common  multiple  of  the  given  expressions. 
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ExAMPLB  1.  —  Find  the  L.  C.  M.  of  2i  ^2JPC*'and  80  A^S^C*. 
The  least  number  that  will  contain  both  24  and  30  is  120. 
•  The  lowest  power  of  A  of  which  A^  and  A^  are  factors  is  AK 
The  lowest  power  of  B  of  which  S^  and  B^  are  factors  is  B^* 
The  lowest  power  of  C  of  which  C*  and  G^  are  factors  is  C*. 
Hence,  the  L.  C.  M.  is  120  ^*^0.  *        * 

ExAMPLB  2.  —-  Find  the  L.  C.  M.  of  2t;2  _  4  „  ^  2  and  8t)«  +  Sr  -  6. 

2^3-41?+  2    =2(«-  1)2. 
3„24.3^_6     =3(i7  +  2)(t?- 1). 
Hence,  L.  C.  M.  =  8(t7  -  iy(y  +  2). 

To  find  the  lowest  common  multiple  of  two  or  more  monomialSy  take 
the  product  of  the  least  common  multiple  of  the  numerical  coefficients, 
and  each  letter  raised  to  the  highest  power  to  which  it  appears  in  any 
one  of  the  mxmomials. 

In  polynomials,  factor  each  expression,  and  proceed  as  with  mo* 
nomials,  treating  each  factor  as  you  would  a  single  letter, 

EXERCISES 

Find  the  lowest  common  multiple  of : 

1.  2a%SaV.  10.   (A'^By,S(A-B){A'hBy. 

2.  6  ix^f,  10  xy*.  11.  n(n  —  l)(n  + 1),  2  n\n  + 1). 
8.  8  t(/»VM»,  12  MW*.  12.  ^(l-f«)2(l-.f),  (l+^)(l^f). 
4.   SI  JIPIP,  IS M2r^.  13.   /S^-l, /S^-2/S-hl. 

6.  7p(fr,  S^q,  Gj^V.  14.   Z)^  - 1,  Z)'  -  D  -  2. 

6.  21  A'BC,  A  A^BC,eAI]P.  16.   1- y',  y  +  f -2f. 

7.  25  mV,  4  amn*,  10  a«mn«.     16.   I^-^  Q",  2  P'-\-SPQ+Q^ 

8.  15  i?r«,  6  JJV,  4  iP?-*.  17.   t*-h5*  +  6,t«  +  7i  +  12. 

9.  (a:  +  y)^2(aj  +  y)«.  18.  v*  + v  -  30,  v' +  5  v-6. 

19.  2A^-\-3A--2,SA'  +  7A+2. 

20.  2»2-a;-10,  2iB2-haj-3. 

21.  2iV^2^2iV;  iV^2^5iV^+6. 

22.  1(^-l,7(^-k,2Jc^. 
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23.  P*-l,  P2  +  3P_|.2,  i«-hP-2. 

24.  1  -  d^  1  -  d^  1  -  d 

25.  22-2*,  2i22-42;,  2;2^1. 

26.  ^  +  55-14,  4^-16  B2  + 16 B,  3  5«. 

27.  a2-62^a3-5^a*-5^ 

28.  d^  +  a6  4-  ac  +  &c,  a^  +  2  aft  +  61 

29.  x^  —  y^y  x^ '—  xy  -\-  oyv  —  yv,  01?  +  xy  +  yv  +  xv. 

30.  A^~B^,A^-\-2A'B'  +  B',A^-2A'B^  +  B^. 

EQUATIONS   SOLVED    BY   FACTORING 

96.  Equations  solved  by  Factoring.  —  One  important  use  of  factor- 
ingis  in  the  solution  of  equations  of  the  second  or  higher  degrees. 
In  solving  an  equation  by  factoring,  use  is  made  of  the  principle 
that : 

If  one  of  the  factors  of  an  eyxpression  is  zero,  the  whole  eonpression 
must  be  zero. 

Example.  — Solve  n^+n  =6. 
Transposing,  n^  +  n  —  6  =  0. 
Factoring,  (n  —  2)  (n  +  3)  =  0. 
^     Now  this  equation  is  satisfied  by  any  value  of  n  tliat  will  make  either  of  the 
factors  w  —  2  or  n  +  3  zero,  since  then  their  product  must  be  zero.    Such 
values  of  n  are  obtained  by  setting  each  factor  equal  to  zero,  and  solving  the 
resulting  linear  equations. 

Setting  each  factor  equal  to  zero, 

w  —  2  =  0  ;  whence  n  =  2. 
w  4-  3  =  0  ;  whence  n  =—3. 
Check. — When  n  —  2,  the  equation  becomes  4  +  2  =  6. 

When  w  =  —  3,  the  equation  becomes  9  —  3  =  6. 

To  solve  an  equation  by  factoring : 

(1)  Transpose  all  terms  to  the  first  member,  making  the  second 
member  0. 

(2)  Factor  the  resulting  first  member. 

(3)  Set  each  of  the  factors  equal  to  0,  and  solve  the  resulting 
equations. 
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It  will  be  found  that  an  equation  of  the  second  degree  has  two 
roots,  an  equation  of  the  third  degree  three  roots,  etc. 

Note.  — Care  must  be  exercised  not  to  divide  both  members  of  an  equation 
by  an  expression  containing  the  unknown  number,  because  in  so  doing  roota 
are  lost. 

EXERCISES 

Solve : 

1.  n*-67i  +  8  =  0.  21.  10  =  3^4.^4* 

2.  &2^46  =  12.  22.  6A:  =  9  +  A:*. 

3.  aj*-9  =  0.  23.  Q«=3Q  +  54. 

4.  P2  =  16.  24.  2ar^  +  2  =  5a;. 

5.  4a2-25  =  0.  26.  2^24.5^  =  3. 

6.  9<^-49  =  0.  26.  55«=l-f45. 

7.  /S*  =  64.  27.  21i(r*  =  10  +  29M7. 

8.  4-r*  =  0.  28.  a^-aj  =  0. 

9.  5J3«  +  6  =  4J3«+7.  29.  m^+2m?=:^m. 

10.  7(Z2-28  =  0.  30.  F«  =  3F2  +  10F. 

11.  ^(^  +  4)  =  4^+49.  31.  4^  +  10«8  +  4<  =  0. 

12.  c2  =  8c  +  9.  32.  a«  +  a^  =  9a  +  9. 

13.  ««  =  22  +  9*.  33.  i?  +  4  =  i2«  +  45. 

14.  r'-15F=54.  34.  3i?»-p«  =  27i>-9. 

15.  Z)H  122)4-20  =  0.  36.  32  +  ar'  =  16aj  +  2a?». 

16.  p2^6-jp.  36.  JVr*-5iV^  +  4  =  0. 

17.  TF«  +  14  TF+40  =  0.  37.  v^  =  ^'^. 

18.  ^^-llA  +  30  =  0.  38.  J[*  +  12^2  =  7J.8. 

19.  -2V^  +  5JVr=14  39.  «^-18«2_^81  =  0. 

20.  3^  +  12  =  7y.  40.  2 Z>*  + 18  =  20 /)«. 
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41.  Explain  the  fallacy  in  the  following  teaaoning,  by  which 
it  is  shown  that  2  ^i  1. 

Let  n  =  1. 

Multiplying  bj  r,  «'  =  ». 

.  Hence,  n*  —  1  =  n  —  1. 

Dividing  by  b  —  1,  n  +  1  =  1. 
Substituting  Horn,  2  =  1. 

42.  If  to  the  square  of  a  certain  number  five  times  the  Dumber 
is  added,  the  sum  is  104.     Find  the  number. 

43.  Find  two  consecutive  whole  numbers  whose  product  is  182. 

44.  The  sum  of  the  squares  of  two  consecutive  odd  numbers  is 
202.     Find  the  numbers. 

45.  The  sum  of  the  squares  of  three  consecutive  numbers  is 
194.    Find  the  numbers. 

46.  The  area  of  a  triangle  ia  144  sq.  in.,  and  the  altitude  is 
twice  as  long  as  the  base.     Find  the  base  and  altitude. 

47.  The  base  of  a  triangle  is  7  ft.  longer  than  the  altitude,  and 
the  area  is  60  sq.  ft.     Find  the  base  and  altitude. 

48.  The  base  of  a  right  triangle  is  3  ft.  greater  than  the  alti- 
tude, and  the  hypotenuse  is  15  ft  Find  the  length  of  the  base 
and  altitude. 

49.  One  base  of  a  trapezoid  ia  2  in.  greater  than  the  altitude, 
_and  the  other  base  ia  4  in,  greater  than  the  altitude-  The  area  is 
64  sq.  in.     Find  the  bases  and  the  altitude. 

60.   The  altitude  of  a  trapezoid  equals  one  base  and  exceeds 
the  other  base  by  4  in.    The  area  is  120  sq.  in. 
>     Find  the  bases  and  altitude. 

51.  A  square  bos  without  a  lid  aud  6  in, 
deep  ia  to  be  made  from  a  square  piece  of  tin 
by  cutting  out  a  square  from  each  comer, 
bending  up  the  sides  and  soldering  along 
the  edges.  The  box  is  to  hold  384  cu,  in 
Find  how  large  to  cut  the  piece  of  tin  from  which  to  make  the 
box. 


FACTORS.    MULTIPLES.    EQUATIONS  161 

62.  An  open  box,  to  be  4  in.  deep,  twice  as  long  as  wide,  and 
to  hold  512  cu.  in.,  is  to  be  made  from  a  rectangular  piece  of 
cardboard  by  cutting  out  a  square  from  each  corner,  bending  up 
the  sides  and  pasting  along  the  edg^s.  Find  how  large  to  cut 
the  cardboard  from  which  to  make  it. 

63.  A  farmer  has  a  field  60  rd.  wide  and  80  rd.  long,  which  he 
is  plowing  to  sow  with  wheat.  How  wide  a  strip  must  he  plow 
around  the  field  in  order  to  have  it  half  done  ? 

64.  Two  boys  have  a  lawn  to  mow  that  is  60  ft,  long  and  32  ft. 
wide.  The  first  boy  is  to  mow  half  of  it  by  cutting  a  strip  of 
uniform  width  around  it,  and  the  other  is  to  finish  it.  How  wide 
a  strip  must  the  first  boy  out  ? 

65.  By  measuring  the  side  of  a  room  15  ft.  square,  a  man  found 
that  he  got  an  area  3500  sq.  in.  too  small.  Find  the  amount  of 
his  error  in  measuring  the  side  of  the  room. 

ScaossTiON.  —  If  e  inches  is  the  error,  show  that  e^  —  860  c  +  8500  =  0. 

66.  A  room  is  10  ft.  square.  What  error  (in  inches)  in  meas- 
uring the  side  would  make  the  computed  area  476  sq.  in.  too 
small  ? 

67.  In  the  room  in  Problem  56,  what  error  in  measuring  the 
side  would  make  the  computed  area  729  sq.  in.  too  large  ? 

68.  The  horse  power  of  a  gasoline  engine  is  computed  by  the 
formula  H=  — — ,  where  H  =  horse  power,  D  =  diameter  of  cyl- 
inders in  inches,  and  N^  number  of  cylinders.  In  an  engine 
of  one  cylinder,  find  the  diameter  of  the  cylinder  required  to 
yield  40  horse  power. 

69.  In  a  gasoline  engine  of  4  cylinders,  find  the  diameter  of  the 
cylinders  required  to  yield  160  horse  power. 

60.  From  a  group  of  n  children  two  leaders  for  a  game  may  be 
selected  in  n(ii  —  1)  ways.  If  the  number  of  ways  in  which  the 
two  leaders  may  be  chosen  is  240,  how  many  children  are  there  in 
the  group  ? 


1 
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SUPPLEttEHTARY  EXERCISES 


Factor: 

1.  4-42J3«-8B». 

2.  ax^  +  bzf^. 

3.  v*  —  t<w*. 

4.  an  +  a'"-*^*. 
6.  P^'-BF'Q'. 

6.  r»-V+' +  r»+V-V 

7.  5  v^y*-^  — 10  v"- V- 

8.  8  Jf  2»+i  + 12  3f  ^"JV. 

9.  a%2-(a-&)2. 


10.   m*  —  n*  +  ?iw?  —  na?. 

ScGGBSTioN. — Group  and  factor 
the  first  two  terms,  then  group  and 
factor  the  last  two  terms. 


11.  F*-  W^+tV-tW. 

12.  a?  —  a  +  (a;  —  ay, 

13.  aj^  —  05  —  y* -j- ^, 

14.  mV  —  m*  —  n*  -h  1. 
16.  n*  -  rj*  -  (ri*  -  rj*)«. 


16.  At^^At  +  Bt^+Bt+A-i-B. 

Suggestion.  —  Group  the  first,  second,  and  fifth  terms;   also  group  the 
third,  fourth,  and  sixth  terms.     One  factor  is  a  trinomial. 

17.  2a-'2b  +  ad-^bd  +  2c  +  cd. 

18.  nf  +  Sny-{-5f  +  15y-i'2n  +  10. 

19.  /)^  +  4p^  +  4p  — p*g— 4|>g  — 4g. 

20.  7?^y^-\'^  —  v?~- 2(xz  —  yw)' 


21.    TT^+TT^+F'-F^ 


28.  6P-9P2-1. 


22.    A^'{-A^C-j'ABC+B^O—ff.       Suggestion.  —  First   remove    the 

«  />•         -.u    ^    *.      ^  monomial  factor  —1. 

Suggestion.  —  Group  the  first  and 

last  terms   together,  and  the   other       29.    —t^  +  St^  — 16* 
three  terms  together. 


23.  4mV  — (m^  +  w^—p*)*. 

24.  a{a  +  c)—b(b  +  c). 

25.  lu^  —  v^ -{- u{u  ^  2  w). 

26.  a^  — 2  a;"y* +  !/*•. 

27.  a"  -  6  a"r  +  9  a"<*~. 


30.  -a:2  +  2a^2_y4^ 

31.  -4:]iP-12MN'-9IP. 

32.  (a -h  5)2  +  7(a  +  &)  + 10. 

33.  (aj-y)2-6(aj-y)-40. 

34.  aa^+(a4-6)a?rl-&. 
36.  aa:*  +(b  —  a)x  —  &, 
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36.  2y'-j-(4:a  +  b)y^2ab. 

37.  2  }F*-(2m-hn)TF+mn. 

38.  av*  +  (a6  H- l)v  +  6. 

39.  a^'-y^. 

40.  4^^-9B*'. 

41.  «;*'-hv**. 


43.  «*-j/*. 

Suggestion.  —  First  factor  as  the 
difference  of  two  squares,  then  factor 
the  factors. 

aj6 -  y«  =(a:8  —  y^)(sfi  +  y^)=  etc. 

44.  l-n\ 

45.  Z/-1. 

46.  a«-64ft«. 

47.  i2«-r"- 


42.   l-Q**. 

Solve  the  following  equations  for  x : 

48.  «*-3aaj4-2a2  =  0.  62.  aj^ - «;«  =  2 tin;  + -y*. 

49.  7iV-n^  =  0.  63.  a^+9+4:ab=6x+a^+ib^, 

50.  4va;  =  a^  +  4v*.  64.  oj*  =  2 ra? -f- 63 r*. 

51.  2a^  — 3«*  =  5icf.  66.  aj»  +  na^  =  6*a;4-&*w. 

66.  Any  two  arithmetical  numbers  with  three  figures  each  may 
be  written  in  the  polynomial  forms  100  C-i-lO  B  +  A  and  100  c 
-\-10b  +  a,  respectively.     Show  that  their  product  is 

10000  Cc  +  1000(C6 + cB) + 100(Ca + 56 + Ac)  +  10(Ab-haB) + Aa, 
From  the  form  of  this  expression  may  be  deduced  a  process, 
called  "  cross-multiplication,"  for  finding  the  product  of  two  arith- 
metical numbers  in  an  abbreviated  form.  The  process  is  appli- 
cable to  numbers  with  any  number  of  figures.  By  this  process 
practically  all  of  the  work  in  multiplica- 
tion is  done  without  the  aid  of  pencil,  but 
it  requires  great  mental  concentration. 

Thus,  to  find  274  x  436  the  work  is  done 
mentally  as  follows,  and  only  the  answer  writ- 
ten :  To  get  the  ones,  take  4  x  6  =  24  and  write 
the  4 ;  to  get  the  tens,  take  2  +  4x3  +  6x7=  66  and  write  the  6 ;  to  get 
the  hundreds,  take  6  +  4x4  +  6x2  +  7x3  =  54  and  write  the  4 ;  then 
take  6  +  7  x4  +  3x2  =  39,  and  write  the  9  ;  then  take  3  +  2x4  =  11. 

67.  Find,  by  "  cross-multiplication,"  the  products  of :  34  x  52 ; 
61  X  36;  47  X  54;  67  X  62;  52  x  83;  245  x  326;  318  X  241 ;  234 
X571;    384x615;    724x318;   27x356    (same  as  027x356) 


CHAPTER  IX 

FRACTIONS 

97.  Algebraic  Fractions.  — The  indicated  quotient  of  two  num- 
bers or ^eebraic  expressions,  as  —  or    ^  ^S~^ n,  is  called  a 

fraction.  In  algebra,  as  in  arithmetic,  the  dividend  is  called  the 
numerator,  and  the  divisor  the  denominator,  of  the  fraction.  The 
numerator  and  denominator  are  called  the  terms  of  the  fraction. 

2x 1 

The  fraction   -r is  read  either  "  2  a?  —  1  divided  by 

af  +  x  +  1  ^ 

a^  -^  a*  -f  1 "  or,  more  briefly,  "  2  a:  —  1  over  t?  •\-x  +  1." 

98.  Signs  of  a  Fraction.  —  In  an  algebraic  fraction  there  are 
three  signs  involved :  (1)  the  sign  before  the  fraction,  which  is  the 
plus  or  minus  sign  written  (or  understood)  before  the  line  sepa* 
rating  the  numerator  from  the  denominator;  (2)  the  sign  of  ths 
numerator  ;  (3)  the  sign  of  the  denominator. 

Since  a  fraction  is  an  indicated  quotient,  it  follows  from  the 

laws  of  signs  in  division  that  ^^^  and  -^^  are  both  positive  and* 

4-0  —  0 

are  equal,  and  that  ^^  and  -i—  are  both  negative  and  are  equal. 

Hence,  +2  =  =1^  :=-  =^ ±^. 

4.5— 5  4-6         — 6 

It  follows  that  to  preserve  the  algebraic  value  of  a  fraction 

(1)  If  the  signs  of  both  terms  of  the  fraction  are  changed,  the  sign 
before  the  fraction  must  be  left  unchanged. 
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(2)  Ifth%  $tgn  of  only  on$  Urm  oftheflracUon  is  changed,  th$  sign 
before  the  fraction  must  be  changed. 

•   4-4       —4  +4  —4 

If  the  numerator  or  denominator  be  a  polynomial,  its  sign  is 
changed  by  changing  the  sign  of  each  of  its  tarms,  because  this  is 
equivalent  to  multiplying  the  polynomial  by  —  1. 

ThM,  g^^4g  +  2    ^^^-^^x^^^^     »^^4(«  +  » 


EXERCISES 

Write  with  positive  numerators  and  denominators : 


1 

-3 

8' 

4. 

10 

x« 

-.12* 

a. 

-2 
6  • 

5. 

~6 

-7* 

8       '■'» 

8. 

4 
-9' 

6. 

-3« 
—  6v 

fl      -1 

9.    --^ 

10. 


11. 


12. 


d 


^100 


Write  with  denominators  a  —  6 : 

18.    -1-.  14.    -=liL.  16.    ^^^. 

o~a  0— a  0— a 

[n  each  of  the  following  expressions  write  all  of  the  fractions 
w  -th  the  same  denoininator : 

iA        g      .2  -^    2a?  +  l         3a?     ,  1-a? 

x^y     y^^oi  or-^l       1  —  ar      1— ar 

17       <^     •      5     _  g  +  ft        19      5«^ g^      ,  a'  +  (^ 

20.  \±I^^+     1 


1  —  r     r— 1      r  — 1 
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Write  for  each  of  the  following  an  eqnal  fraction  with  positive 
denominator  and  the  sign  +  before  the  fraction : 


21. 

X 

• 

-y 

23.    -    2^  . 

26. 

-1 
~  -A' 

27. 

XT* 

22. 

w 

—  V 

24      --^ 

^-         -N' 

26. 

-5 

—  n 

28. 

—vg* 
-100 

99.  Reduction  of  Fractions  to  Lowest  Terms.  -;-  As  in  arithmetic, 
to  change  a  fraction  to  lowest  terms  is  to  change  it  to  a  fraction 
with  equal  value,  but  whose  numerator  and  denominator  have  no 
common  factor. 

« 

Thus,  ?  =  2_x3^3      _9^^     16^p     S6_^^ 

'  8      2  X  4      4      18  24  100 

The  principle  involved  in  the  process  is  that : 

Dividing  both  terms  of  a  fraction  by  tJie  same  eoiypression  does  not 
change  the  value  of  the  fraction, 

ExAMPLB  1.  —  Reduce  — ^^-^  to  lowest  terms. 

18  asft* 

Dividing  both  terms  by  6  a^&^,  their  highest  common  factor, 

12a^_26^ 
18a86*      3  a' 

3.2  4,  2  a;  —  3 
Example  2.  —  Reduce  ^— -^- to  lowest  terms. 

aj^  +  Sx  +  e 

Factoring  both  terms,  and  dividing  by  a;  +  8,  their  H.  C.  F., 

x2  +  2a;-3_  Ca;  +  8)(a;-l)  ^x-l^ 
a;2  4-6a;  +  6      (x  +  3)(x  +  2)      x  +  2' 

It  is  evident  that : 

To  reduce  an  algebraic  fraction  to  its  lowest  terms,  factor  the 
numerator  and  denominator,  and  divide  both  terms  by  their  highest 
common  factor. 
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The  division  may  be  indicated  by  cancellation  of  the  common 
factors  of  the  terms. 

Thus    5f5^_ZL^^  =        ^(jP'^'^Cm  +  »)        _.        w  +  n 
'  am'  —  an^     ft{rt^^^'^{m^  4-  mn  +  n^)      w^  +  win  +  n*^ 

Note.  — It  must  be  remembered  in  using  cancellation  that  only  factors 
common  to  the  numerator  and  denominator  may  be  cancelled.  Terms  in 
polynomial  numerators  and  denominators  cannot  be  cancelled  —  a  common 

mistake  made  by  students.    Thus,  in     "^     the  6's  cannot  be  cancelled,  be- 

4  +  6 

cause  the  fraction  equals  {,  and  if  the  5^s  were  cancelled,  it  would  become  }. 


FAixtAxcwxijr  1  4J 

«?  +  4 

./cuAi/cxiei 

EXERCISES 

Beduce  to  lowest  terms : 

1     10 
'•   12* 

6. 

36 
96 

11. 

2.    ». 

12 

7. 

42 
54 

12. 

3.  i^. 

18 

8. 

72 
100 

13. 

*•   28* 

9. 

240 

800 

14. 

^-   20- 

10. 

60 
720 

16. 

1 

«5.  16.  ^^. 

3a?  --  3  t(;^a;^ 

6a;2*  *  12wru* 

4  m*n  -  g  7  rst^ 


6  mn«  21  ^-^s* 

12jpV  8Jlf^ 

16i)Y'  '    36  V*'- 

4  a6c  „^    4  wi? 

6  a'bd  nH^ 

'   SwIP{B  +  H)           '   A^+2AB+S''         '  4n«-l 

22.  '^'-^       .        26.       ^-1     .             30.  ^^^. 
a^  +  2ab  +  b'                2By  +  2y,           ""'a'-fi* 

„„    xn  —  xm                 -_<'  +  2<  — 16            „,  1— sr 

23.  —z -•  27.   -^ —  •  31. -• 


24.    ^.  28.    ,    ^-P*      .  32.    ;!l:^ 


2 
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39.    ^SZRZ:!.  42.      ««^  +  7a,-.5    . 


40     ao-&c-ad+&cg^  ^3      10a^-33ag-7^    . 

ac4-ad-6c-5d*  *   12  a^  -  52  a«  +  35  <*' 

jy-jgr-jg  +  r  44  IH-Py 

100.  Reduction  of  Fractions  to  Mixed  Expressions.  —  An  algebraic 
expression  containing  no  fractions  with  literal  denominators  is  an 
integral  expression ;  an  expression  consisting  of  one  or  more  such 
fractions  is  a  fractional  expression;  and  an  expression  consisting 
of  an  integral  part  and  a  fractional  part  is  a  mixed  expression. 

Thus,  x^  —  ^""      and  *-= — f-  ^^  -^  1  are  mixed  expressions. 

'  x^-^1  ^-lul  +  1 

NoTB*  —  In  arithmetic  the  mixed  nmuber  4|  means  4  +  |,  the  sign  +  being 
omitted.  In  algebra  the  sign  between  the  integral  and  fractional  parts  of  a 
mixed  expression  must  never  be  omitted.  Thus,  x  +  -  may  not  be  written  x  - , 
because  the  latter  implies  multiplication. 

An  algebraic  fraction  whose  numerator  is  of  as  high  degree  as 
the  denominator,  or  of  higher  degree,  may  often  be  reduced  to  a 
mixed  expression.  The  process  is  similar  to  that  in  arithmetic 
of  reducing  an  improper  fraction  to  a  mixed  number. 

Example  1.  —  Eeduce  ^  to  a  mixed  number. 
Dividing  731  by  46  gives  a  quotient  16  and  remainder  41. 
Hence,  -^  =  16JJ, 

Example  2.  —  Reduce  ^-i — ^*"  ■  to  ft  mixed  expression. 

JJD  +  3 

Pividing  x^  +  ^x^-Qhyx-i-S  gives  a  quotient 3C  -f  2  and  remainder  —  1& 
This  g-hswer  may  be  written  a?  +  2  — 


ac-fS 
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To  reduce  a  fraetian  to  a  mixed  eaqpressian,  divide  the  numerator 

by  the  denominator.  The  mixed  expression  equals  the  quotient  plus 
the  fraction  whose  numerator  is  the  remainder  and  denominator  the 
denominator  of  the  given  fraction, 

EXERCISES 

Eeduce  to  mixed  numbers : 

1.   J.  3.  ^.  6.  Jj/^. 

Keduce  to  mixed  expressions : 

11.  ^±1.  le.     ^ 


7. 

w. 

9. 

1264 

i  6  0  • 

8. 

m 

10. 

1 

^W.. 

21. 

9^'+3^tB+4^ 

SA- 

2B 

22. 

*>»-<• 

n  +  1 

S>- 

-16 

8- 

-2 

^  +  4JB*+3 

aj-1  P~3 

^g    n'-5n  +  l  ig    7f+3jf+5r±2     ^^    n»-3»«+8n--l 

n— 2       '  '  r+1 

14.        ^-'^     .  1«.    ^±^.  24. 

16.      /+8     .  20.    32±aV  26. 

101.  Reduction  of  Fractions  to  Higher  Terms. — It  sometimes  is 
necessary  to  change  a  fraction  to  an  equivalent  fraction  with 
denominator  of  higher  degree.     The  principle  involved  is  that: 

ff  both  terms  of  a  fraction  are  multiplied  by  the  same  expressiony 
the  Value  of  the  fraction  is  not  changed. 

The  process  is  the  same  as  that  in  arithmetic  of  reducing  a 
fraction  to  higher  terms. 

ExAMPLB  1.  — *  Beduce  |  to  48ths. 

Dividing  48  by  8  gives  6.    Hence,  multiplying  both  terms  by  6, 

t=tt- 
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Example  2.  —  Change  ^  "^      to  a  fraction  with  denominator  6  a* +06— 6*. 

Dividing  Qa^-{-ab  —  lf^  by  2  a  +  &  gives  3  a  —  &.  Hence,  multiplyin j; 
both  terms  by  3  a  —  6  gives  , 

0  +  6   _3ag  +  2o6-63 
2  a  +  6       6  a*  +  a6  -  62  * 

Divide  the  required  denominator  by  the  given  denominator,  and 
multiply  both  terms  of  the  fraction  by  the  quotient. 

Note.  — The  division  may  be  quickly  performed  by  factoring  the  required 
denominator  and  cancelling  from  it  the  factors  of  the  given  denominator. 
Thus,  in  Example  2,  the  required  denominator  6  a^ + a6— ft^—  ^2  a + 6)  (3  o — 6). 
Cancelling  2a-{-b,  the  quotient  iaSa  —  b. 


EXERCISES 

1.  Change  f  to  20ths.  3.   Change  ^^  to  64ths. 

2.  Change  ^  to  56ths.  4.   Change  -^  to  64th8. 
6.   Change  ^  to  126ths. 

6.  Change  each  of  the  following  to  72ds : 

if        h        h        h        1T>        a* 

7.  Change  -r-  to  a  fraction  with  denominator  aVA 

8.  Change to  a  fraction  with  denominator  a?*  —  1. 

aj  —  l 

M—  N 

9.  Change to  a  fraction  with  denominator  M^  —  2^. 

M-\-N 

R 

10.  Change  •— — -  to  a  fraction  with  denominator  IP  +  S  B  +  2, 

Ii  -{-J. 

11.  Change  to  a  fraction  with  denominator  v'  —  ^. 

^    v-t 

12.  Change -—     to     a    fraction     with     denominator 

2x  +  5y 

(jx^i'7xy-^20f. 
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IS.   Change  each  of  the  following  to  a  fraction  with  denom* 
Inator  a^h^aWi  ^  111 


a+ft'   a— 6     a     b 

m 

14.  Change  each  of  the  following  to  a  fraction  with  denominator 
V.   "if)  \   'vy)  •     a?  y  x-\-y        a;  — y 

x  —  y^    x  +  y'    {x  —  yf'    i^  +  yT 

102.   Reduction  of  Fractions  to  a  Common  Denominator.  —  It  is 

clear  that  by  the  process  of  §  101  two  or  more  fractions  may  be 
changed  to  equivalent  fractions  having  for  the  denominator 
of  each  the  lowest  common  multiple  of  all  of  the  denominators 
of  the  given  fractions.  This  lowest  common  multiple  of  the 
denominators  of  the  given  fractions  is  called  the  lowest  common 
denominator  (L.  C.  D.)  of  the  fractions. 

Example.  —  Reduce  ^  "^  and  — ^^-^ —  to  equivalent  fractions  having 
the  lowest  common  denominator. 

«2-l  =  (x  +  l)(a;-l). 

a;2  — 4  a;— 6  =  (x  +  l)(a;  — 6). 
Hence,  L. CD.  =  («  +  1) (« -  l)(a; -  6). 

Cancelling  the  factors  of  the  first  denominator  that  are  found  in  the  L.  C.  D., 
it  is  seen  that  the  terms  of  the  first  fraction  must  be  multiplied  by  a;  —  6. 
Similarly,  the  terms  of  tl^e  second  fraction  must  be  multiplied  by  «  —  1. 

Hence,  ^±^  =  («^-5)fa+3)  ^^      x'^-2x-16 

'  a;2-.l      (a;-5)(a;2- 1)        sfi-^6x^-x  +  & 

and  1-a;       ^       ^x-l)(l^x)        ^^    ^x^  +  2x-^l^ 

x2-4a:-6      («  -  1)  (x2  _  4  aj  -  5)        ofi-bx^-x  +  d 

EXERCISES 

Reduce  to  equivalent  fractions  having  tho  least  common  de- 
nominator : 

1*  h  h  !•      3    h  h  f •        ^*  h  f>  ih"       '^*  h  h  iV>  A* 
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Reduce  to  equivalent  fractions  having  the  lowest  common  de^ 
nominator : 

3x    2ar    OX  xy  yz   xz 

10.     3      «     i.  18.       ^  ^  1 


St**  6<»'  4:1*'  '  A  +  1'  A-1'  A*-!' 


,,     2a»     3b*       «^ 


36V   2efo'   4<^6>'  '  «»  +  3n  +  2'  2n»+fin+2 


15.  ^-1  ^+« 


r.« 


F«  +  6F+4'  F»+F- 12 


2B  +  7  3jB-4 

■  6i8'  +  13J?-6'   12iP-13£  +  3' 


17.   -J-,   -  2 


a-^l)    a  4-  6*   a?  +  1/ 


^^        2         ^   c  2(? 

18. 


cTT  (c  +  i/  (c  +  i/ 


V     tiw 


—  -y^'    «;*  —  v*" 


20     ^         y  ^ 

•1         P-5  p  +  1  l)  +  2 

'  |>«  +  3i>  +  2'  ^2-3^-10'  p«-.4i>-S' 


92. 


6^  +  ^-2'   16aS'  +  10;8'   125*- 6^' 


1 
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103.  Addition  and  Subtraction  of  Fractions.  —  Algebraic  fractions 
are  added  or  subtracted  by  tbe  same  rules  as  fractious  are  added 
or  subtracted  in  arithmetic. 

Example  1. — Add  |,  {,  and  {. 

Reducing  all  of  the  fractions  to  the  least  common  denominator, 

Adding  the  numerators  and  placing  the  sum  over  the  common  denominator, 

«  +  A  +  M  =  «orlJ. 

Examplb2.— Add  ?^±-\  ^^,  and  ?. 

a;  —  1     aj  +  1  x 

Reducing  the  fractions  to  their  lowest  common  denominator, 
2a;  +  l  ,  g-2  ,  3  __ 2a;8  +  3a;8  +  g  ,  «» -  3 g^  +  2 a;  .  8^-3 

irrr+iTi^s^"     li^^^     ^     g8-x     ^ifi^x' 

Adding  the  numerators,  this  becomes     ^  +ox  +oa;  —  8^ 

Example  3.  —  Perform  the  indicated  addition  and  subtraction  in 

5  _^  1  3 


1  3 


024-60  +  4      a2-a-2      a2  +  2a-8 

6.1  3 


(a  +  l)(a  +  4)      (a-2)(a  +  l)      (a  +  4)(a-2) 

6a—  10 ,  q  +  4  3a  +  3 

(a  +  l)(a  +  4)(o-  2)      («  +  l)(a  +  4)(a-2)  "  (a  +  l)(a  +  4)(a-  2) 

3a -9  ^^  3a- 9 

or 


(a+l)(a  +  4)(a-2)        a8  +  3a2-6a-8 

After  reducing  the  fractions  to  a  common  denominator,  the  first  two  nu- 
merators are  added,  and  the  third  one  subtracted  from  their  sum. 

To  add  or  subtract  algebraic  fractions,  reduce  them  to  their  lowest 
common  denominator,  then  find  the  sum  or  difference  of  their  numeror 
tors,  and  place  the  result  over  the  common  denominator. 
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EXERCISES 
Simplify  by  adding  or  subtracting,  as  indicated :  . 

1-   l  +  f        3-  ^  +  ^-i-      8.  -f-i  +  J.  7.  i~^-i 

3a     6a     a  3j>     t;.  a_c, 

4^63  20     5  6     d 

10.  ^+^+?.  12.  4^  +  ^.;i2.        14.  4  +  ^^+  3 


2  '  3  '  4  7  6  ^  '     ^'     '  2^ 

16.   — H-^H • 

yz     sa     xy 

16.  !L±l  +  J-+2^. 

,^      1.1,1 
17. 1 1 • 

n^a     ^i^a      ^2^8 

18       3        27rR  +  H     H+B 

'  4.nE  2irB'  irB^  ^        \ 

19.    -^  +  -^-  23.   ^ ^  +  ^^ 


x-\-y     x  —  y  tr  —  8     sr  +  s     a 

20.  :r^-,-i-.  24.  2«'  +  l      -'  +  2 
l+a     1— a 

21.  ??L±i!  +  ?!Lll^.  26. 
82.   «:^-?i±l.  26. 


aj-2 

2a?-l 

3v 

V      .    2wv 

1 

1 

v-fl     v-1  a*+6a4-5     a2  +  2a  — 15 

«^  M-2N  ,         Jf+4JV 


M^  +  5MN+4:IP     3P-MN-22P 


28.   < 


26*  +  56c-3c2     462-i35c  +  3c«  * 


FRACTIONS  175 


29.   -#^+     ^""^ 


80. 


3 2__ 

3^  +  2^2  +  2*     2  3^ -i- 2^2; -10?* 


31.  «±|  +  «:^+    4 


a  +  1     a  —  1     1  —  a* 

SuGORSTioN.  —  In  problems  such  as  this  it  is  best  to  arrange  the  terms  of 
all  denominators  according  to  either  the  descending  or  ascending  powers  of 
some  letter.  In  order  to  have  the  first  term  of  the  denominator  of  each  frac- 
tion positive  when  rearranged,  it  may  be  necessary  to  change  the  signs  of 
the  terms  of  tl\e  fraction,  as  in  §  98.    Thus,  the  last  term  in  this  problem 

-4 


may  be  changed  to  + 


a2-l 


32.   ^-^.-^.  84.  :J-+,^^+    2a. 


1-P«     P-1  l+»     1-a*     a*-*-l 

33.  Al ^  +  4^.        36.         ^  ^ 


tt  +  v     u-v     v»-w«  M^-IP     M+N    N-M 

'    2-y  ^  y^-4       2  +  y 

87.    — —+     ^ 


1  +  E     1-ie     ^-1 
88.    ^.-       25       ^     1 


^^    x-{-2a  ,  x  —  2a  .      4a& 

OV»     rr- r  77-; r 


2b-x     2b  +  x     aj2-4&« 


40.    -K-^  + 


a—b     a+b     a— 26     a+2b 

SuGOESTiON.  — In  certain  cases,  such  as  this,  it  is  best  to  combine  only 
part  of  the  fractions  at  a  time.  It  avoids  long  multiplications.  Here,  com- 
bine the  first  and  second  fractions,  then  the  third  and  fourth,  then  the  two 
results  obtained. 
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41.       1     4-    ^  ^  1 


n  +  1     w-h3     n  — 1     n  — 3 


48.   ^-^+     ^  * 


-B— r     ^  +  r     /S^-«     5+« 


48.  -1^+    3  2  3 


—5     y+1     y+5     y— 1 


111 


I 


<«_1      ^  +  1  ■  «a_o»      «*  +  0« 


.,    2^4  +  1      AS    .  3^-2 

An.      ■■  —  ■        ■■!■■  -+-  ■  < 

J.*-l      ul*4-^*^^*-^^ 


IM.  Redaction  of  Mixed  Expressions  to  Fractions.  —  A  mixed 
expression  may  be  changed  to  a  fraction  by  the  process  of  §  103. 
Compare  the  process  as  illustrated  in  the  following  example  to 
that  of  reducing  an  arithmetical  mixed  number  to  an  improper 
fraction. 

ExAMPLB.  —  Reduce  m-\-n-\-  — - —  to  a  fraction. 

wi  —  n 

Writing  the  integral  part  as  a  fraction  with  the  denominator  1, 

«.  _j_ «  _j_     w^     _  w  +  w  ,      rfi 
HI  +  «  H =  — h 


m  •—  n  1         w»  —  n 


-r 


m  —  n       m  —  n 


wi  —  n 


To  reduce  a  mixed  expression  to  a  fraction,  write  the  integral  part 
as  a  frpiction  with  the  denominator  1,  and  proceed  as  in  addition  and 
subtraction  of  fractions. 
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£X£ItCISES 
Beduoe  to  a  fraotion : 


1. 

1+1. 

X 

4. 

^4.2+'^ 

7.   -+^- 

% 

B+    *    . 
^1  +  B 

6. 

ri  +  r. 

3. 

r+1 ^. 

r— 1 

e. 

w  +  5  +  ^ 
w- 

2w 
-3 

9.    7  +  a  —  o. 

a  —  b 

10. 

fr^"- 

14.    F«. 

1+T 

r7v    ''+'• 

1+y     1  — y  «'  — MV  +  ir       «*  +  tr 

13.    a^  +  l^-^-ab.      17.    l  +  |  +  4- 

105.  Multiplication  of  Fractions. — The  product  of  two  or  more 
algebraic  fractions  is  obtained  by  the  same  process  as  the  product 
of  two  arithmetical  fractions. 

Thus  ?x'^-?-^  =  ^-  3     2      9^3x2x9^64 
'3     9""8x0     27 '6      7      11      5x7x11      386 

Simaarly,?x??*  =  ^;  ^  x  ^-^  =  C^ "^  \K« ^ ^ ^\ 
h      n      6n     «  +  6      «-4        (aj  +  6)(a:  — 4) 

Thejyroduct  of  two  or  rnore  fractions  is  the  fraction  whose  numer- 
cUor  is  the  product  of  their  numerators  and  denominator  the  product 
of  their  denominators. 

As  in  arithmetical  fractions,  the  product  often  may  be  reduced 
%o  lower  terms.     In  such  a  case,  work  may  be  saved  by  factoring 
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the  terms  of  the  fractions,  and  cancelling  any  factor  of  any  numer- 
ator by  a  like  factor  of  any  denominator,  before  performing  the 
multiplications. 

Example.  -Find  the  product  of  ^^'  +  ^^"^  and  3aa->q&-26a  ^ 

2q2  +  a6"-6%^  3a2-.a6-262   _{a  +  h)(%jsir^^  ^  Cfl^-^-^CS 0  +  26) 
2  a2- aft -62      2a24-6a6-362      (2a  +  6)^Gt^-^      (2ji.^^{a  +  Zh) 

^Cq  +  6)(3q  +  26) 
(2a  +  6)(a  +  3  6) 

_8q2  4-6q5  +  262_ 
2o2  +  7a6  +  362* 


EXERCISES 
Find  the  product  of: 

1.  I  X  f  4.    i  X  I  X  f  7.   1  X  I  X  H. 

2.  f  X  f .  6-    f  X  if  X  |.  8.   I  X  I  X  H- 

3.  ixif.  6.    If  XT^s-Xf.  »•    iX^S^XfJ, 

B      i>  8r         3  15«»       21 


H.    ^^V..  15.   2^x^.  19.   ^x^. 

v^      w  4  3  3  a      ay 


n 


^.-w*  .«    5v  _  n  ^,     a^^.hc^^cP 


13.    :;-  X  ^.  17.   —  X  "  21.   ?i  X  ^  X 


4       5  t       V  V      cd      d 

W       4:         g  x  +  2      x'  —  l 

23.    ix^^.  26.    «in|*xi±|x 


2* 


a^      a  +  6  a^  +  b^      a  —  b      a  +  b 

84.    J^X^-^.  27.    i?^±A.X    "^-^ 


-^       5  JOT  tf?  —  T?      m'{-2n 
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28.  2i^x2i±ix»+» 


29. 


A^  +  A  +  1      A-l 


X'\-2y       ar  —  y^ 


82. 


33. 


aj*  +  2aj- 


r*  — 5r 


r4-2 


r»  +  8r+12      r^  +  r^  +  r 


7rI?-7rRH 

^'       R  +  H      ^ 


irlP-irH^ 


^g       6  m'  —  5  mn  —  4  n^    ^  4  m*  —  mn  —  3 n* 

OO,     -: :: rzi rr — ::  X 


4m^  —  17  m7i  —  15  n*      6m*  +  7  mn  +  2»' 

oe      1^  +  6F+9        F-4 

16-8F+  F^      9-  F«' 

37     ^  +  ^  X  ^^  +  ^^  +  ^<^  +  ^<^, 
a  +  6      V  +  bc  +  bd  +  cd 


88.   l^^y'  +  3y  +  2^ 


y  +  1      y^  +  y  +  1      y  —  l 


39.   JIf,  iV,  and  B  are  the  areas  of  the  rectangles  with  the  dimen- 
sions shown-  in  the  figures.     It  is  known  from  Geometry  that 

f=J.andthat:|=« 
R      b'  N     a' 


M 

a 
t».ti 

R 

N 

Q 

mnlHnlir 

I) 

on  that  ^  -  - 

ab 

U 

N      a^y 


1 
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106.  Multiplication  of  Mixed  and  Fractional  Sacprtaaiona.  —  Mixed 
and  fractional  expressions  to  be  multiplied  should  first  be  reduced 
to  fractions. 

ExAMPLB.  —  Multiply  ?^  -  1  by  — 5 —  -j.  i. 

«*  Sn  —  v 

_  (Sn^v)(Sn-\-v)  ^      Bn 
vs  8n  — • 

= ^ ' 


EXERCISES 

Find  the  product  of : 
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14.  i(JjzlL\(-k L."\ 

\jp^q      p^q      pj\  4:pq  J 

107.  Multiplication  of  Integral  Ezpressiona  and  Fractions.  —  In 
the  multiplication  of  a  fraction  by  an  integral  expression,  the 
latter  may  first  be  written  as  a  fraction  with  the  denominator  1, 
and  then  the  product  found  as  in  the  multiplication  of  fractions. 

ThruB,  12x  A=*¥x  A  =  A. 

It  frequently  is  found  necessary,  as  in  solving  equations  con- 
taining fractions,  to  multiply  a  fractional  expression  by  the 
L.  C.  D.  of  the  fractions  involved. 

ExAMPLB.  — Multiply  — 1 — ^—  —  — - —  by  the  lowest  coimnon  de- 

a2  —  1      a  — I     a  +  1 

nominator  of  all  three  fractions. 

The  L.  C.  D.  ifl  a^  —  1.    Multiplying  by  this  gives 


a3- 

1 

1^    2aa     .  a^-i^     a 

=  2  a«  +  o«  +  a  -  a^  +  a 
=  2a«  +  2a. 

a«- 

1 

a  +  1 

Multiply! 

EXERCISES 

1.  8x|. 

••'xS- 

»•  ^^^S- 

..  14  x^. 

4.  24X  ». 

6.   ^»X^. 
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f 

IX.   (.2?-.^(|±|).  18.   (2««-8)(^). 

Multiply  by  the  lowest  common  denominator : 

16.    _i_  +  ^:_.  20.    g-9^-^y-g. 

0  +  2     0-2  3      2>g  —  l     3 

IT.    ^+-3iL__i^.         21.   |^-|. 
y-3     y  +  3     y»-9  3D-6     2 

18     _1 1_4._J 22    3.R  +  5     3iy  +  5.R-4 

■   m  +  1     m-1     m  +  2  *  4^-3     4^-3^  +  2 

19.    8+^:r3_:P±l.  23.   2*  +  3_4fc  +  6. 

P     P  +  3     P-1  3A!-4     6Jfc-l 

24.  ^±y—^-l—<sL±ll. 

25.    J^-l^+  ^ 


2Jltf+3     2-Jltf     2Jltf2-J»f-6 

108.  Division  of  Fractions. — The  quotient  of  two  algebraic 
fractions  is  obtained  by  the  same  process  as  the  quotient  of  two 
arithmetical  fractions ;  i.e., 

To  find  the  quotient  of  two  algebraic  fractions,  multiply  the  dim* 
dend  by  the  divisor  inverted. 
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This  follows  from  the  principle  that  the  product  of  the  quotient 

and  divisor  must  equal  the  dividend.     If  -  and  -  represent  any 

d  d 

two  fractions,  5f  -j-  £  =  2  x  -,  because  -  x-  multiplied  by  £  gives  2 

b     d     b     c  be  d  b 

by  cancellation. 

ExAMPLE.-Divide  ^'-^^B  +  S&  ^    A^SS^ 

A^-^2AB  +  B^     ^    A-\-B 

A^^4AB-hSB^  .  A''SB^(A-SB)(A-B)  ^  A  +  B 

A^  +  2AB  +  B^    '    A  +  B  (A  +  By^  A- SB 

^A-B 

a  +  b' 

Note. — If  a  dividend  or  divisor  is  a  mixed  or  fractional  expression,  it 
may  be  changed  to  a  fraction,  and  the  division  performed  by  the  above 
process. 

EXERCISES 

Perform  the  indicated  divisions : 

1  ?-5 


2.     i:-^^ 


3.    --I-- 


4.    =i-»-i 


13. 


14. 


15. 


16. 


2     5 
3-^6- 

6. 

16     3 
16  ■  8 

2     4m 

8     4 

6. 

24     6 

,„    3  irR  .  6  2P 

2     4 
9     5 

7. 

3^2 
17     6* 

-,     4«»     2w 
9«       3 

11  1 

12  6 

8. 

81       3 
100  ■  26* 

9P      3 

Sx'y  .  2xy^  ^ 
5s^    '  10  zw 

,„    6M*-2M        M* 
"•       4-Jlf»      •3  +  Jlf' 

20  H*     4  HL 
21IJ  '  3^« 

TT-F 
3Tr+6F 

36  riV,«  ^  12  riS 

• 

jj    a!'-18a!  +  80  .  a!»-16a!  +  56 

35  i?i«i?/  '  7  R.m^ 

a(?~6aj  — 

60    '    a^-6a?-7 

a  +  1      a»-l 

Oft           ^-1 

^i?-12i?  +  35 

a  a^  '    i?-3«-10       -B«  +  3^  +  2 
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21.    4^.+  -*-.  26.  »-l  -       "'-1 


a»  +  t«     a  +  t  3n*4-8w  +  6     n«  +  4n4-3 


24. !-  (u4  —  ^.  29.     (t  —  OVjri — • 


109.  Complex  Fractions.  —  Fractions  whose  Dumerators,  denomi- 
nators, or  both,  contain  fractions  are  called  complex  fractions. 

J.    2  1+1 

b      h          W                        t 
Thus,—,   -,  ,    and are  complex  fractions. 

d        WV  ""F 

A  complex  fraction  is  said  to  be  simplified  when  it  is  reduced 
to  an  equivalent  fraction  whose  terms  are  integral  expressions,  or 
to  an  integral  expression.  Since  a  complex  fraction  may  be  con- 
sidered an  indicated  quotient,  it  may  be  simplified  by  dividing  th^ 
numerator  by  the  denominator. 


Example.  —  Simplify 


A-l 


^4 


A-l.    ^J=l 


^-»  -     ^        J-l. 


, . 1      ^+1         A        A+l 
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EXERCISES 


Simplify : 

'  H —  12.    -=7 •  17.    5 — 


J? 


If  A-6 

a  5^-     13.  4±|.        IB.  — |. 

g-         »•  ^'  1-^         19.  -£ £-. 


X 

m*  — w* 

ojf+6 

a 
1 

^-B" 

1 

«i-.» 

«»   ' 

+  1 


1  +  JJ       iJ 


r,«    rf 


«.  ^.     n.  Ji:;!.      le.  i+f^ —    ai.  rLj^* 

1  f« 


«• 


a;  u*— v"  1  +  oj  ri 


SUPPLEMENTARY  EXERCISES 

Note. — In  some  probleme  in  the  addition  or  subtraction  of  fractions, 
such  as  the  following,  it  is  advisable  to  change  the  signs  of  factors  of  one  or 
more  denominators  before  finding  the  lowest  common  denominator.  In  this 
change  of  signs  use  is  made  of  the  principle  that,  if  the  sign  of  one  factor  of 
a  product  is  changed^  the  sign  of  the  product  is  changed;  and  if  the  signs  of 
two  factors  of  a  product  are  changed,  the  sign  of  the  product  is  not  changed. 

Thus,  (a  —  2)(a  —  4)  =  a^  —  6  a  +  8.  If  the  sign  of  a  —  2  is  changed,  by 
changing  the  signs  of  its  terms^  we  get  (2  —  o)  (a  —  4)  =  —<<•  +  6  a  —  8.  If 
the  signs  of  both  faoton  are  ebanged,  W6  gel  (2  —  a)(4  —  a)«  0>  -  Oa  +  8- 
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Perform  the  indicated  additions  and  subtractions : 

111 
1. 


(^-B)(^-C)     (B^G){B-A)     (C-^A){C-^B) 

Solution.  —  Writing  all  factors  of  denominators  as  A  —  B^  B  ^  C^  or 
C-A, 

:A^  B){A-^  C)      (B  ^  CXB-  A)^  iC  "  AXC-  B) 

-1^-1.  -1 


(^-5)((7-^)      (B-^CXA-Bl      {C^A){B-C) 

(-1--BXB-  G){G  -  A)      {A-  B){B  -  C){C  --  A) 

4. -HA^B) 


iA-'B)(^B-CXG'-A) 


8. 


{x  —  y){x-'Z)     (2/ —  x)(j/ -  z)     (x  —  z){Z'-yy 


J    rwn . np . pm 

(2>  — m)(2?  — w)     (m  — »)(m— p)      (n— jj)(w  — m) 


4.    :^ -r r  +  z TT r  -t- 


(y  —  w)(w  —  m)      (w  —  u)(u  —  v)      (w  —  v)(v  —  w) 

5,  ri-hr^  J  rg  +  ^s  ,  n  +  n 

(f3-rs)iri-r{)      (r^-nXr^^ri)      (r.2-n)(r^-ri)' 


6.  ,    .t    .+.    ""'  .+ 


(a  —  b){a  —  c)     (&  — c)(6  — a)      (c  —  a^^c  —  b)' 

y         u(v  +  to)       ,        v(io  +  u)  w(u-{-v) 

(u  —  v)(w  —  w)      (v  —  w)(w  —  v)      (w^  u)(y  —  w)" 
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8. 


, '(«-l)(«-2)  "  (2-aj)(3-aj)  '  (a?-l)(3-a) 


9  ^  I  ^  I 


a2_4a  +  3     7a-6-a«     da-a^-lS 

Note.  — In  the  following  problems  invert  divisors,  and  find  the  producta 
of  all  factors  at  one  step  by  cancellation. 


Simplify : 

10    ^^^y^^^  11   !?-fr.5?^5? 


^      n-l     n^-f 3n-10 ^   n^  +  hn 
'  n—2        w^  +  n  —  2     *n^  —  w  —  6 


13.  (Su--2v)[2-^^^=^\ 
^  \       2u  +  vJ 


2u-{-v 


6P^-11P-10  .  7  P^-hlT  P-12  ,    10P'>-27PH-5 
3P2^_2P-5    *    5P2  +  9P-2*    *  21P2  +  23P-20' 


17.    f' 


16^    ir)iV"A     f2M-b]Sr\     /4iV^  15ir2\ 


Note.  —  A  good  method  of  simplifying  a  complex  fraction  (see  §  109) 
consists  of  multiplying  both  terms  of  the  fraction  by  the  lowest  common  de- 
nominator of  all  simple  fractions  in  the  terms,  as  suggested  in  the  following 
problem.  , 
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18. 


d-^-h  ,  g  —  6  SuooBSTiox.  —  Multiplying  both  terms  by 

a  b  the  L.  C.  D.  gives 

a  b  6(a— 6)  -  a{a+b) 


_l_+_2_                              ^  +  2+^ 
n  +  2     w  +  3  21.   2y 3» 

3 •  1        1_     ' 


n  +  2  2^     3a; 

n  2A*-AB-3S^ 

20.       »*    .  82    SA'-AB~2B' 

jTZ*  ■   ^*  +  3^.B  +  2.B'- 


CHAPTER  X 

FRACTIONAL  EQUATIONS.    PROBLEMS.    FORMUL/B 

110.  Fractional  Equations.  —  Some  problems  are  expressed  and 
solved  by  means  of  equations  in  which  the  unknown  number 
appears  in  one  or  more  denominators  of  fractions.  An  equation 
of  which  the  unknown  number  appears  in  one  or  more  denomi- 
nators is  called  a  fractional  equation. 

Thus,  ^  "^     =  — - — H  5  is  a  fractional  equation. 
'  n-2      n  +  2 

111.  Clearing  of  Fractions.  —  To  solve  a  fractional  equation  it  is 
necessary  first  to  change  it  so  that  it  is  free  of  fractions.  This 
process  is  called  clearing  the  equation  of  fractions. 

It  was  found  in  §  107  that  if  a  mixed  or  fractional  expression  is 
multiplied  by  the  lowest  common  denominator  of  all  of  the  frac- 
tions involved,  the  product  is  integral.  We  know  also,  as  an  axiom, 
that  if  equal  quantities,  such  as  the  members  of  an  equation,  are 
multiplied  by  the  same  quantity,  the  products  are  equal.  These 
principles  are  used  in  clearing  an  equation  of  fractions. 

Example.  ^  Solve  -^  +  — ^  =  -^  +  2. 

ja  _  1      ^  _  1      ^  +  1 

The  L.  C.  D.  of  all  fractions  in  the  equation  is  ^  —  1.  Multiplying  both 
members  of  the  equation  by  t*  —  i^  by  multiplying  every  term  of  each  mem- 
ber, gives, 

or  2«2  +  «a  +  «  =  <8-.«4.2<»  — 2. 

Solving,  2 1  =  -  2, 

189 
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To  clear  an  equation  of  fractions^  multiply  e(zch  member,  by  mtdH- 
plying  every  term  of  eojch  m>em^er,  by  the  lowest  common  denominator 
of  aU  fractions  in  the  equaJtion.* 


Solve : 


EXERCISES 


6  ,,     8  +  S 


2y     4  •  k  +  1     k-^i 

3.4  =  4-1.  13.        ^  2 


-4      ^  •  2^  +  3      «-4' 

4.  l  +  ?  +  §  =  l.  14.  nzi3  =  ^Lzi^. 

r      r      r  w^.  9      n  +  5 

O.    r f-  ——  =  -.  15, 


a?         3x     X  '  2D-5      2D-2' 

6c      10c      10  6r  +  2      3r  +  4 

7.  ^_  1+1    =20.  17.  _^_  +  _J_=l. 

r     rsr  b-2s  +  2 

3_  mtl2  ^  2m  +  12^  18.  1=JL.+ 


2m  3w  y  —  2      y  +  1 

»r^-i-  "11^-14^  =  0. 

l-«  3P-4      6P-1 

10.  ? L^.  20.  _!^  =  -l^-2. 

*  It  is  important  that  the  teacher  should  see  that  no  papil  gets  a  wrong  idea  of 
the  process  of  clearing  of  fractions  throagh  careless  thinking.   Thus,  a  pupil  some- 

times  thinks  that  clearing  an  equation  such  as  = —  of  fractions  con- 

*         ^  2a;  +  4      1  +  z 

sists  of  multiplying  the  first  member  hy  l  +  a;  and  the  second  by  2aj  +  4,  rather 
than  each  member  by  (1  +  x)  (2  a;  +  4). 
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4           6  ..               ^ 

21.  — ^  =  ^.  24.    __""    ,  -  r^^^  =  0. 
A  —  o      A 


23 


15y«_5y-8_f. 


32/»  +  6y  +  4  4  n  — 1      2 

27.  — i-^+      ^ 


24. 

3              2 

JV^+1      J\r-1 

25. 

c  +  3__c  +  9 
c         c  +  4* 

26. 

2n  +  l          1 
4           n-1 

1 

n 


2^  +  3      2i-3      4i2-9 

2+1  2;—  1 

«9.        3  2  1 


m  +  1      m  —  2      'm-i'2 
80.    ,-^+2  16 


F+2      F-2      F»-4 
31.  §+£ir_3     p  +  1^ 

J3        P  -\-0        p  —  1 

32     3a  +  5^3a^  +  5a-4 
4a-3      4a2-3a+2* 

83     ^^  +  1  _       8       ^  2a;-l 
*    2aj-l      4aj2-i      l  +  2« 

84.    ^  =  ^+-  +  1 


85. 


86. 


1  — -y*      1  +  V      1  —  V 

37 4^7 

i?  +  5i2  +  6      i2+2'^!BTs' 

1      ^  r-6  T 

r-3     T  +  3      r+3' 


87     _X_-i-iL4-_l_^o 
4i- 12^220^52.-15 
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X"^  l  —  x  2a?— 16 


88. 


i»2-10a:  +  21      a«-8aj  +  16      aj*-12aj  +  36 


'       89         9^  +  17  2J.-1  ^  2A  +  1 

*   ^«-2^-48'*"2^  +  12      2^-16' 

40    <'~2g  +  6      <g4-3f>-7^g 
^_2*-3      «^+3<  +  2 

-ZV^-S"^  JV^+4         N^-N-20  ' 

42     7a'+lla  +  4        a-f3   ^5a  +  ll 
6a*  +  13a  +  5      2a  +  l       3a  +  5* 

112.  Problems  Leading  to  Fractional  Equations. — Types  of 
problems  such  as  those  in  the  following  list  lead  to  fractional 
equations,  which  are  solved  by  the  method  of  $  111. 


EXERCISES 

1.  The  sum  of  two  numbers  is  265,  and  if  the  larger  be  divided 
by  the  smaller,  the  quotient  is  14  and  remainder  10.  Find  the 
numbers. 

SuooBSTiON.  —  Let  n  =  the  smaller  number. 
Then  265  —  n  =  the  larger  number. 

Hence,  265-j,  ^  14  +  10^ 

n  n 

2.  The  sum  of  two  numbers  is  160,  and  if  the  larger  be  divided 
by  the  smaller,  the  quotient  is  4.     Find  the  numbers. 

3.  The  difference  of  two  numbers  is  324,  and  if  the  larger  be 
divided  by  the  smaller,  the  quotient  is  3  and  remainder  80.  Find 
the  numbers. 

4.  Separate  84  into  two  parts  whose  quotient  is  f . 

5.  Separate  148  into  two  parts  such  that  if  the  larger  be  divided 
by  the  smaller,  the  quotient  is  5  and  remainder  16. 
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6.  Find  where  to  divide  a  beam  18  ft.  long  into  two  parts 
such  that  their  quotient  is  3^. 

7.  A  board  is  42  in.  long.  A  hole  is  to  be  bored  in  the  board 
so  that  its  distance  from  one  end  divided  by  its  distance  from 
the  other  end  shall  be  f.  How  far  from  one  end  must  the  hole 
be  bored  ? 

8.  A  surveyor  has  two  stakes  set  in  the  ground  160  ft.  apart. 
He  wishes  to  drive  a  third  stake  between  them  such  that  its  dis- 
tance to  the  nearer  of  the  two  divided  by  its  distance  to  the  other 
shall  be  f .    Where  must  he  set  the  third  stake  ? 

9.  What  number  must  be  subtracted  from  each  term  of  the 
fraction  f|  in  order  that  the  result  shall  be  equal  to  ^  ? 

10.  What  number  must  be  subtracted  from  each  term  of  the 
fraction  ^  in  order  that  the  result  shall  be  equal  to  |  ? 

11.  What  number  must  be  subtracted  from  each  term  of  the 
fraction  |^  in  order  that  the  result  shall  be  equal  to  f  ? 

12.  What  number  must  be  added  to  each  term  of  the  fraction 
^  so  that  the  result  shall  be  equal  to  |^? 

13.  What  number  must  be  added  to  each  term  of  the  fraction 
■^g-  so  that  the  result  shall  be  equal  to  -j^? 

14.  What  number  must  be  subtracted  from  each  of  the  num- 
bers, 14,  20,  32,  and  50,  so  that  the  quotient  of  the  first  two  re- 
mainders shall  be  equal  to  the  quotient  of  the  last  two  remainders  ? 

15.  In  a  certain  factory  a  large  machine  can  turn  out  a  number 
of  articles  in  4  days,  and  a  smaller  sized  machine  can  turn  them 
out  in  6  days.  If  both  machines  are  operated  at  once,  how  long 
will  it  take  them  to  turn  out  the  articles  ? 

Suggestion.  —  Let  w  =  number  of  days  required  for  the  machines  to- 
gether to  turn  out  the  articles. 

Show  that  l^l^-l. 

n     4     6 

16.  In  a  factory  which  manufactures  a  certain  kind  of  goods 
there  are  3  large  machines  and  5  small  ones.  To  manufacture 
the  goods  required  to  fill  an  order  would  take  either  one  of  the 
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large  machines  alone  60  days,  and  either  of  the  small  machines 
alone  90  days.  If  all  8  machines  are  operated,  how  long  does  it 
take  to  fill  the  order  ? 

17.  In  a  city  water  system,  two  pumps  pump  the  water  into  a 
reservoir.  One  pump  would  fill  the  reservoir  in  16  hr.,  and  the 
other  would  fill  it  in  12  hr.  If  both  pumps  were  driven  at  once, 
how  long  would  it  require  to  fill  the  reservoir? 

18.  A  tank  is  fitted  with  two  pipes.  One  pipe  alone  could  fill 
the  tank  in  5  hr.,  and  the  other  pipe  alone  in  8  hr.  If  both  pipes 
were  opened  at  once,  how  long  would  it  require  to  fill  the  tank  ? 

19.  A  tank  can  be  filled  by  one  pipe  in  4  hr.  and  emptied  by 
another  in  5  hr.  If  both  pipes  are  open,  how  long  will  it  take  to 
fill  the  tank  ? 

20.  A  railroad  water  tank  can  be  pumped  full  in  4^  hr.  But 
locomotives  draw  out  and  use,  on  the  average,  a  tankful  every 
8  hr.  At  this  rate,  how  long  would  it  take  to  get  the  tank 
pumped  full? 

21.  Of  two  furnaces  in  a  school  building  one  will  burn  a  given 
quantity  of  coal  in  8  days  and  the  other  will  burn  it  in  10  days. 
If  both  furnaces  are  fired,  how  long  will  the  quantity  of  coal  last? 

22.  A  farmer  has  a  quantity  of  corn  which  he  feeds  to  his 
horses  and  hogs.  It  would  last  the  horses  alone  160  days,  and 
the  hogs  alone  60  days.  How  long  will  it  last  if  he  feeds  it  to 
both  horses  and  hogs  ? 

23.  Assuming  that  they  worjc  at  constant  speeds,  A  can  do  a 
piece  of  work  in  7  days  that  it  would  take  B  9  days  to  do.  If 
they  work  together,  how  long  should  it  require  them  both  to  do 
the  work  ? 

24.  A  can  do  a  piece  of  work  in  10  days;  but  after  he  has 
worked  2  days,  B  comes  to  help  him,  and  together  they  finish  it 
in  3  more  days.  In  how  many  days  could  B  alone  have  done  the 
work? 

25.  John  could  remove  the  snow  from  the  sidewalk  in  30 
minutes.     His  larger  brother  James  could  do  it  in  20  minutes 
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John  began  the  work,  but  later  James  took  his  place,  and  the 
snow  was  all  removed  in  25  minutes  from  the  beginning.  How 
long  did  John  work  ? 

26.  A  steamboat  makes  8  miles  an  hour  against  the  wind  on  a 
journey  of  40  miles.  After  it  has  gone  15  miles,  the  wind  ceases. 
The  entire  time  consumed  on  the  journey  is  4|-  hr.  Pind  how 
many  miles  per  hour  the  wind  retards  the  boat. 

27.  A  train  runs  into  a  city  from  a  suburban  town,  a  distance 
of  40  mi.,  in  1  hr.  40  min.  Of  this  distance  8  mi.  are  within  the 
city  limits.  The  train  makes  50  mi.  an  hour  outside  of  the  city 
limits.     What  is  its  speed  within  the  city  limits? 

28.  Two  trains,  approaching  each  other,  leave  stations  225  miles 
apart  at  the  same  moment.  One  train  runs  5  miles  an  hour  faster 
than  the  other,  and  they  meet  at  a  point  120  miles  from  the  station 
from  which  the  faster  train  starts.    Find  the  speeds  of  the  trains. 

29.  A  motorcyclist  was  overtaken  75  miles  from  his  starting 
point  by  an  automobile  which  started  from  the  same  place  2  hours 
later,  and  traveled  10  miles  an  hoiit  faster.  Find  the  speed  of 
each. 

30.  A  messenger  was  started  on  a  journey  with  a  message  that 
later  was  found  to  be  wrong.  One  hour  and  20  minutes  after  he 
left,  a  second  messenger  started  to  overtake  him,  traveling  2  miles 
an  hour  faster.  The  first  messenger  was  overtaken  after  he  had 
gone  a  distance  of  16  miles.    Find  the  speed  of  each. 

31.  A  man  started  on  a  journey  of  72  miles.  After  going  42 
miles,  he  stopped  and  rested  2  hours.  Including  the  2  hours 
that  he  rested,  to  finish  the  journey  at  the  same  speed  took  him 
as  long  as  to  go  the  first  42  miles.     Find  how  fast  he  traveled. 

32.  An  aviator  flew  to  a  point  60  miles  away,  and  back,  in  5  hr. 
24  min.  His  rate  going  was  25  miles  an  hour.  What  was  his 
rate  returning  ? 

33.  An  aviator  started  on  a  trip  to  a  point  80  miles  away. 
A.fter  going  30  miles  he  increased  his  speed  20  miles  an  hour, 
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and  made  the  remaining  distance  in  the  same  time  that  it  took 
him  to  fly  the  first  30  miles.  What  was  his  speed  the  first 
30  miles? 

34.  An  aviator  made  25  miles  an  hour  against  the  wind  on  a 
journey  of  45  miles.  After  he  had  gone  20  miles,  the  wind  ceased. 
The  entire  time  required  for  the  trip  was  1  hr.  2^  min.  What 
was  the  speed  of  the  wind  ? 

86.  In  the  National  League  of  baseball  teams,  at  one  point  of 
the  season,  Chicago  and  New  York  had  records  as  follows : 


Wow 

Lost 

Chicago 
New  York 

64 

58 

30 
32 

If  these  two  teams  were  to  play  a  final  series  of  6  games 
together,  how  many  would  Chicago  have  to  win  in  order  that  the 
quotient  of  the  number  of  games  won  and  the  number  lost  should 
be  greater  for  Chicago  than  for  New  York  ? 

Suggestion.  —  Let  x  be  the  number  Chicago  must  win  in  order  that  the 
quotients  of  the  numbers  of  games  won  and  the  numbers  lost  should  be  the 
same  for  both  teams. 

Show  that  _64+^^58  +  6-^, 

30+6- aj        32  +  aj 

Show  that  oj  =  1  J}. 

Hence,  Chicago  must  win  two  more  games  in  order  to  finish  ahead  of 
New  York. 


36.   The  Pittsburg  and  Philadelphia  baseball  teams  of  the 
National  League  had  records  as  follows: 


Wow 

Lost 

Pittsburg 
Philadelphia 

54 

50 

34 
36 
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If  these  two  teams  were  to  play  a  final  series  of  5  games  to- 
gether, how  many  would  Pittsburg  have  to  win  in  order  that  the 
quotient  of  the  number  of  games  won  and  the  number  lost  should 
be  greater  for  Pittsburg  than  for  Philadelphia? 

113.  Literal  Equations:  Formulae.  —  An  equation  that  contains 
two  or  more  letters,  such  as  the  practical  formulae  encountered  in 
the  earlier  part  of  the  book,  is  called  a  literal  equation. 

In  a  literal  equation  the  number  represented  by  any  one  of  the 
letters  involved  may  be  considered  as  the  unknown  number,  and 
its  value  solved  for.  It  is  clear  that  in  such  an  equation  the 
value  found  for  the  unknown  number  will,  in  general,  be  an  ex- 
pression containing  the  other  letters  involved  in  the  equation. 
If  a  literal  equation  is  linear  with  respect  to  the  unknown  num- 
ber, it  may  be  solved  by  the  method  of  this  chapter. 

Example.  —  Solve  x  =  ^^  "^     for  n. 

n 

Clearing  of  fractions,  nx=na'{-  &• 

Transposing,  nx^na  —  h. 

Uniting  terms,  (as  —  a)  »  =  6. 

h 


Dividing  by  a;  —  a,  n  = 


a  — a 


Note.  —  The  process  of  uniting  the  similar  terms  in  a  literal  equation,  as 
in  step  8  of  the  above  example,  is  equivalent  to  factoring  the  terms. 


EXBRCISES 

1.  Solveaj  =  5!!:5Ll:^fora. 

n 


2.   Solve  2  a --  =  22^  for  a?. 

X         X 


X  —  CI 

8.    Solve  a  = for  a, 

a?  — 1 

4.   Solve  2 -f- -^— =  ^ -^-- f or  *. 

2^—1     2^  —  1 
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6.   Solve  _^  +  _il-  =  l  for  F. 

6.  Solve  ^-\-y-=im  +n  for y, 

m     n 

7.  Solve  ^  =  ^^=^  fort 

8.  Solve  ??!^tl^      2^^  m-Tj^j^^ 

n-\'r      'T  —  n^      n  —  r 

9.  Solve  1  +  1  +  1  =  1  for  P. 

P     Q     E 

10.  Solve -l  +  l--  +  —  =  0  ford. 

N  d      dN 

11.  Solve  ^±^+  — i!^  =— ?—  for  *. 

^^      y{y-t)     j{t-y) 

12.  Solve  H^-  i^+3C=  JL  for  A 

3  A  4.  A  10 

13.  Solve ip±n^ i±:k__..^p±w  ,^^ p 

P'-PW      P'-2PW^W     P'-W 

14.  Solve  ^^±|!=  -f^  + 1  for  c. 

cr  —  dr      c  +  d 

NoTB.  —  The  following  formulae  express  important  principles  in  science, 
geometry,  etc.  It  often  is  necessary,  in  using  such  formulae,  to  express  one 
of  the  quantities  involved  in  terms  of  the  others.  The  pupil  will  find  it  of 
decided  advantage  to  learn  that  process  here. 

15.  If  C  and  c  are  the  circumferences,  and  B  and  r  the  radii, 
respectively,  of  any  two  circles,  then 

c      r 

Solve  for  r. 
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IS.  The  figure  bounded  by  two  radii  of  a  circle  and  the  arc 
subtended  by  them  is  a  sector  of  the  circle.  If  s  and  a  are  the 
area  and  arc,  respectively,  of  a  sector  of  a  circle  whose  area  is  S 
and  circumference  G,  then      t—B. 

s~o' 

Solve  for  s ;  for  S;  ior  a;  for  C 

17.  If  one  gear  or  cogwheel  drives  another,  and  S  and  Tare 
the  speed  and  number  of  teeth  of  the  driving  wheel,  and  s  and  t 
the  speed  and  number  of  teeth  of  the  driven  wheel,  respectively, 
then  S  _  t 


Solve  for  6'';  fors;  fort;  for  T. 

If  the  number  of  teeth  of  the 

driving  wheel  ia  96,  of  the  driven 

wheel  12,  and  the  speed  of  the 

driving    wheel    40    revolutions    a 

minute,  find  the  speed  of  the  driven  wheel. 

18.  The  formula  for  computing  the  area  X  of  a  lune,  the  por- 
tion of  the  surface  of  a  sphere  bounded  by  two  semicircles  such 
as  the  meridians  on  the  earth's  surface,  is 

sr    4 " 

Solve  for  L;  tot  A. 

19.  In  two  similar  rig^t  cylinders  whose  volumes,  altitudes, 
and  radii  are  V,  H,  R,  and  v,  h,  r,  respectively, 

V         irr'ft  ' 
Solve  for  F;  for  v;  for  R;  for  h. 

20.  If  T  and  (  are  the  areas  of 
the  entire  surfaces  of  the  above 
cylinders,  T_R(II+B) 

t         r(h  +  r) 
Solve  for  T;  for  ( ;  for  H;  for  k. 
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21.  If  the  radius  of  a  right  cylinder  is  denoted  by  22,  the  area 
of  the  curved  surface  by  S,  the  area  of  the  total  surface  by  T,  the 
altitude  by  H,  and  the  volume  by  V, 

(1)  B  =  ^;        (2)  IlH=f;        (3)  I^H=I; 

JO  J  IT  IT 

{A)  JP  +  nR  =  ^;        (5)  Jl'  +  HR=^±^' 

Solve  (1)  for  F;  for  8,  Solve  (2)  for  R\  for  H\  for  /S^.  Solve 
(3)  for  iT;  for  F.  Solve  (4)  for  H-,  for  T.  Solve  (6)  for  T;  for 
S\  for  ^. 

22.  In  the  above  cylinder  it  is  known  also  that  -— =  — - — • 
Solve  for  H-,  for  22;  for  T;  for  S.  R         S 

23.  The  formula  F= is  used  in  computing  centrifugal 

r 

force,  or  the  force  with  which  an  object  moving  in  a  circle  tends 
to  fly  off  from  the  center.     It  is  the  force  which  causes  grind- 
stones and  flywheels  to  burst  when  run  at  too  high  a  speed,  and 
carriages  to  overturn  when  turning  a  corner  at  too  high  a  speed. 
Solve  for  Jf ;  for  r. 

24.  Solve  /=  —  for  w ;  for  gr ;  f or  r. 

gr 

26.  The  densities  of  some  substances  are  computed  by  the 

formula,  «« 

'  2)  =  — ^ 


w  —  w* 


Solve  for  w\  for  w\ 

26.  The  formula  C=s—  is  of  great  importance  in  electricity. 

R 

It  gives  the  relation  between  the  quantity  of  current  G  of  elec- 
tricity flowing  through  a  wire  or  other  conductor,  the  resistance 
offered  to  the  current  by  the  conductor,  and  the  electrical  pres- 
sure (electromotive  force)  required  to  overcome  that  resistance. 
iSolve  for  E\  for  22. 


FRACTIONAL  EQUATIONS  201 

27.  If  the  resistance  within  an  electric  battery  cell  is  R,  the 
reaistaace  of  the  external  circuit  through  which  the  current  flows 
T,  the  strength  of  current  C,  and  the  electric  pressure  E,  then 

R-\-r 
Solve  for  E;  for  B;  for  r. 

28.  If  n  equal  electric  cells  are  connected 

by  wires  in  one  way  (series),  so  as  to  form  a 

battery,  the  current  strength  is  found  by  the 

formula  „  ^ 

C=    "^     . 
B-^nr 

Solve  for  n;  for  E;  for  B;  for  r. 

29.  If  the  cells  in  Problem  28  are  connected  in  another  way 
(parallel),  the  current  strength  of  the  battery  is  found  by  the 
formula  ET 

0  =  -^. 
B  +  t 
n 
Solve  for  n ;  toTE;  tor  B;  for  r. 

30.  If  an  electric  circuit  between  two  points  is  divided  into 
two  branches,  so  that  part  of  the  current  flaws  through  one  branch 
and  the  rest  through  the  other,  the  total  resistance  of  the  circuit 
is  computed  by  the  formula 

B     r^     r,' 
where  R  is  the  total  resistance,  ri  the  resistance  of  one  branch, 
and  r,  the  resistance  of  the  other  branch 
Solve  for  B. 

31.  If  the  circuit  in  Problem  30  is  divided  into  three  branches 
whose  resistances  are  r^  r^,  and  r^  the  formula  is 

-  .      .     _  jS     »"i     »•,     rj 
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32.  Solve  5  =  ^^^^  for  r;  for  a;  f or  ^ 

1  —  T  ^ 

33.  The  radius  r  of  the  arch  of  a  bridge  or  doorway  whose  span 
is  w  and  rise  h  is  found  from  the  f ormnla 

^  Solve  for  r. 

34.  Find  the  radius  at  which  the  stones  must  be  cut  for  an 
arch  whose  span  is  16  ft.  and  rise  4  ft. 


SUPPLEMENTARY  EXERCISES 

Solve: 

1.    „    .^       .4-  1  ^ 


2n»-n-l     2n«  +  3»  +  l     n*-l 


2.    -4-„+     ^ 


^-2  '  ^  +  2      ^-3 

7^?  +  2 ^?  +  2        _      2 

6w;^  +  13w;-5      2tir'_«^_i5      3m;-1* 


6r«-l  3r-5     3 


^-9r+14       r-7 


,     18<-27  ,  11«-1      9^  +  11 

5      — J ^ : • 

14       ^3^4-1  7 


+ 

Siroo RATION.  —  In  equations  like  this,  in  which  some  denominators  are 
monomials  and  others  polynomials,  it  often  is  best  to  clear  of  monomial 
denominators  only  at  first,  and  then  simplify  before  clearing  of  the  remaining 
denominators.    Thus,  multiplying  both  members  by  14, 

18  «  -  27  4-  l^i^i^  =  18  «  +  22. 
3«4-l 

This  becomes  ^AiL:^  =  49. 

St+1 
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^   4P+3     7P-29^8P+19 
9       "^5P^12  18 

^    5fe  +  g^llfe-lg     33A?  +  15 
'     A?-5  10  30 


8.   ^1       ^+7       ^  9JVr4-3_3JVr+6 


9. 


2(3J\r-4)  15  5 

a?  — 7      oj  — 9      ar  — 13     a?  — 15 
a?  — 9     a?— 11     a?  — 15     a?  — 17 


Suggestion.  —  In  equations  of  this  kind  much  multiplication  may  be 
avoided  by  combining  some  of  the  fractions  before  clearing  the  equation 
of  fractions.    Thus,  performing  the  subtractions  indicated  in  each  member, 

-4  -4 


a;2-20x+99     a;2_32a;  +  266 

10.  ^LzJ+aLrl^y^+y-  ». 

Suggestion.  — First  transpose  iu  order  to  form  differences  such  that  the 
fractions  when  combined  will  give  simple  numerators.     Thus, 


y-5     y— 4_y~   8     y-7 
y— 7     y  —  6     y  — 10     y-9' 

11        ^        B  +  l^B-S     J9-9 
•    B-^2     J5-1     J5-6     J3-7' 

• 

1111 


^  I 


18. 


V— 3     V— 1     V— 4     V— 2 


IJL   ^"^^ -. ^""^ _ ^  — 1  1  n  — 2 
n— 4     n— 5     n^2     3— n 


14.    «-H  .  a  +  6__a  +  5     a+2 
a-*-2     a  +  7     a  +  6     a  +  s' 
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15     i^-1     i^-7     P^5^P-3 
•   P-2'*"P-8     P-.6     P-4 


A;+5^A:+9     k+4:  ^A:+10* 


17    2a4-6  ,  2a  +  2^2a-f  1     20  +  6 
2a  +  6     2a  +  3     2a  +  2     2a  +  7 


r  — 1  1  r  — 2 

r-2     r*-r-2^r  +  l 


19.  4y  +  l     4y-l^       8 


4y-l     4y  +  l     16y*-l 


30    -^ S-^^3(2£-7). 

3-«      3  +  «        6(3  +  ») 


21.  i=l-.JL,+    8 


«  — 2     «  +  2     «  +  l 

.  Solve  ^^^-^:z^^h^  +  c{a^-b)  ^^^ 
bx+€      bx  +  2c        b{bx  +  3c) 


M.  Solve- — ^^=^ +^LzI^Oiott 

e  +  ct^at'-ao     *  — c 


24.  Solve  _-l_+-J--=    .  ^    ■  for II. 
a(&  —  n)     b{c  —  n)     a(c  —  n) 


«.M«f-,(|-|).^(.-2|i!)te 
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26.  Solve  i  =  -+-  +  ~  +  i  for  «. 
B     ri     Vg     rj     r^ 


97.   Solve  ^  =  ^^-^  effort 

^  +  mo 


28.  Solve  ^V^?^ +  1  =  ,  .     ^  ,     ,forF> 


Wl  — w 


29.  In  a  guessing  game,  the  leader  says :  "  If  you  will  add  20 
years  to  your  age,  divide  the  sum  by  your  age,  add  3  to  the  quo- 
tient, and  tell  me  the  ^result,  I  will  tell  you  your  age.'*  How  did 
he  find  it  ? 

SuooE8TioN.-^Let  X  =s  the  age  and  a  =  the  result  given.  Write  an  equa- 
tion and  solve  it  for  x. 

« 

30.  Make  up  a  guessing  game  similar  to  that  in  Problem  29, 
and  show  how  the  age  is  found. 

31.  If  a  body  who^e  weight  is  W  pounds,  moving  with  a  ve- 
locity of  "Ffeet  per  second,  strike  a  second  body  whose  weight  is 
w  pounds  and  which  is  at  rest,  so  that  the  two  bodies  move  on 
together,  the  velocity  v  with  which  they  continue  together  is 

found  from  the  formula 

„      TTx  F 

W+w 
Solve  for  W\  for  F;  for  w. 

32.  If  a  freight  oar,  weighing  40,000  lb.  and  moving  8  ftr  per 
second,  strike  a  second  car  that  weighs-  32,000  lb.  and  is  standing 
still,  and  the  two  are  then  coupled  together,  with  what  speed  will 
they  continue? 


CHAPTER  XI 
PROPORTION.    VARIABLES 

114.  Ratio. — The  quotient  of  one  number  divided  by  another 
of  the  same  kind  is  sometimes  called  their  ratio.  It  usually  is 
written  in  the  form  of  a  fraction,  and  is  subject  to  all  of  the 
rules  that  apply  to  fractions. 

Thus,  the  ratio  of  $  6  to  f  100  is  written  -M-.     The  ratio  of  2  lb.  to  5  lb. 
'  ^         ^  $100 

is  written  -,    And,  in  general,  the  ratio  of  a  to  &  is  written -. 

6  lb.  b 

Note.  —  An  old  form  of  writing  the  ratio  of  a  to  &  is  a  :  &.  This  notation 
is  less  convenient  for  computation  than  the  fractional  form,  and  is  used  less 
now  than  formerly. 

The  dividend  or  numerator  of  a  ratio  is  sometimes  called  the 
antecedent,  and  the  divisor  or  denominator  is  called  the  consequent. 

EXERCISES 

1.  Express  the  ratio  of  3  qt.  to  6  qt.  as  a  fraction  in  its  lowest 
terms. 

2.  If  the  rate  of  interest  on  a  sum  of  money  is  5  %,  that  is, 
the  ratio  of  $5  to  $100,  express  the  rate  as  a  fraction  in  its 
lowest  terms. 

3.  The  death  rate  in  Boston  in  a  recent  year  was  18  to  1000 
population.     Express  this  jatio  as  a  fraction. 

4.  An  alloy  consists  of  copper  and  tin  in  the  ratio  of  2  to  3. 
What  part  of  it  is  each  ? 

5.  A  solution  consists  of  alcohol  and  water  in  the  ratio  of  3 
to  5.     What  part  of  it  is  water  ? 
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6.  In  a  city  of  84,000  population  the  number  of  births  in  a 
year  is  560.     What  is  the  birth  rate  ?     How  many  per  1000  ? 

7.  When  a  man  5  ft.  10  in.  tall  casts  a  shadow  35  ft,  long, 
find  the  ratio  of  his  height  to  the  length  of  his  shadow. 

8.  The  ^ecific  gravity  of  a  solid  or  liquid  is  the  ratio  of  the 
weight  of  any  volume  of  it  to  the  weight  of  an  equal  volume  of 
water.  A  cubic  foot  of  water  weighs  62.5  lb.  A  cubic  foot  of 
steel  weighs  490  lb.  Find  the  specific  gravity  of  steel.  Express 
the  answer  first  as  a  common  fraction,  then  as  a  decimal  computed 
to  tenths. 

9.  Find  the  specific  gravity,  computed  decimally  to  tenths,  of 
each  of  the  following  substances : 


BUBSTANOB 

Wkioht  IK  Pounds 
OF  1  Cu.  Ft. 

SUBBTANOK 

Weight  in  Pounds 
OF  1  Cu,  Ft, 

Cast  Iron 

Brass 

Gold 

460.0 

623.8 

1200.9 

Oak 
Ash 
Cork 

66.0 
62.8 
16.0 

10.  The  diameter  of  a  circular  plate  is  6  in.,  and  the  circum- 
ference is  measured  with  a  tape  line  and  found  to  be  18.85  in. 
Find  the  ratio  of  the  circumference  to  the  diameter. 

11.  A  boy  measures  the  wheel  of  his  bicycle,  and  finds  that  its 
diameter  is  28  in.  and  circumference  88  in.  What  is  the  ratio  of 
the  circumference  to  the  diameter  ? 

12.  Simplify  the  ratio  of  x  +  y  to  a^  —  y^  by  writing  it  as  a 
fraction  reduced  to  its  lowest  terms. 

a        6' 

13.  Simplify  the  ratio  of  -  to  —  by  writing  it   as  a  simple 

fraction.  ^ 

14.  Which  ratio  is  the  greater,  -xV  or  ff  ? 

SnooBSTiON.  —  Redace  them  to  a  common  denominator,  and  compare  the 
numerators. 

16,   Write  in  descending  order  of  magnitude  -I,  -J-|,  f^. 
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16.  Two  partners  in  business^  A  and  B^  divide  a  profit  of 
S  2185  between  them  so  that  A's  part  and  B's  part  are  in  the  ratio 
of  3  to  4.     How  many  dollars  does  each  receive  ? 

SuooBBTioN.— Let  d  be  the  amount  that  A  receives. 
Then,  2135  —  d  is  the  amount  that  B  receives. 

Hence,  — ^ —  =  ?. 

•  2186- e?     4 

17.  If  two  partners,  A  and  B,  divide  a  profit  of  $1200  in  the 

ratio  of  1  to  2,  how  many  dollars  does  each  receive  ? 

« 

18.  In  a  certain  city  with  a  population  of  247,520,  the  ratio  of 
the  Germans  to  all  other  nationalities  together  is  2  to  15.  What 
is  the  German  population  ? 

19.  Separate  40  into  two  parts  which  are  in  the  ratio  of  3 
to  7. 

20.  Separate  85  into  two  parts  which  are  in  the  ratio  of  6 
to  12. 

21.  The  sides  of  a  triangle  are  5  in.,  9  in.,  and  7  in.  Divide 
the  side  7  in.  long  into  two  parts  whose  ratio  equals  the  ratio  of 
the  other  two  sides. 

115.  Proportion. — An  equation  whose  members  consist  of  two 
ratios  is  called  a  proportion. 

^"-•ri'   |f  =  S-<lf  =  |  are  proportions. 

CL        C 

The  proportion  -  =  --,  is  read  either  "a over  b  equals  c  over d," 

0        d 

or  "a  is  to  &  as  c  is  to  d." 

The  numbers  forming  one  of  the  ratios  are  said  to  be  "  propor- 
tional to"  the  numbers  forming  the  other  ratio;  or  the  four  num- 
bers forming  the  ratios  are  said  to  be  "  in  proportion." 

In  any  proportion  -  =  - ,  a,  6,  c,  and  d  are  called  the  terms.    The 

0     d 

first  and  fourth  terms,  a  and  d,  are  called  the  eaEtremes ;  and  the 
second  and  third  terms,  h  and  c,  are  called  the  means. 

Since  a  proportion  is  an  equation,  all  of  the  operations  which 
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may  be  performed  upon  an  equation^  such  as  clearing  of  fractions, 
etc.,  may  be  performed  upon  a  proportion. 

^OTE.  — Since  the  ratio  of  any  two  concrete  numbers  is  the  same  as  that 
of  the  corresponding  abstract  numbers,  in  performing  any  operation  upon  a 
proportion,  confusion  may  be  avoided  by  using  only  abstract  values  for  the 
terms. 

EXERCISES 

Find  the  value  of  the  unknown  term  in  each  of  the  following 
proportions : 


1. 

n     16 
2     10 

.    7     42 

4.    —  = 

9      t 

7. 

36_1 
V      4 

2. 

X       1 

12     8 

6      3-^ 

'  10     40 

8. 

9      12 
16     P 

3. 

4     16 

y^2l 

24      r 
35     70* 

9. 

20     8 
36     l' 

Fir 

id  the  values  of  n  in 

the  proportions 

\: 

10. 

b     n' 

12.  i  =  «. 
V      w 

14. 

r     n 

11. 

5  =  2. 
n     z 

is!  «-«=« 

a 

b 

15. 

an     b 
b      c 

16.  A  family  of  three  members  and  a  family  of  four  members 
camp  out  together.  The  total  cost  of  provisions  is  $  112,  which 
they  wish  to  divide  in  proportion  to  the  sizes  of  the  families. 
How  much  must  each  family  pay? 

116.   Definitions.  —  In  any  proportion  -  =  -,  the  fourth  term  d 

b     d 

is  called  a  fourth  proportional  to  the  other  three  terms,  a,  b,  and  c. 
A  proportion  such  as  ~  =  -  ?  in  which  the  means  are  equal,  is 

called  a  mean  proportion.    The  mean  term  x  is  called  the  mean 
proportional  between  the  extremes  a  and  b. 

In  a  mean  proportion  such  as  -  =  -,  6  is  called  the  third  pro* 
portloiua  to  a  and  a>.  ""     ^ 
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EXERCISES 
Find  the  fourth  proportional  to : 

1.  2,  3,  and  10. 

2  10 

Suggestion.  —  Let  a*  be  the  fourth  proportional.    Then  -  =  — . 

3  X 

2.  4,  5,  and  12.  5.  1,  a,  and  a?. 

3.  7,  10,  and  28.  6.   m,  n,  and  m^n. 

4.  16, 12,  and  4.  7.   1. 1  -  *,  and  1  +  «. 

Find  the  third  proportional  to : 

8.  3  and  6. 

Suggestion.  —  Let  z  be  the  third  proportional.    Then  -  =  -. 

6      a; 

9.  8  and  12.  12.   a  and  &. 

10.  oj  and  3  aj*.  13.   1  +  w  and  1  —  n*. 

11.  P  and  Pt,  14.   10  and  1. 

Find  the  mean  proportional  between : 

15.  2  and  8. 

2      X 

Solution.  —  Let  x  be  the  mean  proportional.     Then  -  =  -. 

X      8 
Clearing  of  fractions,  x^  =  16. 

Taking  square  root,  a;  =  ±  4. 

16.  3  and  12.  19.   n  and  n*. 

17.  7  and  28.  20.   2^3and50J[. 

18.  9andl.  21.    ^  and  ^ -h  2  i?  +  i2«. 

117.   Distances  found  by  Proportion.  —  Two  triangles  that  are 
drawn  wi^.h  the  angles  of  one  equal  to  the  corresponding  angles  of 

the    other    have    the    same 

yv  shape,  and  are  called  similar 

C  y       >v  triangles,  as  ABO  and  DEF. 

y\.  X  \.  Let  the   student  draw  two 

A^-— — ^B       D^  ^E     such  triangles,  making  the 
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side  DE  of  one  three  times  as  long  as  the  corresponding  side  AB 
of  the  other.  Measure  the  other  sides,  and  compare  them.  It 
will  be  found  that: 

In  two  similar  triangleSj  the  corresponding  sides  are  proportional. 
Thus,  in  the  above  figure,  —  =  — ,  etc. 

This  principle  is  much  used  in  computing  unknown  distances. 


EXERCISES 

1.  In  two  similar  triangles,  the  sides  of  the  larger  are  12  in., 
14  in.,  and  20  in.,  and  the  shortest  side  of  the  smaller  is  3  in. 
Find  the  other  sides  of  the  smaller  triangle. 

2.  The  sides  of  a  triangular  field  are  16  rd.,  24  rd.,  and  30  rd. 
The  smallest  side  of  a  similar  field  is  40  rd.  Find  the  other  two 
sides. 

3.  A  tree  casts  a  shadow  48  ft.  long  when  a  vertical 
rod  6  ft.  high  casts  a  shadow  4  ft.  long. 
How  high  is  the  tree  ? 

4.  A  church  spire  casts  a  shadow  23 
ft.  long  when  a  man  5  ft.  10  in.  tall 
who  is  passing  by  casts  a  shadow  2  ft.  long.     Find  the  height  of 
the  spire. 

5.  The  distance  from  ^  to  5  on  opposite  sides  of  a  lake  may 

^^^m^^  he  found  as  follows : 

Axr^^^^^^y-^yB       The  distances  from  A  to  B  and  from  B 
^Sw,^^^^"^^         to  T  are  measured  off,  making  the  triangles 
^^x^'^'^^s.  ASB  and   TSR  similar.     If  AS  is   taken 

Tr-==^- -^R       400  yd.,  and  SB  300  yd.,  .and  TB  is  meas- 
ured and  found  to  be  580  yd.,  how  far  is  it  from  Ato  B? 

6.  If  A  and  B  are  two  points  on  opposite  sides  of  a  hill,  and 
out  in  the  plain  at  the  foot  of  the  hill  distances  are  measured  as 
in  Problem  5,  so  that  AS  is  taken  4050  ft.  and  SR  1350  ft.,  and 
TB  is  found  to  be  1600  ft.,  how  far  is  it  between  A  and  B  ? 
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7.  To  find  the  distance  AB  serosa  a  stream,  meaaure  off  a  dis- 
tance ^<7  several  jards  long,  along  the  bank.    Then  at  C  ineasure 

off  a  distance  OD  at  right  angles  to  AO.  By 
sighting  across  from  Z)  to  B,  locate  a  Stake  at  a 
point  E  of  AC  in  line  with  D  and  B.  Get  the 
lengths  of  AE  and  EG.  Since  the  triangles  are 
similar,  write  the  proportion  by  means  of  which 
AB  may  be  computed. 

If  AE  is  80  yd.,  EC  20  yd.,  and  DO  16  yd., 
what  is  the  width  of  the  stream  ? 

8.  It  is  known  in  geometry  that  a  line  parallel  to  one  side  of 
a  triangle  divides  the  other  two  sides  into  four  proportional  parts. 

'  DA     EB' 

(1)  If  ..ID  =  6  in.,  DC=S  in.,  and  BE 

=  4  in.,  find  EC. 

(2)  If  AD  =  10  in.,  BE  =  12  in.,  and  EC 
=  20  in.,  find  DC. 

(3)  If  I>0=9  in.,  BE  =  1  in.,  and  EC=5  in.,  find  AD. 

9.  In  the  figure  of  Problem  8,  if  AD  =  8  in.,  DC=5  in.,  and 
BC=26  in.,  find  BE  and  EC. 

SnooESTiON.  —  Let  BE  =  x.     Tlien  EC  =  28  —  i. 

Hence.  -  =  — - — ■ . 

6     26  -  E 

10.  In  the  figure  of  Problem  8,  if  .40-40  ft,  B£«12  ft., 
and  EC  =15  ft,  find  AD  and  DC. 

11.  It  is  known  in  geometry  that  in  any  triangle  ABC,  if  the 
line  CD  di?ides  the  angle  at  C  into  two  equal  parts,  it  divides 

C  the  opposite  side  into  parts  proportional  to  the 

/Tv  other  two  sides;  that  is,  4^=^- 

^/    \        \p        If  AC=  15  in.,  BC  =  10  in.,  and  AB=>12  in., 
°  find  AD  and  DB. 

12.  In  the  figure  of  Problem  11,  if  AC  =  40  yd.,  B0=  32  yd., 
and  AB  =  60  yd.,  find  AD  and  DB. 
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18.  In  the  triangle  ABGy  the  angle  at  0  is  a  right  angle,  and 
CD  is  perpendicular  to  AB.    It  is  known 
in  geometry  that  CD  is  a  mean  propor- 
tional between  AD  and  DB. 

If  AD  =20  in.,  and  2>J5  =  5  in.,  find 
CD.  A 

14.  A  method  used  several  hundred  years  ago  of  finding  the  dis- 
tance from  A  to  the  inaccessible  point  B  was  to  erect  a  vertical  staff 

ACf  place  upon  it  an  instrument  resembling  a 
•  carpenter's  square,  pointing  one  blade  towards 
By  and  note  the  place  D  on  the  ground  to  which 
the  other  blade  pointed.  AC  and  DA  were  meas- 
ured.   If  ^4(7=52  in.,  and  DA^^  in.,  find  AB, 

16.  In  the  semicircle  with  the  diameter  AB,  CD,  a  perpendic- 
ular to  ABj  is  a  mean  proportional  between  AD  and  DB, 

If  AD  =  12  in.,  and  Z>5  =  3  in.,  find  CD,  ^ ^ 

If  AD  =  8  in.,  and  (7Z>  =  6  in.,  find  DB. 
If  AB  =  20  in.,  and  CZ>=8  in.,  find  AD  and 

118.  Proportion  in  Simple  Machines.  —  Simple  machines,  such  as 
the  lever,  the  wheel  and  axle,  etc.,  are  instruments  by  means  of 
which  a  small  effort  exerted  may  be  made  to  overcome  a  resistance 
of  much  greater  size.  Proportion  is  involved  in  the  use  of 
simple  machines. 

EXERCISES 

1.  A  lever  is  a  stiff  bar  of  wood  or  metal  that  is  movable 
about  a  fixed  point  or  pivot  called  the  fulcrum.  The  resistance 
W  to  be  overcome  is  applied  at  one  end  of  the  bar,  and  the  effort 
to,  exerted  to  overcome  it,  at  the  other  end.  If  D  is  the  dis- 
tance of  W  from  the  fulcrum,  and  d  the  distance  of  w  from  the 
fulcrum,  then 
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What  effort  is  required  to  lift  a  weight  of  600  lb.  by  a  lever, 
if  the  weight  is  8  in.  from  the  fulcrum  and  the  effort  applied  40 
in.  from  the  fulcrum  ? 

2.  What  effort  is  required  to  lift  a  atone  weighing  840  lb.  by 
means  of  a  crowbar  60  in,  long,  if  the  fulcrum  is  placed  4  in.  from 
the  stone  ? 

8.   A  blacksmith  weighing  180  lb,  lifts  wagons,  etc.,  by  means 

of  a  wagon  jack.     The  weight  lifted  is  applied 

at  a  point  6  in.  from  the  pivot  or  fulcrum,  and 

.  r    he  grasps  the  handle  32  in.  from  the  pivot.     By 

throwing    his   whole  weight   upon  the  jack, 

how  much  can  he  lift  ? 

4.   The  entire  length  of  a  lever   is   48  .in.     Where  must  the 

fulcrum  be  placed  in  order  that  a  resistance  of  360  lb.  may  be 

overcome  by  an  etfort  of  120  lb.  ? 

B.  The  wheel  and  axle  consists  of  a  wheel  and  a  cylindrical 
axle  passing  through  its  center,  the  two  being  fastened  rigidly 
together,  so  that  the  axle  is  turned  by  revolving 
the  wheel.  The  weight  or  resistance  to  be  over- 
come is  applied  at  the  circumference  of  the  axle 
through  a  cord  wrapped  around  the  axle,  and 
the  effort  required  to  overcome  it  is  applied  at 
t  the  circumference  of  the  wheeL  If  the  resist- 
ance is  W,  the  effort  required  to  overcome  itw, 
the  radius  of  the  axle  R,  and  the  radius  of  the 

wheel  r,  then --  =  — . 

If  the  radius  of  the  wlieel  is  20  in.,  the  radius  of  the  axle  6  in., 
and  the  resistance  to  be  overcome  BOO  lb.,  what  is  the  effort 
required  ? 

6,  The  axle  of  a  windlass  shown  in  the  above  figure,  which  is 
used  for  drawing  water  from  a  well,  has  a  radius  of  ^  in,,  and 
the  radius  of  the  wheel  16  in.  What  effort  is  required  to  lift  a 
bucket  of  water  weighing  54  lb.? 
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7.  A  capstan,  a  form  of  wheel  and  axle  used  in  lifting  anchors 
on  ships,  has  an  axle  12  in.  in  diameter  and  a  lever  arm  or  spoke 
45  in.  long.  How  much  effort  is  required  to  lift  by  it  an  anchor 
weighing  a  ton  ? 

8.  The  inclined  plane  is  a  smooth  sloping  surface  that  is  used 
in  raising  a  heavy  object  through  the  application  of  a  compara- 
tively small  effort,  the  object  being  raised  by  sliding  or  rolling  it 
along  the  surface  of  the  plane.  If  the  effort  is  applied  parallel  to 
the  surface  of  the  plane,  the  effort  applied  is  to  the  weight  lifted 


w 


H 


as  the  height  of  the  plane  is  to  its  length ;  that  is,  —  =  — ,  where 

W     L 

w  =  the  effort  applied,  W  =  the 

weight,  H  =  the  height  of  the 

plane,  or  distance  the  weight  is 

lifted,  and  L  =  the  length  of  the 

plane. 

If  the  length  of  an  inclined 

plane  is  12  ft.,  the  height  3  ft., 

and  the  weight  of  the  object  lifted 

400  lb.,  what  effort  is  required  to  move  it  up  the  plane  ? 

9.  A  barrel  of  material  weighing  180  lb.  is  loaded  into  a  wagon 
bed  32  in.  from  the  ground  by  rolling  it  up  a  board  10  ft.  long 
with  one  end  resting  on  the  ground  and  the  other  on  the  wagon 
bed.     What  effort  is  required  ? 

10.  Two  men  place  a  580  lb.  building  stone  upon  a  wagon  by 
sliding  it  up  a  board  8  ft.  long,  one  end  of  the  board  being  on  the 
ground  and  the  other  resting  on  the  bed  of  the  wagon.  The  wagon 
bed  is  20  in.  from  the  ground.  What  effort  do  they  use  in  loading 
the  stone  in  addition  to  that  required  to  overcome  the  friction  ? 

11.  Ice  is  stored  in  an  ice  house  by  dragging  it  up  an  inclined 
plane.  The  incline  is  200  ft.  long  and  40  ft.  high.  What  effort 
is  required  to  pull  up  a  block  of  ice  weighing  250  lb.  ? 

12.  A  locomotive  pulls  a  train  weighing  720  tons  up  a  grade 
with  a  rise  of  2^  ft.  to  100  ft.  of  grade.  How  much  more  pull  must 
the  locomotive  exert  than  if  the  train  were  on  a  level  road  bed  ? 
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119.  Important  Principles  in  Proportion.  —  The  following  im 
portant  principles  in  proportion  are  often  used  in  geometry,  and 
elsewhere,  where  proportion  is  applied.    Let  the  pupil  establish 
each  of  them. 

(1)  If  four  numbers  are  in  proportion,  the  product  of  the  extremes 
equals  the  product  of  the  means.     That  is, 

if  2  --  £j  then  ad  =3  be. 
b      d 

SuooESTioN.  —  Clear  -  =  -  of  fractions. 

b      d 

(2)  If  the  product  of  two  numbers  equals  the  product  of  two  other 
numbers,  the  four  numbers  are  in  proportion.     That  is, 

if  ad=^bc,  then-  =  -- 

b     d 

SuooBSTiON.  —  Divide  both  members  of  ad  =  he  by  bd. 

(3)  If  four  numbers  are  in  proportion,  they  are  in  proportion  by 
inversion.     That  is, 

if  2  =  ^,  then  5  =  ^. 
b     d  a     c 

Suggestion,-— Divide  1  =  1  by  the  members  of  -  ss  £• 

b     d 

(4)  In  any  proportion,  the  means  may  be  interchanged,  or  the 
extremes  interchanged,  without  destroying  the  proparticm.     That  is, 

if  2  =  £,  tlien«  =  ^and^  =  £. 
b     d  c     d         b     a 

Suggestion.  —  Multiply  both  terms  of  -  =  -  by  - ;  by  - . 

b     d       c         a 

(5)  The  terms  of  any  pi*oportion  are  in  proportion  by  addition 
That  is, 

if2  =  ^,  then2±^  =  £±^. 
b     d  b  d 

Suggestion.  — Add  1  to  each  member  of  -  =  -• 

h     4 
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(6)  The  terms  of  any  proportion  are  in  proportion  by  subtraction. 
That  is^ 

b     d'  b  d 

Suggestion.  —  Subtract  1  from  each  member  of  -  =  -  • 

b      d 

(7)  Like  powers  of  the  terms  of  a  proportion  are  in  proportion. 
That  is, 

if  ?  =  £,  then^  =  ^,  2l=:£!,  etc. 
b     d'  b'     (f'    6»     d«' 

Suggestion.  —  Raise  both  members  of  -  =  -  to  the  same  power. 

b     d  ^ 

(8)  If  two  or  mo-re  ratios  are  equal,  the  sum  of  the  antecedents  is 
to  the  sum  of  tlie  consequents  as  any  antecedent  is  to  its  consequent. 
That  is, 

if  5  =  £  =  1=  etc.,  then  a  +  c  +  e+ etc. ^a^  ^^ 
b     d     f  b  +  d-^f-i-  etc.     b 

For,  since  ^  =  -  =--  =  etc.,  let  each  ratio  equal  r. 
b     d     f 

Then  a  =  rbf  c^rd^  €  =  r/,  etc. 

Hence,  a  +  c  +  e  +  etc.  =rb  +  rd  -{-  rf+  etc. 

=  r(6 +  <?+/+ etc.). 

Hence.  a  +  c  +  e +  etc.  ^^^a^£  ^^^^ 

6  +  d+/+etc.  b     d 


EXERCISES 


1.  If  ad  =  be,  show  that  -  =  -. 

c      d 

2.  If  od  =  be,  show  that  -  =  2. . 

b     a 

8.  If  ad  =  be,  show  that  ^  ss  ^  • 

c     a 
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4.   If  «  =  £,  show  that  «±^  =  ^±^. 
h      d  a  —  6c  — d 

Suggestion.  — Divide  the  members  of  ^"^  =^'t  (5)  by  the  membeis 
of  ^-  =  -^(6). 

6.  If  2  =  ^,  Show  that  ^±^  =  ^. 

b      d  c-\-d     d 

b     d  c—dd 

7.  If  ^  =  £,  show  that  ?^!i±^  =  ^^±^. 

b     d'  b  d 

8.  If  «  =  £,  show  that  5^^i^  =  £z:2d. 

6     d'  b  d 

9.   It  is  known  that,  in  triangle  ABC,  if  DE  is  pavallel  to  u4J5, 

C  = .     Show  from  this  that  -— -  =  — - . 

DC     EG  DC     EC 

10.   In  the  similar  triangles  in  §  117,  it  is 

B  known  that  —  =  —  =  — .      Show  from 
^  DE     EF     FD 

this  that  the  ratio  of  the  perimeters  of  the  triangles  equals  the 

ratio  of  any  two  corresponding  sides,  such  as  AB  and  DE,     See 

§  119,  (8). 

120.  Variable  Quantities.  —  Any  quantity  such  as  one's  age,  the 
temperature,  the  population  of  the  country,  etc.,  that  is  always 
changing  is  called  a  variable  quantity,  or  a  variable.  Any  quantity 
that  does  not  change  is  called  a  constant. 

Many  of  the  quantities  encountered  in  business,  in  science,  etc., 
are  variables. 

Thus,  the  prices  at  which  many  foodstuffs  are  retailed  usually  vary  from 
day  to  day,  or  from  week  to  week.  Butter  may  sell  at  24  ^  one  week,  27  f 
the  next  week,  20^  the  next  week,  etc. 

As  an  illustration  of  variable  quantities  encountered  in  science,  suppose 
that  a  small  heavy  object  such  as  a  lead  ball  be  dropped  from  a  great  height 
toward  the  earth.  The  farther  it  falls,  the  faster  it  falls.  At  the  end  of  one 
second  its  speed  will  be  about  32  ft.  per  second,  at  the  end  of  the  second 
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second  its  speed  will  be  64  ft.  per  second,  at  the  end  of  the  third  second  its 
speed  will  be  96  ft.  per  second,  etc.  That  is,  the  speed  is  a  variable  con- 
stantly increasing. 

121.  Related  Variables.  —  Some  variable  quantities  are  so  re- 
lated to  each  other  that  the  values  of  one  depend  upon  the  values 
of  the  other. 

Thus,  if  a  train  runs  40  miles  an  hour,  the  distance  that  it  has  traveled 
depends  upon  the  time  elapse'l  since  it  started.  As  the  time  increases  the 
distance  increases. 

The  relation  between  two  such  variables  9nay  be  depressed  by  an 
equation. 

Thus,  in  the  above  example,  if  the  distance  in  miles  is  denoted  by  d,  and 
the  time  in  hours  by  t^  then  the  relation  between  them  is  expressed  by 
d  =  40t. 

One  of  the  simplest  cases  of  related  variables  is  that  in  which 
the  ratio  of  two  variables  is  constant     If  x  and  y  are  the  variables, 

or 

then  -  =  A;,  or  x  =  7cy,  where  A;  is  a  constant.     In  this  case  it  is 

y 

said  that  "  x  varies  directly  as  y." 

It  is  evident  that  when  one  quantity  varies  directly  as  another^ 
the  ratio  of  any  two  corresponding  values  of  the  variables  eqiials  the 
ratio  of  any  oth^r  two  correspondbig  values,  since  each  ratio  equals 
the  same  constant. 

Thus,  if  X  varies  directly  as  y^  and  x\  and  j/i,  and  x^  and  y^  are  any  two 
pairs  of  corresponding  values  of  x  and  y,  then 

X\  _^X2 

Hence,  the  fact  that  x  varies  directly  as  y  is  sometimes  ex- 
pressed by  saying  that  f'  x  is  proportional  to  y.^' 

Example.  — m  varies  directly  as  n,  and  when  m  is  3,  n  is  5.  Write  the 
equation  expressing  the  relation  between  m  and  n.     Find  m  when  n  is  16. 

n       6 
IfniBlS.  ^=|. 

Solving,  m  =  9. 
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EXERCISES 

1.  If  a  train  runs  35  miles  an  hour,  write  the  equation  ex- 
pressing the  relation  between  the  rariable  time  t  and  the  dis- 
tance d. 

2.  If  the  price  of  coffee  is  30  ^  a  pound,  the  cost  of  any  quan- 
tity varies  as  the  number  of  pounds  bought.  If  c  =  cost  and 
iff  =  weight  in  |)ounds,  express  the  relation  between  them  by  an 
equation. 

8.  If  the  price  of  sugar  is  6  ^  a  pound,  express  by  an  eqiiation 
the  relation  between  the  number  of  pounds  bought  and  the  cost. 

4.  If  the  rate  of  interest  is  6  %,  the  amount  of  interest  on 
atty  sum  of  money  varies  as  the  time.  Express  by  an  equation 
the  relation  between  the  interest  and  the  time. 

5.  tlie!  velocity  of  a  body  let  fall  toward  the  ground  varies  as 
the  titae  duting  which  it  has  fallen  from  rest,  and  the  velocity 
at  the  end  of  3  sec.  is  96  ft.  per  second.  As  the  time  increases/ 
the  velocity  increases  at  the  same  rate.  Write  the  equation 
between  the  velocity  and  time. 

6.  The  force  with  which  a  moving  body  of  any  given  velocity 
strikes  a  stationary  body  varies  as  the  mass  or  weight  of  the 
moving  body.  If  I  strike  a  nail  with  a  force  of  15  lb.  by  using  a 
hammer  weighing  ^  lb.,  with  what  force  would  a  2  lb.  hammer 
strike  it  when  swinging  with  the  same  speed  ?' 

7.  The  resistance  offered  by  a  wire  of  given  size  to  a  current 
of  electricity  varies  directly  as  the  length  of  the  wire.  If  a  wire 
50  ft.  long  gives  a  resistance  of  6  ohms,  what  will  be  the  resist- 
ance of  75  ft.  ? 

8.  If  a  is  the  resistance  in  Problem  7  and  L  the  length  of 
wire,  write  the  equation  between  them. 

9.  If  X  varies  directly  as  y,  and  aj  =  2  when  y  =  9,  find  x  when 
y  =  36.     Write  the  equation  between  x  and  y. 

10.   If  P  varies  directly  as  T^  and  P=  7  when  V=  5,  Write  the 
equation  between  Pand  V,    Find  T'when  P=35. 
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123.  VirUtloD  ahowa  by  Oraplit. — In  dealing  with  variable 
quantities,  thelt  variation  often  is  depicted  to  the  eye  by  means 
of  a  chart  or  gnpfa.     See  §  29. 

For  example,  the  public  debt  of  tbe  United  States,  In  millions  of  dollars, 
from  1630  to  1000  is  given  in  the  following  table : 


Tw, 

1^ 

isso 

IS*) 

ISU) 

IBCO 

18116 

1870 

m 

\m 

^m 

Debt 

91 

49 

4 

63 

85 

2773 

2480 

2120 

1662 

2i3e 

On  squared  paper  draw  aiiorizontal  line  OX  and  a  line  OF  at  right  angles 
a  it.     These  are  called  the  axes.     The  point  0  is  called  the  origin. 


On  tbe  line  OX  let  a  distance  of  one  space  represent  2  years  at  time. 
Then  tbe  dates  in  tba  abOTB  table  will  be  reproaenled  qq  OXas  Id  tbe  chart. 
Oil  or  let  a  distance  of  one  space  represent  100  million  dallors,  On  the 
1820  vertical  line  measure  oS  a  distance  representing  91  million  dollars,  and 
mark  a  point.  On  t)ie  1830  vertical  line  measure  ofl  a  distance  representing 
40  million  dollars,  and  mar)c  a  point.  Similarly,  lopate  a  point  on  each  of 
the  otlier  date  lines  corresponding  to  the  amount  of  the  debt  of  that  date. 
Praw  a  line  connecting  all  of  the  points  obtained. 

This  curved  line,  called  the  graph  of  the  national  debt,  depicts  clearlf  t« 
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the  eye  the  variation  of  the  national  debt  throughout  the  period  of  time 
considered. 

NoTB.  —  Various  iLinds  of  apparatus  are  made  for  constructing  graphs 
automatically.  The  thermograph  or  recording  thermometer  is  a  good  illus- 
tration. A  pen  connected  to  a  thermometer  moves  up  and  down  as  the 
temperature  rises  and  falls.  At  the  same  time  a  clock  mechanism  runs  a 
strip  of  ruled  paper  under  the  pen,  so  that  the  pen  traces  a  continuous  curve 
or  graph  on  the  paper. 

Among  other  instruments  for  making  graphs  is  the  seismograph^  used  for 
recording  earthquakes. 

The  pupil  should  be  provided  with  several  sheets  of  squared 
paper  for  use  in  the  exercises  of  this  and  subsequent  chapters. 


EXERCISES 

1.   The  number  of  teachers  in  tke  public  schools  of  Chicago 
since  1850  has  been  as  follows : 


Year 

1850 

I860 

1870 

1880 

1890 

1900 

1909 

Teachers 

21 

123 

557 

898 

2711 

5806 

6296 

Draw  a  graph  showing  the  growth  in  the  size  of  the  teaching 
force  during  that  time. 

Suggestion.  —  On  squared  paper  draw  axes  as  in  the  example  above.  On 
one  represent  the  time,  letting  one  space  represent  2  years.  On  the  other 
represent  the  number  of  teachers,  letting  one  space  represent  200  teachers. 

2.  The  following  average  heights  of  children  at  different  ages 
have  been  determined  from  measurements  of  thousands  of  indi- 
viduals : 


AOB 

i  Yr. 

1  Yr. 

2  Yr. 

8  Yr. 

4  Yr. 

6  Yr. 

6  Yr. 

7  Yr. 

8  Yr. 

Height 

24  in. 

29  in. 

86  In. 

40  in. 

42  in. 

44  in. 

46  in. 

48  in. 

50  in. 

Draw  a  graph  showing  the  rate  of  growth  of  the  average  indi- 
vidual. 
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1880,  50 

1890,  63 

1900,  76 

1910,  93 


8.  The  population,  to  the  nearest  million,  of  the  United  States 
since  1800  is  given  by  decades  as  follows : 

1800,  5  1840,  17 

1810,  7  1850,  23 

1820,  10  1860,  31 

1830,  13  1870,  39 

Draw  a  graph  showing  the  growth  of  the  population. 

4.  The  population,  to  the  nearest  thousand,  of  the  city  o:.' 
Chicago  since  1840  is  recorded  as  follows : 

1840,     4  1860,  109  1880,     503  1900,   1699 

1850,  28  1870,  299  1890,   1100  1910,  2185 

Draw  a  graph  showing  the  growth  of  the  city. 

6.  The  following  table  gives,  in  billions  of  dollars,  the  total 
value  of  the  farm  property  and  products  of  the  United  States  by 
decades  from  1850  to  1900: 


Yrak 

1850 

iseo 

1870 

1880 

1890 

1900 

Value 

4 

8 

11 

12 

16 

21 

Show  by  a  graph  the  growth  of  agriculture  in  the  United  States. 

6.  The  amount  of  the  annual  exports  of  the  United  States,  in 
millions  of  dollars,  has  been  as  follows : 

1790,  20  1820,     70  1850,   152 

1800,   71  1830,     74  1860,  400 

1810,   67  1840,   132  1870,  451 

Show  the  growth  of  our  exports  by  a  graph. 

7.  The  temperature  at  a  place  was  recorded  as  follows :  6  a.m.  . 
8°;  7  A.M.,  8°;  8  a.m.,  10°;  9  a.m.,  11°;  10  a.m.,  14°;  11  a.m.,  18°; 
12  m.,  20°;  1  P.M.,  20°;  2  p.m.,  20°;  3  p.m.,  18°;  4  p.m.,  16°;  5  p.m., 
15° ;  6  P.M.,  13°.  Draw  a  graph  to  show  the  variation  of  tempera- 
ture during  the  12  hours. 


1880,  853 
1890,  910 
1900,  1499 
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193.  Price  Cama,  eu.  —  Graphs  may  be  conBtruoted  and  nied 
for  determining  costs  of  different  quaQtitlea  of  goods,  interest  on 
money  foF  different  periods  of  time,  etc.,  without  computation. 
This  is  shown  by  an  example. 

If  eggaeell  at  30^  n dozen,  the  illation  between  the  naiulwr  dt  4otens  and 
the  coat  may  b«  ezpresaed  by  the  equation 


where  tf  fa  tbb  number  ot  downs  and  c  U  their  coat 
corresponding  values  may  be  found  for  tf ,  aa  given 


If  valueB  ar< 
a  the  table : 


d 

0 

2 

4 

6 

8 

10 

13 

' 

0 

80 

120 

180 

240 

300 

.  360 

On  square  paper  draw  two  axes,  OX  and  O  t,  at  i^ht  angles,  as  In  g  198. 


On  OY  let  a  space  represent  1  doz.,  and  on  OX  let  a  space  represent  10^. 
Then,  on  the  ^f  line  mark  a  point  represehtitig  3  doz.  On  the  120^  line 
mark  a  point  repreaenting  4  doz,,  etc.  Draw  a  line  through  the  points 
thus  marked.  It  is  seen  that  this  tine  or  graph  is  a  straight  line.  It  is  called 
the  "price  curve."    Most  price  curves  are  straight  litiea. 

By  looking  at  this  price  curve  we  can  get  the  cost  of  any  nuUiber  of  dozens, 
even  of  a  fractional  number.  For  example,  to  find  the  cost  of  T  doz.,  observe 
the  point  where  the  horizontal  line  7  spnces  up  meets  the  price  curve ;  observe 
the  point  directly  beneath  this  on  the  axis  OX;  this  Is  21  spaces  from  O,  and 
hence  represents  $2.10.    Similarly,  the  cost  of  0J  doz.  Is  seen  to  be  $2.85. 
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EXERCISES 

1.  Since  the  price  curve  in  the  example  in  §  123  is  a  straight 
line,  how  many  of  the  points  would  have  to  be  located  through 
which  to  draw  it  ?  Should  these  be  taken  close  together  or 
far  apart,  in  order  to  get  the  position  of  the  price  curve  moist 
exact  ? 

2.  From  the  price  curve  in  §  123,  give  the  costs  of  the  follow- 
ing :  3  doz. ;  5  doz. ;  10|^  doz. ;  6f  doz. ;  8^  doz. 

3.  If  eggs  sell  at  25  ^  a  dozen,  draw  the  price  curve, 

4.  On  this  price  curv^,  find  the  cost  of  11  (Joz. ;  of  7^  doz. ;  of 
9f  doz. 

5.  If  cpJf^^  sells  at  2%^  a  pound,  draw  the  price  curve. 

6.  Op  this  price  curve  find  the  cost  of  8^  lb. ;  17  lb. ;  24  lb. 

7.  If  sugar  sells  a,t  5|^  a  pournJi  draw  the  pricp  ourye. 

8.  On  this  price  curve  find  the  cost  of  16  lb. ;  of  42  lb. ;  of 
8^  lb. 

9.  Jf  money  is  loaned  at  4  %  interest,  draw  a  graph  showing 
the  interest  on  $  1  for  different  periods  of  time. 

SuGOBSTioi^.  —  Let  distances  on  one  axis  rep^'eseiit  time,  a  space  denoting 
a  month  ;  and  let  distances  on  the  other  axis  represent  interest  on  $  1,  a  space 
denoting  1  ^. 

10.  On  this  graph  flnd  the  interest  on  $  1  for  18  mo. ;  foj  9  mo. ; 
for  22  mo. ;  for  3  yr.  6  mo. ;  for  6  yr.  2  mo. 

1\.  On  the  graph  in  Problem  9  find  the  interest  on  $450  at 
4  %  for  15  mo. 

Su^opsTioir,  T- yii^d  tjje  interest  on  1 1,  and  multiply  this  by  460. 

12.  On  the  graph  in  Problem  9  find  the  interest  on  $275  at 
4%  for  1  yr.  7  mo.  5  on  $1260  at  4 %  for  3  yr.  10  mo. 

13.  If  money  is  loaned  at  6  %,  draw  a  graph  showing  the  in- 
terest on  $  1  for  different  periods  of  time.  Use  this  to  find  the 
interest  Oft  different  sums  of  money  at  6  %  for  different  lengths 
of  time. 
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14.  The  relation  between  the  circumference  of  a  circle  and  the 
diameter  is  expressed  by  c  =  ird,  where  c  denotes  the  circumference 
and  d  the  diameter.  Using  jt  =  3i,  draw  the  graph  expressing 
this  relation.  On  this  graph  give  at  sight  the  approximate  values 
of  the  circumferences  of  circles  whose  diameters  are  4  iu.;  5^  in.; 
8}  in. 

16.  The  area  of  a  circle  is  found  from  A  =  irB?,  where  A  de- 
notes the  area  and  B  the  radius.  Using  n-  =  3},  a  few  values  of 
A  for  corresponding  values  of  R  are  given  in  the  table : 


" 

0 

1 

2 

a 

■i 

A 

0 

3* 

I2J 

26? 

60^ 

Representing  values  of  the  radius  R  on  the  axis  OT,  one  space 
denoting  1  in.,  and  values  of  the  area  A  on  the  axis  OX,  one  space 
denoting  1  sq.  in.,  the  graph  showing  the  relation  between  the 


radius  and  the  area  is  found  to  be  the  curve  in  the  figure.    The 

approximate  value  of  the  area  of  a  circle  with  any  given  radius 
or  of  the  radius  of  a  circle  with  any  given  area,  may  be  deter- 
mined at  sight  by  this  graph. 
Give  at  sight  the  area  of  a  circle  whose  radius  is  1^  in. ;  2J  in. 
Give  at  sight  the  radius  of  a  circle  whose  area  is  30  sq.  in. 

NoTK.  —  Observe  that  the  graph  in  Problem  16  is  not  a  straight  line.  Many 
problems  lead  tu  graphs  that  are  not  straight  lines.  Some  of  these  will  be 
encountered  in  more  advanced  w^rlf. 
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124,  Graphs  of  Linear  Equations.  —  A3  shown  in  the  pi-eceding 
sections,  the  relation  between  two  quantities  may  be  expressed  by 
an  equation,  also  the  relation  may  be  shown  by  a  graph.  The 
graph  ia  often  spoken  of  as  the  graph  of  the  equation. 

The  two  literal  quantities  in  an  equation  may,  in  some  cases, 
represent  negative  as  well  as  positive  values.  The  process  of 
drawing  the  graph  of  an  equation  between  two  quantities  which 
have  both  positive  and  negative  values  will  he  given  in  this  section. 
The  construction  of  such  a  graph  is  given  below. 


X 

2 

4 

^ 

10 

1 

0       -2 

-6 

-7 

V 

0 

i 

« 

10 

10 

-a 

-i       -8 

-14 

-18 

Let  the  equation  be  2 1  =  j  +  4,  By  assigning  value 
corresponding  values  of  x  and  tabulate  the  results  as 
Thus,  when  y  =  0,  the  equation  becomes 
23;  =  4,  from  which  *  =2.  When  g  =  6, 
2*=  10,  from  wliich  a;  =  5.  When 
lf=— 8,  ix  =  ~  i,  from  which  x  =  — 2, 
etc. 

Two  axes,  X^  and  TT,  are  drawn 
at  right  angles  and  meeting  at  0.  Cor- 
responding to  each  set  of  values  of  x  and 
y,  a  point  ;s  located,  as  in  §  122  and 
§  123,  the  values  of  x  being  measured 
along  or  parallel  to  XX',  and  the  values 
of  y  along  or  parallel  lo  YY'.  Positive 
values  of  x  are  measured  to  the  right  of 
YT'  and  negative  values  to  the  left,  as  in 
g28.  Positive  values  of  y  are  measured 
above  X^  and  negative  values  below 
Xy.  For  example,  the  point  A  corre- 
sponding to  K  =  4  and  p  =  4  is  obtained 
by  measoring  4  spaces  to  the  right  and  4 
spacesupward.  The  point  Boorreapond- 
ing  to  a;  =  1  and  y  =  —  2  is  obtained  by 
measuring  1  space  to  the  right  and  2 
spaces  downward.  The  point  0  corre- 
spoudiug  (o  I  =— 2  and  j  =  — 8  is 
obtained  by  measuring  2  spaces  to  the 
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le^t  and  9  spacer  dpwnw^.  The  point  D  correBponding  to  9;  =  S  and 
y  =  0  i^  pbtained  by  ipeasuripg  2  spaces  tp  the  right  op  XZ^ ;  ^tc.  By  draw* 
ii^g  a  line  through  all  of  the  points  located  the  graph  of  the  equation  is 
obtained. 

It  is  seen  thjsit  the  graph  of  the  above  equation  is  a  straight 
line.  It  is  shown  in  more  ^dv^uced  mathematics^  and  m^^j  b^ 
assumed  here,  that 

T^e  graph  of  every  linear  equcf^ipn  containing  ttpo  vc^rio^U^  i^ 
a  straight  line. 

NoTB.  — rlt  is  seen  that  in  Iqcating  a  point  corresponding  to  a  set  of  valuer 
fai  the  two  yariables  in  an  equation,  the  signs  of  the  numbers  serve  to  |;ell  th^ 
directions  of  the  point  from  tl^e  two  axes.  This  is  analogous  to  the  metho4 
of  locating  a  point  on  the  earth^s  surface  by  knowing  its  longitude  and  latitude. 
If  the  latitude  of  a  place  is  minus,  the  place  is  south  of  the  equator,  etc. 

EXERCISES 

Draw  two  axes  and  locate  the  following  points  t 
1.  aj  =  4,  y  =  6.  7.  a?  =  —  6,  y  =  5. 

g.  a;  =  10,2/  =  7.  8,  a?  =  - 10, 2/ ==  12, 

9.  a;  =  15, 2^  =  2.  9.  a?  =  9,  y  =  —  4. 

4.  a?  =  0,  y  =  8.  10.  g;  =  15,  y  =  —  6. 

5.  iB  =  12,  y=Q.  11.  aj  =  -6, 2^  =  — 6. 

fi.  a:=   0,  2/=0.  12,  a?  =  — 10,  y  =  — 12. 

13.  By  assigning  eight  different  values  to  y  in  the  equation 
g;  —  2  2/  =  7,  including  at  least  two  negative  values,  compute  the 
eight  ooryespondipg  values  of  x.  Draw  axes  and  locate  the  eight 
points  corresponding  tp  these  sets  of  values  of  x  apd  y.  Are  all 
of  these  points  in  one  straight  line  ?  Draw  a  line  through  all  of 
the  points. 

By  assigning  eight  values  to  y  in  each  of  the  following  equa- 
tions, including  at  least  three  negative  values,  and  computing  the 
corresponding  values  of  a;,  locate  eight  points  of  the  graph  of  the 
equation,  and  draw  the  graph. 
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It  »day,  18.   «4.4y  =  10.  18i   g«-^4y  =  20. 

16.   a?  +  y  =  0.  17.   3a?  — 2/  =  12.  19.   2aj  +  3y  =  12. 

20.  Since  tlie  graph  of  a  linear  equation  in  two  variables  is  a 
straight  line,  how  inany  points  of  it  intiiSt  be  located  iii  Order  to 
draw  it  accurately? 

By  locating  only  two  points  of  each,  draw  the  gtaphs  of  all  of 
the  following  equatiotis  on  one  pair  of  axes : 

21.  3a?  — 2^  =  12.  28.   2a?-^4y  =  6.  25.  5a  — y=:4. 

22.  y=2a?.  24.   2aj  +  4y  =  7.  26.  4aJ  =  3y. 

27.  If  the  cost  of  setting  the  tyj)e  foi*  printing  a  eiroular  is 
75^,  and  the  cost  of  paper  and  press  work  in  priiiting  it  is  \^  a 

ddpy,  then 

where  c  denotes  the  cost  in  cents  of  printing  any  number  of 
copies  and  n  denotes  the  number  of  copies  printed. 

Draw  the  graph  of  this  equation. 

Give  at  sight  from  the  graph  the  cost  of  12  Copies ;  20  copies ; 
100  copies. 

SUPPLEMENTARY  EXERCISES 

1.  Express  iti  simplest  form  the  ratio  ofm tol • 

2.  Separate  72  into  three  parts  which  are  in  the  ratio  of 
2i3:4 

« 

3.  If  n  is  a  positive  number^  which  is  the  greater  ratio,  — ^t^ — '- 

3+4  w 

or|±i2!? 
3  +  5*1 

Suggestion.  —  Reduce  to  a  common  denotblnfttor,  then  compare  the)  uu* 
merfttors. 

4.  ti  X  and  y  are  positive  numbers,  which  is  the  gteater  ratio, 
aj  +  6y       a?  +  8y 
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5.  Find  the  mean  proportional  between  4  a^  and  y  a{a  —  6)'. 

6.  Find  the  fourth  proportional  to  v*  —  w*,  ,  and  v  —  w. 

v  +  w 

7.  Write  in  three  ways  the  proportion  between  3,  4, 20,  and  15. 

8.  Write  as  a  proportion  Q?  —  y^=^^y,^, 

9.  If  £  =  A  =  ^,  show  that   «  +  3  6  +  5o^a 

a'     6'     c"  a'+3  6'  +  5c'     a' 

10.  If  2  =  £,showthat^^'  =  2!lzl'. 

11.  If  ^  =  ^,  show  that  ~i^  = ±t± 

b     d  a-\-c     a-f6  +  c-fc? 

12.  In  the  similar  polygons  ABODE  and  A'B^CD*E'  it  is 
known  that 

AB  ^BO  ^CD  ^DE  ^  EA 
Ji!B'     B'C     OD'     D'E'     E'A'* 


Show  that  the  ratio  of  the  perimeters  of  the  polygons  equals  the 
ratio  of  any  two  corresponding  sides. 

13.  X  varies  as  y,  and  when  x  =  2,  y  =  5.    Find  y  when  x  =  15. 

14.  The  distance  that  a  body  falls  from  rest  varies  as  the  square 
of  the  time.  In  2  seconds  it  falls  64  ft.  How  far  will  it  fall  in 
3  sec.  ?    In  4  sec.  ?    In  10  sec.  ? 

16.  One  quantity  is  said  to  vary  inversely  as  another  when, 
during  all  of  their  changes,  their  product  remains  constant.  As 
one  increases,  the  other  decreases.  If  x  varies  inversely  as  y, 
then  xy=:k,  where  Zc  is  a  constant. 
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If  X  varies  inversely  as-  y,  and  y  =  2  when  a?  =  4,  find  y  when 
a;  =  32. 

16.  The  volume  of  any  gas  varies  inversely  as  the  pressure 
upon  it.  When  the  pressure  is  8  lb.  the  volume  is  8  cu.  in.  What 
is  the  volume  when  the  pressure  is  4  lb.? 

17.  The  number  of  vibrations  made  by  the  pendulum  of  a 
clock  in  a  given  time  varies  inversely  as  the  square  root  of  its 
length.  A  pendulum  39.1  inches  long  makes  one  vibration  in  a 
second.  How  ^ong  must  a  pendulum  be  to  make  4  vibrations  in 
a  second^ 


OHAPTER  XII 

BYPTSMS  OF  IHW^  EQUATIOJffS 

IJJ5,  S^  stains  of  Equrtions.— rin  Chapter  VI  it  was  shown  that 
gpme  problems  paay  be  expressed  by  me^^ns  of  two  linear  equa 
tions  containing  two  unknown  numbers.  These  equations  were 
called  simultaneous,  and  were  said  to  form  a  system.  It  was  found 
that  the  equations  in  each  system  in  that  chapter  had  one  set  of 
values  of  the  unknown  numbers  that  satisfied  both  equations, 
called  a  solution  of  the  system.  This  solution  was  discovered 
through  a  process  called  elimination. 

There  are  three  principal  methods  of  elimination  in  common 
use  that  will  now  be  discussed,  and  applied  in  the  solution  of 
problems. 

126.  Elimination  by  Addition  or  Subtraction.  —  The  method  of 
elimination  shown  in  §  68  is  known  as  the  method  of  elimination  by 
addition  or  subtraction.  The  student  should  now  study  again  the 
rule  on  page  110.  The  following  exercises  are  given  for  review 
of  that  process. 

Tlie  student  sJiould  check  every  answer  by  seeing  if  the  values  of 
the  unknown  numbers  found  satisfy  both  of  the  given  equations. 

EXERCISES 
Eliminate  by  addition  or  subtraction,  solve,  and  check: 

*    |m-27i  =  16.  \6w-2v^Z^. 


3. 


|2a?-2/  =  5,  r4^~35  =  l, 

.5aj^2j^=14,  •   134-45^6. 

2S2 
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7. 


8. 


9. 


10. 


11. 


12. 


13. 


14. 


r7aj  =  2y-16, 

\2«  =  y-6. 

r3p  +  2g=12, 
t4i)  =  3g-l. 

r5i2-2r=l, 
t8^  =  5r-ll. 

r3Jtf-2JV^+4  =  0, 

t2Jf-JV+l  =  0. 

r2A  +  *  =  35, 
t5A-3A:=27. 

5  y  —  6  a?  =  16; 
3«  +  5y  =  71. 

f3ri  +  2/a-4, 
|4ra-3ri  +  l=0. 

-4J5  +  SC  =  46, 
2(7+65  =  4. 


1^-  [l^^^rJ^"^ 

[2n  +  12  =  m. 
16.    |8Tr+r.  =  7, 


11  W+2w^2&. 

j^     ri0/+4i  =  22, 
\«  +  5/=ll. 


1& 


{ 


19. 


{ 


20 


f  2  «!  —  asj  =  9, 
I6xi  — 3a5j=14. 


55  +  5-9 
^-1  +  5  =  0. 


f  4  a  4-  y  =  34, 
\4y  +  «  =  M. 


127.  Elimination  by  Comparison —  The  method  of  elimination  by 
comparison  is  illustrated  in  thd  following  example. 

(1) 
(2) 

(8) 
(4) 

(6) 


^_34-y 


ExAMPLB.  •'—Solye 

Eliminate  %• 
Solving  (1)  forflc, 

Solving  (2)  for  as,  a;  =  16v—  4  y. 

Comparing  the  two  values  of  x  given  in  (3)  and  (4], 

4 

Solving  (5)  for  j^,  y  =  2. 

Replacing  y  in  (2)  by  its  valtie  Sf, 

8  +  X  =  16. 
Solving,  05  =  8. 

Hence  the  solution  is  x  =  8,  y  =  2. 

This  example  illustrates  the  rule : 

Solve  each  of  the  eqiiations  for  the  value  of  either  one  of  the  unr 
kiiown  numbers  J  expressed  in  terms  of  the  othef,  and  Write  pn^  of  tJie 
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values  equal  to  the  other.  Solve  the  resulting  equation.  Substitute 
the  value  found  for  the  one  unknown  number  in  either  of  the  original 
equations,  and  solve  for  the  other  unknown  nuimber. 


EXERCISES 


Eliminate  by  comparison,  solve,  and  check : 

f  m  +  2  71  =  8, 
\m— n=.—  1. 

r  a?  —  5  a  =  7, 

12  0? -15  a  =9. 

rr  +  2«  =  4, 

1 3  r  -  «  =  5. 


1. 


2. 


4. 


6. 


7. 


8. 


9. 


10. 


11. 


12 


13 


l5ri-3ra=:14 
r3^  +  25  =  2, 

r3i>-g  =  l, 
I2i)-h5g  =  41. 

=  4, 

+  12  =  0. 

9  Jf  -  5  iV^=  13, 
5  Jtf  +  ^=  11. 
3e-5/=5, 
7e+/=265. 

r  2  i?  -  r=  5, 

I  22  +  2  7=25. 

10  F+ 3  71=174, 
3  r  + 10  71  =  125. 

5aj  +  2aj'  =  l, 
13a?  +  8aj'  =  ll. 

^  +  A;  =  9, 
A  +  3A;=:25. 


rv4-2« 
\2t-v 

{ 
{ 


•{ 


14. 


15. 


16. 


17, 


18. 


19. 


20. 


21. 


22. 


%^, 


r5  +  2Q  +  2«0, 
145-7Q=37. 

r62/-52;  =  l, 
|9y+10  2J  =  12. 

7Z  +  3Q  +  9  =  0, 
28. 

31^+2  2>  =  17, 


r7Z  +  3Q  + 
l6Q-9i= 

P 

14  Tr+Z>  =  16. 

r8a  +  5«  = 
t3a-2^  = 


{ 


8  a  +  5 « =  5, 
29. 

5  aj  +  9  y  =  8, 
62/-9aj  +  7  =0. 

5F+4P=22, 
3  F+P=9. 

^+^-f 

27     3_7J 
5   "^         5* 


3       2 
71? 


19 
15' 


-•=^- 
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128.   Elimination  by  Substitution.  —  The  method  of  elimination 
by  substitution  is  illustrated  in  the  following  example. 

4M>-5r  =  26,  (1) 

3  M?  -  6 1;  s=  15.  (2) 


Example  .  —  Solve 

Eliminate  to. 

_  26  +  6fy 


Solving  (1)  for  w,  w  =  flilTJiy.  (8) 

Substituting  ^^"^^?  in  place  of  w  in  (2), 

3/26^\      g^^jg^  (4) 

Solving  (4),  «  =  2. 

Replacing  v  by  its  value  2  in  (1), 

4w-10  =  2(J. 
Solving,  tD  =  9. 

Hence,  the  solution  is  to  =  9,  v  =  2. 

This  example  illustrates  the  rule : 

Solve  one  of  the  equations  for  the  value  of  either  of  the  uyiknown 
numbers,  expressed  in  terms  of  the  other,  and  substitute  this  value  in 
place  of  that  number  in  the  other  equation.  Solve  the  resulting 
equation.  Substitute  the  value  found  for  the  one  unknown  nwniber 
in  either  of  the  original  equations,  and  solve  for  the  other  un* 
Tcnovm  number. 

EXERCISES 


Eliminate  by  substitution,  solve,  and  check: 

[a-^b^^,  r2F-f-«  =  7, 

^'    |a-|-36  =  9.  ®'    lF+3<=16. 

laj  +  2y  =  16.  l4a-32  =  9. 

rm  +  4n=7,  f4i)-5g  =  26, 

lm-|-67i  =  9.  **•    l3jr>-6g  =  15. 

/a?i  +  «2  =  30,  r32>  +  7Q  =  16, 

[30^-24  =  25.  *•    122>  +  5Q  =  13. 

ri?->S  =  4,  f3^  +  2A:  =  26, 

l2i?H->S==14.  *"•    16^-2A;  =  3a 
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"•   U^  +  i 


2£»ia 


12. 


13. 


14. 


16. 


16. 


17^ 


r7n  +  4r2  =  l, 

f  !r+«  =  10, 

r  7  v  +  «  =  42, 
|3v-s  =  8. 

r2Jif-6  =  5, 
|5Jlf-2  6=14 

r^-8i)  =  45, 

t3^-i)  =  20. 

r3a?  +  2y  =  26, 
1 5  aj  =  38  +  2  y. 


18. 


19. 


21. 


2a. 


28. 


f8yH-d  = 
I7y=.9- 


20.    \ 


m=r26  +  3a, 
6w»-20, 

=  60, 
20(?. 

r  16- 7^=3  r, 


a+  t  =  30, 

a^25     2^ 
12^3  '^  3  • 


,%w  +  v     5 


MISCELLANEOUS  EXERaSES 
Eliminate  by  the  method  that  seems  best  suited,  and  fioltt: 


1. 


2. 


3. 


4. 


5. 


fa?  +  y  =  10, 

\aj--2/  =  4. 

r8v  + 
17^;- 

f21i?  +  8t  +  66  =  0. 


+  io=z  60, 
10  w;  =s  9. 


49JS  +  63=t=15t 

r5Jlf+63  =  26, 
t2Jlf4-*  =  18. 

-26  =  q, 
26-f3&. 

3n  +  15«=7, 


[2a 

^     f3n  +  15s 
•    ll2-n  + 


8. 


9. 


10. 


11. 


't-'+s'"' 


^+1 


2L 


fl     3^_1 
05     y     xjf* 
2x-3y  =  l. 

3  4 


lP-1     F+2 
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ISM.  Problems  solved  by  Sj^stems  of  Eqoations. — For  the  steps 
in  the  process  of  expressing  a  problem  by  means  of  a  system  of 
equations  with  two  unknown  numbers  see  §  69,  In  the  follow- 
ing problems  use  that  method  of  elimination  which  seems  best 
suited  to  each  individual  problem. 

EXERCISES 

1.  Find  two  numbers  whose  sum  is  29,  and  difference  13. 

2.  Find  two  numbers  whose  sum  is  9,  and  such  that  one  of 
them  exceeds  twice  the  other  by  27. 

3.  The  difference  between  two  numbers  is  72,  and  one  of  them 
is  4  times  the  other.     What  are  the  numbers  ? 

4.  The  sum  of  two  numbers  is  64,  and  their  quotient  7.  What 
are  the  numbers  ? 

6.  The  difference  between  two  numbers  is  21,  and  if  the  larger 
is  divided  by  the  smaller,  the  quotient  is  4  and  the  remainder  3. 
Find  the  numbers. 

6.  The  value  of  a  fraction  is  f ,  and  if  7  be  added  to  each  term, 
the  value  of  the  resulting  fraction  is  f .     Find  the  fraction. 

7.  A  board  10  ft.  long  is  to  be  cut  into  two  pieces  whose 
lengths  are  as  3  arid  4.     How  long  are  the  pieces  ? 

8.  A  surveyor  wishes  to  set  a  stake  in  a  line  320  ft.  long,  so  that 
its  distances  from  the  ends  of  the  line  are  as  7  is  to  19.  Where 
must  he  place  it? 

9.  In  building  a  bridge  a  steel  bar  12  ft.  long  is  to  be  bolted  to 
another  bar  at  a  point  which  divides  the  12  ft. 

bar  into  parts  whose  lengths  are  as  7  and  17. 
Where  must  the  hole  be  bored  for  the  bolt? 

10.  In  the  steel  frame  in  the  figure  the 
brace  AO  is  15  ft.,  ADi»7  ft.,  and  DB  is  3  ft. 
It  is  desired  to  find  where  to  bore  the  hole  for 

the  bolt  E  in  AC,     By  proportion,  r^  =  ^^ 


EC     DB' 


Find  where  to  locate  JE, 
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11.  Two  boys  desired  to  weigh  themselves.  They  had  no 
scales,  but  had  a  10  lb.  weight.  They  placed  a  board  across  a  sup- 
port, as  in  playing  teeter.  When  they  sat,  one  5  ft.  from  the  ful- 
crum and  the  other  4  ft.  from  it,  they  balanced.  When  the  smaller 
boy  took  the  10  lb.  weight  in  his  hands,  he  had  to  sit  only  4  ft. 
4  in.  from  the  fulcrum  to  balance.     What  were  their  weights  ? 

12.  Two  weights  balance  when  the  larger  is  3  ft.  and  the 
smaller  4  ft.  from  the  fulcrum.  If  the  smaller  weight,  with  3  lb. 
added  to  it,  is  moved  to  a  position  3  ft.  b\  in.  from  the  fulcrum, 
they  still  balance.     Find  the  weights. 

13.  Two  weights  balance  when  one  is  4  in.  and  the  other  6  in. 
from  the  fulcrum.  If  the  first  weight  is  decreased  12  lb.,  the 
other  must  be  moved  1  in.  nearer  the  fulcrum  to  balance.  Find 
the  weights. 

14.  Two  weights  balance  when  one  is  3  ft.  and  the  other  2  ft. 
from  the  fulcrum.  The  larger  weight  is  decreased  12  oz.,  and  the 
smaller  weight  is  decreased  6  oz.  and  moved  2^  in.  nearer  the  ful- 
crum.    Again  they  balance.     Find  the  weights. 

15.  Two  partners  in  business,  A  and  B,  are  to  divide  profits  in 
the  ratio  of  2  to  5.  In  dividing  a  profit  of  $  6300,  how  much 
should  each  receive? 

16.  A  man  invests  part  of  $  12,000  at  5  %  and  the  balance  at 
6%.  His  annual  income  from  both  investments  is  $645.  Find 
the  number  of  dollars  in  each  investment. 

17.  A  man  invests  $2000,  part  at  5%  and  the  rest  at  4%. 
The  annual  income  from  the  5  %  investment  exceeds  that  of  the 
4  %  investment  by  $  2.80.     Find  the  amount  of  each  investment. 

18.  An  investor  purchased   two  kinds  of  bonds.     One  kind 
yielded  3%  and  the  other  4%.     His  yearly  income  from  both 
was  $558.     Had  he  invested  as  much  in  4%  bonds  as  in  3% 
bonds,  and  vice  versa,  his  yearly  income  would  have  been  $576.  . 
How  much  did  he  invest  in  each  kind  of  bonds  ? 

19.  A  man  invested  in  $  22,500  worth  of  bonds,  part  of  them 
New  York  City  4s  and  part  U.  S.  Steel  5s.     His  annual  income 
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was  $  1045.  Had  he  purchased  as  many  New  York  City  4s  as 
he  did  U.  S.  Steel  5s,  and  vice  versa,  his  annual  income  would 
have  been  only  $980.  What  was  the  value  of  each  kind  of  bonds 
bought  ? 

20.  I  change  $3  into  dimes  and  nickels.  There  are  50  coins 
in  all.     How  many  dimes  and  how  many  nickels  are  there  ? 

21.  I  got  $100  changed  into  $5  bills  and  $10  bills.  I  re- 
ceived 16  bills  in  all.     How  many  bills  of  each  kind  did  I  get  ? 

22.  If  a  merchant  blends  25-cent  coffee  and  32-cent  coffee  to 
sell  at  30  cents  a  pound,  what  quantities  of  each  grade  of  coffee 
must  he  take  to  make  50  lb.  of  the  blend  ? 

23.  How  much  each  of  copper,  specific  gravity  8.9,  and  zinc, 
specific  gravity  6.9,  must  be  combined  to  produce  1000  cu.  cm.  of 
brass,  specific  gravity  8.4  ?     (See  Problem  7,  page  112.) 

24.  In  a  number  of  two  digits  the  sum  of  the  digits  is  11,  and 
when  the  digits  are  interchanged,  the  number  is  diminished  by 
45.     Find  the  number. 

25.  Two  angles  are  called  supplementary  when  their  sum  is 
180°.  If  one  of  two  supplementary  angles  is  20®  more  than  twice 
the  other,  how  many  degrees  in  each  ? 

26.  The  sum  of  the  angles  of  a  triangle  is  always  180°.     If  each 
of  the  angles  at  the  base  of  the  triangle  is  twice  the 
angle  at  the  vertex,  how  many  degrees  in  each  angle 
of  the  triangle  ? 

27.  The  altitude  of  a  trapezoid  is  6  ft.  and  its  area 
84  sq.  ft.  One  base  is  8  ft.  longer  than  the  other. 
Find  the  lengths  of  the  bases. 

28.  If  the  length  of  a  rectangle  is  diminished  3  in.  and  its 
width  increased  2  in.,  its  area  is  unchanged;  and  if  its  length  is 
increased  5  in.  and  its  width  diminished  2  in.,  its  area  is  un- 
changed.    Find  the  length  and  width. 

29.  Two  groups  of  students  of  surveying  were  sent  to  find  the 
area  of  a  rectangular  field.  One  group  got  the  length  4  ft.  too 
small  and  the  width  6  ft.  too  large,  which  gave  the  area  2960  sq. 
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ft.  too  large.  The  other  group  got  the  length  8  ft.  too  large  and 
the  width  3  ft.  too  small,  which  gave  the  area  741  sq.  ft.  too 
small.    Find  the  dimensions  of  the  field. 

30.  The  circumference  of  the  fore  wheel  of  a  carriage  is  3  ft. 
less  than  that  of  the  rear  wheel.  One  goes  the  same  "distance  in 
40  revolutions  that  the  other  does  in  30.  Find  the  circumference 
of  each. 

-  31.  A  belt  runs  over  two  pulleys.  One  makes  10  revolutions 
while  the  other  makes  3.  If  the  larger  pulley  were  replaced  by 
one  whose  circumference  was  20  in.  less,  it  would  only  make  10 
revolutions  while  the  other  made  4.  Find  the  circumference  of 
each  pulley. 

32.  A  man  who  can  row  6  mi.  an  hour  downstream  can  row 
2  mi.  an  hour  upstream.     What  is  the  speed  of  the  current  ? 

33.  A  crew  rows  downstream  6^  mi.  in  an  hour,  and  returns  in 
4  hr.  20  min.  What  is  the  speed  of  the  current,  and  at  what  rate 
could  the  crew  row  in  still  water  ? 

84.  An  aviator  flying  against  the  wind  makes  20  mi.  an  hour. 
On  returning  with  the  wind  he  makes  50  mi.  an  hour.  What  is 
the  speed  of  the  wind,  and  what  would  be  his  speed  if  there  were 
no  wind  ? 

35.  If  an  aviator  fiies  to  a  point  24  mi.  distant,  against  the 
wind,  in  40  min.,  and  returns  in  30  min.,  what  is  the  speed  of  the 
wind,  and  what  would  be  his  speed  if  there  were  no  wind  ? 

36.  Two  trains,  each  300  ft.  long,  run  on  parallel  tracks.  If 
running  in  the  same  direction,  it  requires  20  sec.  for  one  to  pass 
the  other.  If  running  in  opposite  directions,  it  requires  only  4  sec. 
for  them  to  pass.     What  are  the  speeds  of  the  trains  ? 

37.  A  passenger  train  and  a  freight  train  run  in  opposite  direc- 
tions on  parallel  tracks.  The  speed  of  the  passenger  train  is  60 
ft.  per  second,  and  the  speed  of  the  freight  train  is  40  ft.  per  sec- 
ond. The  freight  train  is  180  ft.  longer  than  the  passenger  train. 
It  takes  the  trains  12.6  sec.  to  pass.     Find  the  length  of  each  train 
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S8.  A  passenger  and  a  freight  train  run  on  parallel  tracks  and 
in  the  same  direction.  The  speed  of  the  passenger  train  is  46 
mi.  an  hour,  and  the  speed  of  the  freight  train  is  25  mi.  an  hour. 
The  freight  train  is  96  ft.  longer  than  the  passenger  train.  It 
takes  the  passenger  train  36  sec.  to  pass  the  freight.  Find  the 
length  of  each  train. 

89.  How  much  milk  testing  4  %  butter  fat  and  cream  testing 
24%  butter  fat  must  be  mixed  to  make  20  gal.  that  test  20% 
butter  fat? 

40.  How  much  milk  testing  3.8  %  butter  fat  and  cream  testing 
26.6  %  butter  fat  must  be  mixed  to  make  16  gal.  that  test  JLS  % 
butter  fat? 

41.  Fifteen  pounds  of  tin  weigh  13  lb.  in  water  and  16  lb.  of 
zinc  weigh  13.5  lb,  in  water.  How  much  tin  and  how  much  zinc> 
in  an  alloy  which  weighs  56  lb.  in  air  and  49  lb,  in  water  ? 

42.  Some  authorities  claim  that  the  daily  ration  for  the  aver- 
age adult  workingman  should  contain  4  oz.  of  protein  and  an 
equal  amount  of  fat.  White  bread  contains  9  %  protein  and  1  % 
fat.  Mutton  contains  14%  protein  and  37%  fat.  Find  how 
many  ounces  each  of  bread  and  mutton  would  be  required  to  make 
a  daily  ration. 

43.  Eggs  contain  13%  protein  and  9%  fat.  From  the  facts 
given  in  Problem  42,  can  bread  and  eggs  be  used  to  make  a  stan- 
dard ration  ? 

44.  A  society  that  wished  to  raise  $  100  gave  an  entertainment. 
They  estimated  that  enough  children  and  adults  would  attend 
that  they  could  raise  this  amount  by  charging  children  10  cents 
and  adults  25  cents  admission,  and  that  if  they  charged  children 
15  cents  and  adults  30  cents  admission,  they  would  raise  $26 
more   than  the  amount   desired.     How  many 

children  and  how  many  adults  did  they  expect  C 

would  attend  ? 

45.  In  the  triangle  ABC,  the  line  OD  bisects 
(divides  into  two  equal  parts)  the  angle  at  C,     ^\t\. 
It  is  known  from  geometry  that  CD  divides  AM  a 
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into  two  parts,  m  and  w,  which  are  proportional  to  the  adjacent 
sides.  If  -4(7=  15  in.,  ^(7  =  12  in.,  and  AB  =  10  in.,  find  the 
lengths  of  m  and  n, 

130.  Systems  of  Literal  Equations.  —  Systems  of  linear  equations 
in  which  one  or  more  of  the  known  numbers  are  literal  are  solved 
by  the  methods  of  §§  126,  127,  128,  the  solutions  being  expressed 
in  terms  of  these  literal  quantities. 

Example.  —  Solve  for  x  and  y : 

Multiplying  (1)  by  67 
Multiplying  (2)  by  a, 
Subtracting  (4)  from  (3), 
Factoring  (combining  terms), 
Dividing  by  a^  —  d^. 
Substituting  ah  for  y  in  (1), 


• 

(1) 

'  \bX'-ay  =  b^. 

(2) 

abx  —  b^y  =  a^b. 

(3) 

abx  —  a^y  =  ab^. 

(4) 

ahf  -bh/  =  €flb-  ab\ 

{a^-b^)y  =  abia^-lj^. 

y  =  ab. 

ax  —  ab^  =  a^. 

ax  =  a^-{-  aWi 

x  =  a^+l^. 

=  a^  4-  &2,  y  =  ab. 

Hence,  the  solution  is  x 

EXERCISES 

Solve  for  x  and  y : 

J     (ax-\-by=a^  +  h\  ^    f  r^x  +  r^  =  1, 

\hx -\- ay ^  2 ah.  {r^'\-r-^  =  l. 

(ax'^by^a^-'b^,  8    /  ^^  ""  ^^^  =  ^'  —  ^^ 

'    [ay  -\-bx  =  a^—b\  [  a^y  —  6a;  =  0. 

g     rm.y  +  a;  =  m  +  w,  9    f 2i>aj  +  2 gy  =  4^^  +  g>, 

\7nx  +  my  =  m^ +  n.  [x  —  2y  =  2p  —  q. 

^     (x  +  Ey  =  S,  ^Q    (12x-lly==B,  +  12E^ 

[2x-Sy  =  R.  '  \x-\-y  =  2R^  +  B2. 

g     iAx-^-y^B,  ^^{(ra  +  n)x  =  l-py, 

[Bx  +  y=zA.  '  \(m-{-n)y-\-px  =  l. 


6.    r~^>  =  ^'  12. 


1: 


+  g'y  =  l. 


va;  —  ^y  =  0, 
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13. 


14. 


x  +  y=Q. 
3^4 


16. 


12  w 


17. 


2        ^ 


8a;  +  9y  =  4m  +  9n. 


V  V 


15. 


a; 


+  -^=2, 


Sx 

V 


4v     4' 


a—b     a+6 
aj  -I-  2/  =  2  a. 

18.  If  m  be  added  to  the  numerator  of  a  certain  fraction,  the 
value  of  the  resulting  fraction  is  4.  But  if  n  be  added  to  the 
denominator,  the  value  of  the  resulting  fraction  is  3.  What  is 
the  fraction  ? 

19.  The  sum  of  two  numbers  is  s,  and  the  quotient  of  the  first 
divided  by  the  second  is  g.     Find  the  numbers. 

20.  If  a  boy  who  weighs  Wpounds  and  one  who  weighs  P  pounds 
balance  at  the  ends  of  a  teeter  board  I  feet  long,  find  the  lengths 
of  the  two  parts  into  which  the  board  is  divided  at  the  fulcrum. 

21.  Part  of  $12,000  is  invested  at  aj%  and  the  rest  at  2/%. 
The  annual  income  from  both  investments  is  d  dollars.  Find  the 
number  of  dollars  in  each  investment. 

22.  If  milk  tests  m%  butter  fat  and  cream  n%  butter  fat, 
how  much  of  each  must  be  taken  to  make  w  pounds  of  cream 
testing  a%  butter  fat? 

131.  Number  of  Solutions  of  a  System.  —  It  has  been  seen  that 
each  of  the  problems  in  the  preceding  sections  has  one  and  only 
one  solution.  That  this  is  true  in  general  of  a  system  of  two 
linear  equations  with  two  unknown  numbers  may  be  shown  as 
follows : 

Any  two  linear  equations  whose  unknown  numbers  are  x  and  y 
may  be  written  in  the  forms 

'  ax  +  by  =  c, 
dX'\-ey=^fy 
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where  a,  hy  c,  d,  e,  and  /  represent  any  numbers  whatever.    If 
this  general  system  be  solved, 

ae  —  bd  ae  —  bd 

Hence,  in  general,  the  system  has  one  and  only  one  solution, 
depending  upon  the  values  of  a,  6,  c,  d,  e,  and/.  But  these  num- 
bers may  be  so  related  that  there  is  no  solution,  or  that  there  is 
an  infinitely  great  number  of  solutkms. 

Example  1.  -  Solve   f  2  a;  -     y  =  12,  (1) 

\6«-8y=   4.  (2) 

Multiplying  (1)  by  8,    6x-8j/  =  a6.  (8) 

Subtracting  (2)  from  (3),         0  =  32. 

This  is  absurd.  It  is  impossible  to  eliminate  one  of  the  unknown  numbers 
without  at  the  same  time  eliminating  the  other,  and  hence  no  solution  can 
be  found.  Or,  looking  at  the  matter  in  a  different  way,  the  supposition  that 
both  equations  can  be  true  simultaneously,  that  is,  for  the  same  values  of*  as 
and  y,  leads  to  the  conclusion  that  0  =  32,  which  is  false.  Hence  the  sup- 
position is  false,  and  the  equations  have  no  common  solution. 

Two  linear  equations  having  no  common  solution  are  called 
inconsistent  equations. 

Example  2.  —  Solve  f  2  «  -  y  =  3,  (1) 

\4a;  =  6  +  2y.  (2) 

Transposing  (2)  gives             4  x  —  2  y  =  6.  (8) 

Dividing  (8)  by  2,                      2  a;  -  y  =  3.  (4) 

Equation  (1)  is  the  same  as  equation  (4).  Hence  all  of  their  solutions 

are  common. 

Two  equations,  such  as  (1)  and  (2)  above,  that  have  all  of  their 
solutions  common  are  called  equivalent  equations.  It  is  evident 
that  on^  of  the  equations  may  always  be  derived  from  the  other 
by  transposition,  etc. 

132.  Systems  solved  Graphically.  —  The  solution  of  a  system  of 
two  equations  in  two  unknown  numbers  may  be  found  graphically, 
without  performing  the  process  of  elimination. 


Example.  —  Solve  graphically 


Ta;  +  2y  =  4, 
\2a:— y  =  28. 
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Upon  the  smme  pab  of  >xei  dnw  ths  grapha  of  bolb  eqnUIons,  u  In  $  121. 
Only  two  points  of  each  grapb  need 
be  located  in  order  to  draw  it.  Tbe 
graph  of  x  +  2y  =  4  \s  AB,  and  the 
graph  of  2*-jr  =  28  is  CD.  Tbe 
graphs  AB  and  CD  meet  at  a  point 
P.  Since  P  is  on  AB,  the  values 
of  X  and  y  corresponding  to  tbe 
point  P  must  satisfy  x  +  2j/  =  *- 
And  since  P  is  also  on  CD,  tha 
values  of  x  and  y  corresponding  to 
the  point  P  must  also  satisfy 
2a— f  =  38.  Henoe  th«  ralDes  of 
X  and  y  corresponding  to  the  point 

P,  which  are  seen  to  be  x  =  12,  y  =  —  4,  must  be  the  solution  of  the  system- 
See  if  z  =  12,  ^  =  —  4  satisfies  both  equations. 

To  solve  a  system  graphically,  draw  the  graphs  of  both  equcUions 
upon  the  same  axes.  The  set  of  values  of  the  unknotim  numbers 
corresponding  to  (Ac  point  where  the  graphs  meet  is  the  soZirfton  of 
the  system. 


Solve  graphically: 

\x-S-i. 

7. 

|3«  +  2y  =  12, 
\43!-3y+l  =  0. 

■'•    170,-2,-8. 

8. 

r7a,-2!,  +  15-0, 

/5«  +  4,-42, 
'■    l6.-,.4. 

f2x+6!i  =  I6, 

l3«-4s-ll. 

(«  +  4!,=  10, 

10. 

f4.,-3s_l, 
t3.-4j,-6. 

lix  +  S  =  3, 

f2«-!,-6, 
U  +  2y  =  2l5. 

°-    [2x  +  3,-l. 

e    l'+s  =  s, 

r2>,-j,  =  5, 

'    l3>;  +  3,-12. 

l6«-2!,=  14. 

13.   Show  by  graphs  that  in  g 

eflera 

.  a  syatem  of  two  eqx 

in  two  unknown  numbers  has  one  and  only  one  solution. 
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[ 


14.   Draw  the  graphs  of  the  inconsistent  equations  of  the  system 

4a;  +  2y  =  43. 

What  kind  of  lines  are  they?     Would  you  naturally  expect 
this? 

16.    Show  graphically   that  the  following   equations  are  in- 
consistent : 

a?  — 3y=6, 

3aj  =  4+92^. 


{ 


16.   Determine  graphically  whether  or  not  the  following  equa- 
tions are  consistent : 

5  0?  —  .y  =  0, 
3y  =  404-15aj. 


{ 


17.  By  drawing  their  graphs,  show  that  3a;  —  2y  =  6,  aj  +  y  =  7, 
and  4  a;  —  ^  =  13  have  a  common  solution.     What  is  it  ? 

18.  Show  by  their  graphs  that  3a;  — 2y  =  12,  4a;  — 3y  4-1  =  0, 
and  2  a?  —  y  =  11  have  no  common  solution. 

19.  Determine  graphically  whether  or  not  3x  +  2y  =  18, 
x  —  y=zS,  and  4  a;  -|-  y  =  4  have  a  common  solution. 

20.  Show  graphically  that  in  general  three  or  more  linear 
equations  containing  the  same  two  unknown  numbers  cannot  have 
a  common  solution.     When  would  they  have  a  common  solution  ? 

133.  Systems  of  Fractional  Equations.  —  As  a  general  rule,  in 
solving  a  system  of  fractional  equations,  it  is  best  first  to  clear 
the  equations  of  fractions.  But  in  certain  cases,  as  token  the  un- 
Tcnown  numbers  occur  only  in  monomial  denominators,  it  is  best  not 
to  dear  of  fractions  before  eliminating.  If  such  equations  were 
cleared  of  fractions,  they  usually  would  not  be  linear,  and  also 
would  give  solutions  which  would  not  satisfy  the  original  system. 


Example  1.  —  Solve 


'^-|  =  2,  (1) 

a     0 

»  +  »  =  5.  (2) 

a     b 
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Subtracting  (1)  from  (2), 
Solving, 

Substituting  41  for  6  in  (1),      2  -  i-  =  2, 

a     ^ 


15  =  3. 

h 


Solving, 


ExAMPLK  2.  —  Solve 


a  =  8A. 


3a;      2y 


2x      3y 

Multiplying  (1)  by  {,  to  make  the  fraction  in  x  the  same  as  in  (2), 

_3^      27^^45 
2z     Sy      4* 

Subtracting  (2)  from  (3),      |I  +  A  =  ^  -  8. 


Solving, 


694 


Substituting  -^  for  y  in  (1),  -^  +  ^  =  5. 
^198  ^  ^    3x     194 


Solving, 


x  =  ^. 


(1) 
(2) 

(3) 


EXERCISES 


Solve : 


1. 


2. 


3. 


m      n 
m     n 

(p     q     2 

i-1-3 
-  +  -  =  3, 

W       V 
i  W        V 


6. 


6. 


7. 


8. 


6 


2=1. 


^a 


'^-1+1  =  0. 

i-?5+3=0. 
1  +  1  +  12  =  0, 


X, 


Xn 


i-l  =  i. 
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9. 


10. 


2a     5b       ' 

^  +  1  =  7. 
la     0 

5t     2T       ' 
t      T 


11. 


12. 


4:A^2B     8' 
12^     -B     28 

9»     ^ 
.5a?     2y 


Solve  for  »  and  y : 


13. 


a  ,  h 
a?     y 

— I-  —  =  c'. 
a?      y 


15. 


14.     .^^ 


mx     ny 
ma?     ny 


nx     my 


n       m-^n 


mn 


n 
mx 


m 
ny 


n' 


m" 


mV 


16.  A  water  tank  can  be  filled  by  two  pipes  in  8|-  mintites.  If 
the  first  is  left  open  10  minutes  and  the  second  8  minutes,  the 
tank  will  be  filled.  In  what  time  can  each  pipe  alone  fill  the 
tank? 

17.  Two  steam  pumps  together  can  fill  a  reservoir  with  water 
in  6^  hr.  If  one  pump  works  8  hr.  and  the  other  3  hr.  48  min., 
the  reservoir  will  be  filled.  How  long  would  it  take  each  pump 
alone  to  fill  it  ? 

18.  In  a  factory  which  operates  two  sizes  of  machines  it  is 
found  that  2  large  machines  and  5  small  ones  can  turn  out  a  cer- 
tain quantity  of  goods  in  12  hr.,  while  4  large  ones  and  3  small 
ones  can  do  it  in  10  hr.  Find  how  long  it  would  require  one 
machine  of  each  size  alone  to  turn  out  the  goods. 

19.  A  and  B  together  can  do  a  piece  of  work  in  13 J  days. 
After«they  have  worked  6  days  B  leaves,  and  A  finishes  the  work 
in  16^  days  more.  In  how  many  days  could  each  of  them  alone 
do  the  work  ? 
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20.  A  current  of  electricity  flows  tlirough  two  branches  of  a 
circuit.  The  total  resistance  to  the  current  is  found  to  be  40  ohms. 
When  the  resistance  of  one  branch  is  made  three  times  as  great, 
the  resistance  of  the  whole  circuit  is  doubled.    If  rx  and  r,  are  the 

resistances  of  the  branches,  it  is  known  that  —  H —  =  7-  and 

Vi     Tf     40 

- — I-  —  ==  —-.    Mnd  the  resistance  of  each  branch. 
3ri     r,     80 

134.  Syatems  inyolving  Th.ree  Unknown  Numbers.  —  Some  prob- 
lems involving  three  unknown  quantities  may  be  solved  by  first 
expressing  them  by  means  of  a  system  of  three  linear  equations 
containing  three  unknown  numbers.  To  solve  such  a  system  we 
first  eliminate  one  of  the  unknown  numbers  from  any  two  of  the 
equations,  then  eliminate  the  same  number  from  one  of  these  two 
equations  and  the  third  equation.  This  will  give  rise  to  two 
new  equations  which  contain  only  two  unknown  numbers.  These 
two  equations  may  then  be  solved  as  a  new  system  by  the  methods 
of  the  preceding  sections. 

'   aj  +  2y  +  2;jf  =  ll,  (1) 

2«+    y+    «=   7,  (2) 

3x  +  4y4-    «  =  14.  (8) 

By  subtraction,  eliminate  x  between  (1)  and  (2). 

This  gives  8  y  +  3  «  =  16.  (4) 

By  subtraction,  eliminate  x  between  (1)  and  (8). 

This  gives  2y  +  5z  =  19.  (6) 

Eliminating  y  between  (4)  and  (6), 

«  =  8. 
By  substituting  3  for  «;  in  (6)  we  get 

Sf  =  2. 
Kow,  sabstituting  the  values  of  both  y  and  «  in  (1),  we  get 

xs=  1. 

From  a  system  of  four  linear  equations  with  four  unknown 
numbers  we  can,  in  like  manner,  derive  a  new  system  of  three 
equations  with  three  unknown  numbers ;  and  so  on. 


ExAMPLB.  •»  Solve 
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EXERCISES 


Solve 


1. 


2. 


3. 


4. 


6. 


6. 


7. 


a  4-  6  4-  c  =  9, 
2a4-6-c  =  0, 
3a— 64-c=t5. 

P-2Q4-^  =  6, 
P4-3Q  +  2^  =  13, 
2P-  Q-h22  =  13. 

2m  +  2v+3w  =  4, 
3w  +  4'y4-6w  =  7, 
w-|-2v  +  6m7  =  4. 

5ri  +  67'2  +  7r8  =  3, 
10  rj  -  12  ra  +  21  rg  =  3, 
15  Vi  —  6  rg  +  14  7*3  =  4. 

^  +  5  =  1, 
5+0=9, 
^4+  (7+6  =  0. 

2aj  +  y  —  2J=2, 
aj_22^-3«  =  6, 
2^  -  2  +  1  =  0. 

2A  +  A:  =  7+Z, 
A:  =  1  +  ^, 
?  -  A;  =  1. 


8. 


9. 


10. 


11. 


2j9~2g  +  3r  =  10, 
3/>  +  g  — r=5, 
j>-g+2r  =  7. 

5^2  +  3""^^' 

-^-l+£  =  6, 
10     10     6 

a  ,  5       C       e 

-  + >  =  5. 

4     5     15 
a;     y 

-  +  -  =  4. 

-^+i+^=o, 

3  m      n     10 

m     6p     12 

^  +  1=A. 
p     30     47i' 


12.  The  perimeter  of  a  triangle  is  28  in.  Two  of  the  sides  are 
3qual,  and  their  sum  exceeds  the  third  side  by  4  in.  Find  the 
lengths  of  the  sides. 

13.  The  sum  of  the  two  sides  of  a  triangle  which  meet  at  one 
vertex  is  44  in.,  at  another  vertex  40  in.,  and  at  the  third  vertex 
36  in.     Find  the  lengths  of  the  three  sides. 

14.  The  sum  of  the  three  angles  of  any  triangle  is  180®.  If 
two  angles  of  a  triangle  are  equal,  and  each  is  5°  more  than  the 
third,  find  the  size  of  each. 
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15.  In  triangle  PQE,  angle  P  is  16**  less  than  angle  Q,  and 
angle  Q  is  4®  less  than  angle  B,     How  many  degrees  in  each  ? 

16.  It  is  known  in  geometry  that  two  tangents  drawn  from 
the  same  point  to  a  circle  are  equal.     Ifence,  if 
a  circle  is  inscribed  in  a  triangle^  as  in  the  figure, 
the  points  of  contact  divide  the  sides  of  the  tri- 
angle into  three  sets  of  equal  tangents. 

If  AB  =  12  in.,  BC='16  in.,  and  AO=U  in., 
show  that  a;  +  y  =  14,  x  +  z  =  16f  and  y-{'Z  =  12, 
Find  the  distances  of  the  points  of  contact  of  the  circle  with  the 
three  sides  from  the  vertices. 

17.  The  sides  of  a  triangle  are  24  in.,  32  in.,  and  38  in.  Find 
the  points  where  the  inscribed  circle  touches  the  sides. 

18.  Three  circles  are  to  be  drawn  tangent  to  each  other,  and 

with  their  centers  at  three  given  points  A,  B,  and 
(7,  respectively.  If  the  distance  between  A  and 
B  is  10  in.,  between  B  and  C 13  in.,  and  between 
A  and  0 15  in.,  find  the  radii  of  the  circles. 

19.  In  accurate  tool  work  where  holes  are  to 
be  bored  close  together  in  a  metal  plate,  the  centers 
of  the  holes  are  first  marked  carefully  to  thou- 
sandths of  an  inch.  This  may  be  done  by  first  turning  out  disks 
on  a  lathe  of  such  sizes  that  when  placed  tangent  to  each  other 
their  centers  mark  the  positions  of  the  centers  of  the  required 
holes.  These  disks  are  then  fastened  on  the  metal  plate  in 
tangent  positions,  and  the  holes  bored  at  their  centers. 

Three  holes  are  to  be  bored,  the  distances  between  whose 
centers  shall  be  0.560  in.,  0.620  in.,  and  0.844  in.,  respectively. 
Find  the  radii  of  the  required  disks.     See  Problem  18. 

20.  A  certain  number  consists  of  three  digits  whose  sum  is  9. 
If  198  be  subtracted  from  the  number,  the  remainder  will  consist 
of  the  same  digits  in  a  reverse  order ;  and  if  the  number  be  di- 
vided by  the  hundreds'  digit,  the  quotient  will  be  108.  What  is 
the  number  ? 
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81.  It  is  given  that  the  standard  daily  ration  for  an  adult 
laboring  man  should  include  16  oz.  starchy  4  oz.  fat,  and  4  oz. 
albumen.  The  amount  of  these  materials  in  bread,  butter,  and 
beef  are  as  follows : 


Food 

BxABoa 

VXT 

Amumbv 

Bread 
Butter 
Beef 

64% 
0% 
0% 

.1% 

83% 
16% 

»% 
1% 

16% 

Pind  the  quantities  of  these   foods  required  to  make  a  daily 
ration. 

22.  Potatoes  contain  20  %  starch,  1  %  fat,  2  %  albumen ;  pork 
oontains  no  starch,  26  %  fat,  13  %  albumen ;  and  cream  contains 
4  %  starch,  18  %  fat,  2  ^  albumen.  Find  the  quantities  of  these 
foods  required  to  make  a  standard  daily  ration, 

23.  There  are  three  compounds  composed  of  different  metals. 
The  first  contains  7  parts  (in  weight)  silver,  ,3  parts  copper,  and 
6  parts  tin;  the  second  contains  12  parts  silver,  3  parts  copper, 
aod  1  part  tin ;  the  third  contains  4  parts  silver,  7  parts  copper, 
and  5  parts  tin.  How  much  of  each  of  these  three  compounds 
must  be  taken  in  order  to  form  a  fourth  which  shall  contain  8  oz. 
of  silver,  3|  oz.  of  copper,  and  4^  oz.  of  tin? 

24.  In  an  athletic  contest  team  A  won  with  a  total  of  35 
points,  team  B  got  second  place  with  a  total  of  32  points,  and 
team  C  got  third  place  with  a  total  of  31  points,  as  shown  in  the 
table: 


Team 

ISTB 

2Da 

8d8 

Total 

A 

7 

3 

1 

36 

B 

6 

4 

4 

82 

^ 

C 

% 

7 

9 

ai 

How  many  points  does  each  place  count  ? 
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SUPPLEMENTARY  EXERCISES 


Solve: 


1. 


2. 


8.     \ 


6W+W     5' 
6+^  =  2^. 

n  +  r-2  +  1 "" 
ri  +  3  ^  rg  +  l 
lri  +  1      ra  — i 


4, 


Solve  for  a?  and  y : 


7. 


13a;     4^ 


9. 


Solve : 

c  4-  cK  +  a  =  6, 
a  +  6  H-  d  =  3. 

'r-\-s  +  t=:lS, 
r  4-  5  H-  w;  =  18, 
s  +  M?  +  ^  =  18, 

r+w7+^=18. 


10. 


4. 


5. 


6. 


11. 


12. 


r  1  ^  1 


a-f6     a  — 6 
a-36 


=  0, 


U-2a 


2. 


^  +  ^ 


1  +  a?     1  +  y 

_2 1_ 

l-fa?     l-^-y 

f    4     ^    3 


a;-2     y  +  1 
1     +     « 


a— 2     y+1 


=  1, 

_1 
~2" 

=  1, 

_9 
"8" 


f3w  ,  n-1 

m rn^-l 

I2a?         y 


n. 


«  +  y4-2?4-w?  =  10, 
a;  —  y  —  2;  +  «<;  =  0, 
2ajH-2/  +  32;  — 1«  =  9, 
I3aj  — y  +  «  — 2M;-f  4  =  0. 

f2jp-g-r  +  s=13, 
j?  +  g  —  r  —  s  +  l=0, 

3p  +  2g-r+2s  =  17. 


13.  Find  a  number  of  three  digits,  such  that  the  sum  of  the 
digits  shall  be  15;  the  sum  of  the  hundreds'  digit  and  the  ones' 
digit  shall  be  1  less  than  the  tens'  digit ;  and  the  ones'  digit  sub- 
tracted from  4  times  the  hundreds^  digit  shall  equal  the  tens'  digits 
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14.  A  merchant  has  two  kinds  of  tea.  If  lie  mix  3  pounds  of 
the  poorer  with  7  pounds  of  the  better,  the  mixture  will  be  worth 
76^^  a  pound;  but  if  he  mix  7  pounds  of  the  poorer  with  3  pounds 
of  the  better,  the  mixture  will  be  worth  68|^/^  a  pound.  What  is 
the  price  of  each  kind  of  tea  ? 

16.  There  are  two  alloys  of  copper  and  silver,  of  which  one  con- 
tains 3  times  as  much  copper  as  silver,  and  the  other  contains  5 
times  as  much  silver  as  copper.  How  much  must  be  taken  of 
each  alloy  to  make  7  pounds,  of 'which  half  shall  be  silver  and  the 
other  half  copper  ? 

16.  If  the  altitude  of  a  rectangle  be  increased  4  inches,  and  its 
base  diminished  2  inches,  the  area  will  be  increased  22  square 
inches ;  and  if  the  altitude  be  increased  1  inch,  and  the  base  dimin- 
ished 1  inch,  the  area  will  be  increased  2  square  inches.  Find 
the  base  and  the  altitude  of  the  rectangle. 

17.  A  company  of  men  rented  a  yacht.  When  they  paid  their 
rental  they  found  that  if  there  had  been  2  more  persons  to  pay 
the  same  bill,  each  would  have  paid  50  cents  less  than  he  did ; 
and  if  there  had  been  2  fewer  persons,  each  would  have  paid  $1 
more  than  he  did.  Find  the  number  of  persons  and  the  amount 
that  each  paid. 


CHAPTER   XIII 

SQUARE  ROOT.     QUADRATIC  SURDS 
135.  Square  Roots  of  Polynomials.— Since  (a'{-by=a^+2  ab+b% 


■y/a?  +  2ab  +  b^  =  a  +  b. 

NoTB.  —  As  shown  in  §  72,  every  quantity  has  two  square  roots,  differing 
only  in  sign.  Thus,  the  other  square  root  of  a^  -\-  2  ab  +  b^  Is  —  {a  +  b), 
or  —  a  —  b.  In  this  chapter  we  shall  consider  only  one  of  the  square  roots 
of  any  expression,  viz.  the  one  of  which  the  first  term  is  positive. 

A  study  of  the  above  identity  will  reveal  the  process  of  finding 
the  square  root  of  any  polynomial  which  is  a  perfect  square. 

If  the  polynomial  has  three  terms  arranged  according  to  the 
powers  of  one  letter,  these  correspond  to  the  terms  of  a^-|-2  ab-{-b^. 
Evidently,  the  first  term  a  of  the  root  is  a  square  root  of  a\  If 
a*  be  subtracted  from  the  trinomial,  the  remainder  is  2ab  +  b\ 
The  second  term  of  the  root,  b,  may  be  found  by  dividing  2  ab, 
the  first  term  of  the  remainder,  by  2  a,  or  twice  the  term  of  the 
root  already  found. 

The  work  is  usually  arranged  as  follows : 


a^+2ab  +  h'\a  +  b 


a' 


2a 
2a  +  6 


2ab  +  b^ 
2ab-hb^ 


The  divisor  2  a,  used  in  finding  the  second  term,  is  called  the 
trial  divisor.  AVhen  the  second  term  b  is  added  to  the  trial  divisor, 
it  gives  the  true  divisor,  2  a-\-b,  because  when  the  latter  is  multi- 
plied by  b  it  gives  the  entire  remainder  2ab-\-  bK 
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Example  1.  —  Find  the  square  root  of  9  a;*  +  4  y^  __  12  xy. 

Writing  the  expression  in  descending  powers  of  x,  the  work  is  as  follows 


9 a;2  _.  12 a:y  +  4  y^|3 x-2y 
9a;2 


ffx  \-l2xy  +  ^y^ 

6x-%y  -12ajy  +  4yg 


The  first  term  of  the  root  is  V9  x'^,  or  3».  Suhtracting  9a:2  leaves 
— 12  iry  +  4  y2.  The  trial  divisor  is  2(8  oj),  or  6  a:.  Dividing  —  12  «y  by  6  « 
gives  —  2  y,  the  second  term  of  the  root.  Adding  —  2  y  to  6  a;,  the  trial 
divisor,  gives  the  true  divisor  6  x  —  2y.  Multiplying  this  by  —  2  y  gives 
—  12  ary  +  4  y2  exactly,  which  shows  that  6  x  —  2  y  is  the  entire  root. 

If  the  square  root  of  a  polynomial  has  three  or  more  terms,  the 
first  two  may  be  found  as  above ;  then  by  grouping  terms,  these 
two  may  be  used  as  one,  and  the  third  term  .obtained  by  a  repeti- 
tion of  the  process  used  to  obtain  the  second.  Similarly,  by 
grouping  the  first  three  terms  of  the  root,  the  fourth  may  be 
found,  etc. 

Example  2.  —  Find  the  square  root  of  8  «  —  4  n^  +.  n*  +  4. 
First,  arrange  the  terms  in  descending  powers  of  n. 

Ii4-4w8  +8n  +  41w^-2»  — 2 


n* 

2n2 
2na  — 2n 

-4n8              -f8«  +  4 
-  4  w«  +  4  n2 

2n2-4n 
2  n2  -  4  w 

-2 

-4wa4-8n-f-4 
-  4  m2  +  8  n  4-  4 

The  first  term  of  the  root  is  v  n*,  or  w^.  Hence  the  first  trial  divisor  is 
2  n^.  Dividing  —  4  n*,  first  term  of  the  remainder,  by  2  n^  gives  —  2  w, 
second  term  of  the  root.  Adding  this  to  2  »2  gives  2  »2  —  2  n,  the  first 
true  divisor.  Multiplying  this  by  —  2n  gives  —  4  71^  +  4  n^.  Subtracting 
this  product  from  the  first  remainder  leaves  —  4n^  +  8  »  4-  4,  the  second 
remainder.  Now  using  the  root  found,  n^  —  2  n,  as  one  term,  the  second 
trial  divisor  becomes  2(n^—2n)  or  2  w^  —  4 n.  Dividing  the  first  term  of 
this  into  the  first  term  of  the  remainder  gives  —  2,  the  third  term  of  the  root. 
Adding  —  2  to  the  trial  divisor  gives  2n^  —  ^n  —  2,  the  seoond  true  divisor. 
This  multiplied  by  —  2  gives  the  second  remainder,  which  shows  that 
i|2  —  2  n  —  2  is  the  entire  root. 
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Note.  —  Care  must  be  taken  to  first  arrange  the  terms  in  any  problem  in 
descending  or  ascending  powers  of  some  letter.  Each  remainder  and  each 
divisor  must  also  be  arranged  like  the  original  expression. 

The  above  examples  illustrate  the  general  rule : 

(1)  Write  the  given  polynomial  in  descending  or  ascending  powers 
of  some  letter. 

(2)  Take  the  square  root  of  tJie  first  term  for  the  first  term  qf  the 
root,  and  subtract  the  first  term  from  the  polynomial. 

(3)  Double  the  root  found  for  the  first  trial  divisor,  divide  the  first 
term  of  the  remainder  by  this,  and  ^vrite  the  quotient  ae  the  second 
term  of  the  root. 

(4)  Add  this  quotient  to  the  trial  divisor  to  obtain  the  true  divisor, 
multiply  the  true  divisor  by  the  second  term  of  the  root,  and  siibtract 
the  product  from  the  preceding  remainder. 

(5)  J[jf  there  is  still  a  remainder,  double  all  of  the  root  already 
found,  for  a  new  trial  divisor,  and  proceed  as  before.  Continue  this 
process  until  all  terms  of  the  root  are  found* 

EXERCISES 

Find  the  square  roots  of  the  following : 

X.  4a*  +  20a  +  25. 

2.  l-16y  +  64:y\ 

3.  m*4-25w2- lOm^. 

4.  6aj»  +  aJ*-2ic»  +  4-4flj. 

5.  4^t*  +  4.9-Sf-70t  +  20f. 

6.  l4.26-6*  +  36*-26«  +  6«. 

7.  49^«  +  42^«-19-4*-12^2^4. 

8.  r*  +  21r2  4-4-10r»  +  20n 

9.  a^  +  4.a^b  +  6a^b^  +  4.ab^-j-b\ 

11.  lS3PJ!P+M*-e3PN-12MIP  +  4:IP 

12.  a^-2iB8y-2a;/  +  3a^2/^4-y*. 

13.  9i)*-12;>8g-26jpV  +  20i)g"'+25g* 
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14.  49-42  F4-37F24-4F*-12  F^ 

16.  a^-2a^4-3a^-4ar»  +  3aj2-2a?  +  l. 

16.  m^'-6  m^n  +  15  mV  -  20  mV  +  15  mV  —  6  mw*  +  n^ 

17.  -y*  4- 16  w;<'  -  4  ly^w;  H- 10  v^m;^  -  24  vw"  -  20  vW  -h  25  v^m;*. 

18.  4P«-20P«  +  46P2  +  4ip4_^9_52p3_24P. 

136.  Square  Roots  of  Arithmetical  Numbers.  —  Any  arithmetical 
number  of  two  or  moie  figures  is  in  nature  a  polynomial. 

Thus,  5263  =  5000  4.  200  +  60  +  3 

=  5  X  108  +  2  X  102  +  6  X  IG  +  3. 

Hence,  the  square  root  of  an  arithmetical  number  may  be 
obtained  in  practically  the  same  manner  as  that  of  a  polynomial. 

The  square  root  of  1  is  1;  of  100  is  10;  of  10000  is  100;  etc. 
Hence  the  square  root  of  a  number  between  1  and  100  is  between 
1  and  10 ;  of  a  number  between  100  and  10000  it  is  between  10 
and  100 ;  etc.  That  is,  the  integral  part  of  the  square  root  of  an 
integer  of  one  or  two  figures  contains  one  figure ;  of  an  integer  of 
three  or  four  figures  it  contains  two  figures ;  etc.     Therefore, 

If  the  figures  of  an  integer  are  marked  off  from  right  to  left  into 
groups  of  two,  the  number  of  figures  in  the  integral  part  of  the  square 
root  will  be  equal  to  the  number  of  groups,  any  oiie  figure  that  re- 
mains on  the  left  being  counted  as  a  whole  group. 

Thus,  marked  off  into  groups,  20684  will  become  2'06'84'.  Sinee  there  are 
three  groups,  the  integral  part  of  the  square  root  will  contain  three  figures. 

If  the  square  root  of  a  number  be  a  number  of  two  figures,  the 
tens  of  the  root  may  be  denoted  by  a  and  the  ones  by  b.  Then 
the  root  will  be  expressed  by  a  +  &»  and  hence  the  number  by 
a^  -f  2  a6  +  b\  The  use  of  the  fact  that  Vo^+ToM^  =  a 4-  6  is 
best  shown  by  examples. 

Example  1.  —  Find  the  square  root  of  3969. 

Pointing  off,  we  have  S9'69'.  Since  there  are  two  groups,  there  must  be 
two  figures  in  the  root.  The  root  lies  between  60  and  70,  because  6O2  is  less 
than  3969,  and  70^  is  greater  than  3969.  That  is,  the  tens'  figure  of  the  root 
is  6,  the  square  root  of  the  largest  square  in  the  left-hand  group  of  the  given 
number. 
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The  work  is  indicated  thus : 


a2=         36  00 
2  a  =  120 
2  a  +  6  =  123 


60  +  3=63 


3  69 
3  69 


4  34  01 

4  2600 

9  01 

9  01 

SiDce  a  =  60,  a^  =  3600.  Subtracting,  the  remainder  is  369.  The  trial 
divisor  2  a  becomes  2  x  60,  or  120.  Dividing  869  by  120  gives  approximately 
3.  Hence  b  is  probably  3.  Hence  the  trial  divisor  2  a  -f-  6  becomes  123. 
Multiplying  123  by  3  gives  369.  Taking  this  from  the  first  remainder  leaves 
zero.     Hence,  60  +  3,  or  63,  is  the  exact  root. 

Example  2.  —  Find  the  square  root  of  203401. 

By  pointing  off  it  is  seen  that  there  are  three  figures  in  the  root. 

20'34'01'  1400  +  60  +  1=461 
o2=  1600  00 

2a  =  800 
2  a  +  6  =  850 
2  (a  +  6)  =  900 
2(a  +  6)+c  =  901 

The  largest  square  in  20  is  16.  Hence  a^  =  160000,  and  a  =  400.  The 
first  remainder  is  43401.  The  first  trial  divisor  2  a  is  2  x  400,  or  800.  Divid- 
ing 43401  by  800  gives  approximately  60,  the  value  of  6.  The  first  true  divisor 
is  800  +  50,  or  850.  Multiplying  860  by  60  gives  42500.  Subtracting,  the 
second  remainder  is  901.  The  second  trial  divisor  2(a  +  &)  is  2  x  460,  or 
900.  901  divided  by  900  gives  approximately  1,  tlie  value  of  c.  The  second 
true  divisor  is  900  + 1,  or  901.  Multiplying  901  by  1  gives  901.  Subtract- 
ing this  from  the  second  remainder  leaves  zero.  Hence  the  exact  root  is 
400  +  60  +  1,  or  461. 

Whea  the  square  root  of  a  number  has  decimal  places,  the 
number  itself  has  twice  as  many. 

Thus,  0.232  =  0.0529. 

Hence,  to  mark  off  a  number  which  contains  a  decimal,  begin  at 
the  decimal  point  and  mark  to  the  left  and  to  the  right,  putting  two 
figures  in  each  group. 

If  a  decimal  has  an  odd  number  of  figures,  add  a  zero  to  make 
it  even. 

Thus,  723.618  will  become  7  23'.61'80'. 
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Example  3.  —  Find  the  square  root  of  60.9796. 


60.  '97  '96'  1 7.00  +  .10  +  .04  =  7.14 
49.  00  00 


14.00 
14.10 
14.20 
14.24 


1.  97  96 
1.  4100 


66  96 
66  96 


Au  approximation  to  the  value  of  the  square  root  of  a  number 
that  is  not  a  perfect  square  may  be  found  to  any  degree  of  accu- 
racy  desired. 

Example  4.  — Find  to  three  decimal  places  the  square  root  of  2. 
Since  three  decimal  places  are  desired  in  the  root,  we  annex  6  zeros* 

2.  'OO'OO'OO'  1 1  +  .4  +  .01  +  .004  =  1.414 
1.  000000 


2 

2.4 

1.0000  00 
.  96  00  00 

2.8 
2.81 

.  04  0000 
.  02  81  00 

2.82 
2.824 

.  01  19  00 
.0112  96 

EXERCISES 


Find  the  square  root  of : 

1.  7396.      4.  26244. 

2.  1849.      6.  41209. 

3.  5776.      6.  17424. 


7.  16129. 

8.  96.4324. 

9.  12.25. 


Find  to  three  decimal  places  the  square  root  of : 

13.  5.  16.   0.6.  17.   28. 

14.  3.  16.    1.2.  18.    0.45. 


10.  146.41. 

11.  125.44. 

12.  4.6225. 


19.  37.1. 

20.  0.75. 


21.    The  area  of  a  triangle  whose  sides  are  a,  b,  and  c  equals 

Vs(s  —  a){s  —  b){s  —  c),  where  s  equals  one  half  of  the  sum  of  the 
three  sides.  The  sides  of  a  triangular  field  are  42  rd.,  38  rd.,  and 
46  rd.,  respectively.  Find  its  area  to  hundredths  of  a  square 
rod. 
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KoTS.  ^-The  rue  of  8qaare  root  in  solving  equations  will  be  shown  in  the 
next  chapter. 

137.  Real  and  Imaginary  Numbers.  —  Since  any  even  power  of 
either  a  positive  or  a  negative  number  is  positive,  any  even  root 
of  a  negative  number  is  neither  a  positive  nor  a  negative  number. 
The  indicated  even  root  of  a  negative  number  is  called  an 
imaginary  number. 

Thus,  V— 4,  V—  9,  V—  1,  etc.,  are  imaginary  numbers. 

A  number  that  is  not  imaginary  is  called  a  real  number.  Hence, 
all  numbers  are  classified  as  either  real  or  imaginary.  All 
numbers  with  whioh  we  have  had  to  deal  up  to  the  present  time 
are  real  numbers. 

Note.  —  In  the  chapter  following  this  some  imaginary  numbers  will  be 
encountered  in  solving  equations.  But  no  knowledge  of  the  operations  with 
these  numbers  will  be  needed  in  the  First  Course.  A  thorough  treatment  of 
imaginary  numbers  will  be  found  in  the  Second  Course, 

138.  Surds.  —  An  indicated  root  which  is  real  but  the  value  of 
which  cannot  be  computed  exactly  is  called  a  sard. 

Thus,  VS,  v^5,  Vm  +  n,  etc.,  are  surds. 

A  surd  whose  index  is  2  is  called  a  quadratic  surd. 

Note.  —  In  this  chapter  are  given  only  a  few  of  the  important  processes 
applied  to  quadratic  surds,  A  fuller  treatment  of  surds  will  be  found  in  the 
Second  Course, 

Every  positive  number  has  two  square,  roots,  differing  only  in 
sign.  But  in  dealing  with  quadratic  surds  only  the  positive  value 
of  each  will  be  considered. 

139.  Reducing  a  Surd  to  its  Simplest  Form.  —  A  quadratic  surd 
is  in  its  simplest  form  when  the  expression  under  the  radical  sign 
is  integral  and  contains  no  factor  of  which  the  indicated  root  can 
be  found.     A  quadratic  surd  that  is  not  in  its  simplest  form  can 

.  be  reduced  to  its  simplest  form  by,  use  of  the  principle  that 
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The  square  root  of  the  product  of  two  numbers  equals  the  product 
of  the  square  roots  of  the  numbers. 

Thus,  \/35  =  Vi  X  VO,  because  each  equals  6. 

\/26  v\v  —  to)*  =  V25  v'^  X  VCv  —  to)*,  because  each  equals  5  v{v  —  w)^. 

The  application  of  this  principle  in  simplifying  surds  is  shown 
in  the  following  examples ; 

Example  1.  —  Reduce  to  its  simplest  form  V63. 

Factoring  63  into  two  factors  one  of  which  is  the  largest  perfect  square 
possible,  we  have 

\/63  =  V^lTl  =  Vg  X  V7  =  3  V7. 

Example  2.  —  Reduce  to  its  simplest  form  VJ. 

Multiplying  both  terms  of  ^  by  6  to  make  the  denominator  a  perfect 
square,  then  factoring,  we  get 


Example  8.  —  Reduce  to  its  simplest  form  V32  a>^h^<^. 

V32a=^W  =  VlO  a254c2  x  2  c  =  \/Wofih^  x  \/2c  =  4  al^c^¥c. 

If  the  expression  under  the  radical  sign  is  integral ,  separate  it  into 
two  factors  of  which  one  is  the  largest  perfect  square  possible.  The 
square  root  of  the  square  factor  becomes  the  coefficient  of  the  radical. 

If  the  eocpression  under  the  radical  sign  is  a  fraction,  multiply  both 
terms  of  the  fraction  by  such  a  quantity  as  will  make  the  resulting 
denominator  a  perfect  square.  Then  separate  into  ttvo  factors  and 
proceed  as  above. 

Note. — The  importance  of  knowing  how  to  simplify  a  quadratic  surd  is 
seen  when  the  approximate  value  of  a  surd  is  to  be  found.  Thus,  if  one  knows 
that  V2  =  1.414,  then  V200  =  10\/2  =  14.14.  Also  if  it  is  known  that  VS  = 
1.732,  then  V27  =  3  V3  =  6.196. 

EXERCISES 

Reduce  to  the  simplest  form  : 

1.  Vs.  4.    V27.        7.    V28.  10.  V54.  13.  V32. 

2.  Vi2.  5.    VTS.        8.    V48.  11.  V72.  14.  V80. 

3.  V24.  6.    V50.        9.    V75.  12.  Vl25.  15.  V242, 
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16.  V3SS,        19.  VJ.  22.    V^.  25.    V|f         28.    V^. 

17.  V432.        20.  V|.  23.    Vf|.  26.    V||.        29.    V^. 

18.  \/300.        21.  Vf  24.    V^.  27.    V^.        30.    Vii- 

31.  V^.  35.    V8lV.  39.    ^/WAW. 

32.  vTa6*.  36.    V50  PH.  40.    Va^(a  —  6)1 


33.  V25m8n.  37.    V27 ITV.  ,^i^ 

34.  VWs^.  38.    V5^feV.  *    \c(F* 

42.  If  V2  =  1.414',  find  tlie  values  of  the  surds  in  Exercises  1, 
5,  6, 11, 13, 15,  16,  and  19. 

43.  If  V3  =  1.732,  find  the  values  of  the  surds  in  Exercises  2, 
4,  8,  and  9. 

140.  Addition  and  Subtraction  of  Surds.  —  Only  quadratic  surds 
that  have  the  same  number  under  the  radical  sign  can  be  added 
or  subtracted.  They  are  added  or  subtracted  just  as  any  two 
similar  terms. 

Thus,  just  as  3n  +  2n  =  5n,    so  3\/7 +2V7  =  5V7. 

It  usually  is  best  first  to  reduce  surds  to  be  added  or  subtracted 
to  their  simplest  forms  before  trying  to  unite  them. 

Thus,  Vl2  +  \/274-V75  =  2V3  +  3V3  +  5V3  =  10V3. 

To  add  or  s^ibtract  quadratic  surds  having  the  same  radical  part, 
add  or  subtract  the  coefficients  of  the  radical  part, 

EXERCISES 

Simplify : 

1.  V2+V8.  4.    V45-V2O.  7.   2V2-hV32 

2.  V3  +  Vi2.  5.    V32-V8.  8.   5V5~V45. 

3.  VI8  +  V27.  6.    V50-Vi8.  9.   2V63-V2a 

10.  V99  +  V44.  12.    V75-V3-V12. 

11.  Vl8_V8  +  V32.  13.   -v^+VSg-VSO. 
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14.  V6  +  V294  4- a/24.  JI2.    -Va^y^-Sy^a^, 

15.  2V2  4-3Vi8-V50.  23.   V9a*6»  +  5  a6Va»6. 


16.  Vj4-3V|.  34.  Vmn^  +  n VOmrT. 

17.  3 Vl8 - VJ - 2 V|.  25.  8V2l??-'yV50v¥. 

18.  V|-h5V^-2V|.  26.  18pV3^-h2gV27^. 

19.  V26H-3V5-I-VJ.  27.  r V^  +  V?^  +  V<\ 

20.  V^  — 4V3  — 6Vf.  28.  Vw'vw?  4- Vwi^w  4- VmnJ?. 

21.  2  a Va» -h  3 Va*.  29.  V^Sc  +  Va*Pc  +  V?5?. 

141.  Multiplication  of  Surds.  —  The  product  of  two  quadratic 
surds  is  obtained  by  use  of  the  principle  in  §  139,  i.e. 

The  product  of  the  square  roots  of  two  numbers  equals  the  square 
root  of  the  product  of  the  numbers. 

Thus,  V2  X  V3  =  V2">r3  or  V6  ;  Vl6x  V6=V16  x  6  =  \/76  =  6\/3. 
SimilArly,     Va  x  Vb  =  VaS ;  Vm  x  Vmn  =  Vm%  =  my/n. 

The  product  of  two  expressions  involving  surds  is  obtained  just 
as  the  product  of  any  two  polynomials,  i.e.  by  multiplying  each 
term  of  one  by  each  term  of  the  other,  and  adding  the  similar 
terms  obtained. 

Example.  — Multiply  3  +  V2  by  2  -  \/2. 

3+\/2 
2~V2 

6  +  2V2 

--.Sv^-2 

6-    >/2-2=4-V2 

EXERCISES 

Multiply : 

1.  V3  by  V5.  5.  V5  by  Vg.  9.  V§  X  Vli. 

2.  V2  by  V7.  6.  V3  by  Vl5.  10.  V5  X  V35  x  V2i. 

3.  V3  by  VH.  7.  V2I  by  V5.  11.  V3  x  V6  X  V2. 

4.  V5  by  Vi3.  8.  VIO  by  V30.  12.  V8  x  V22  X  V33. 
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13.  2-V5by4  4-V5.  26.  2V7  4-3V2  by  3V7-5V2. 

14.  l+V3by3-fV3.  26.  1- V2  by  2V3  +  3\'^. 

15.  7  -  V6  by  2  -  V6.  27.  Vr  by  Vrs. 
Xe.  9+Vll  by  3-VlI.  28.  aVbhjb^/a. 

17.  2  4-V3by3+V2.  29.   2  xVs^  by  a^-y/x. 

18.  VlB  —  4  by  VS  + 1.  30.  p^Vp  by  pqVpq. 

19.  V7  4-lby3  — V7.  31.   5 w Vww  by  2  v V2w;. 

20.  Vl2  +  2byV3-5.  32.    V3  mn  by  V7  mn. 

21.  V3H-V2by  V3— V2.  33.  x-^-y/yhyx-Vy. 

22.  V5  +  V6by  V5+V6.  34.   r  — Vsbyr-V^. 

"23*    V7-2V5by  V7-V2.    35.   2  a-^SVbhy  a^2Vb, 
24.   V3+4VIiby  V2  +  Vil.   36.    Vm  +  Vri  by  Vm  —  Vn. 

142.  Dlyisiott  of  Surds.  —  In  the  division  of  expressions  involv- 
ing surds  it  is  best  to  first  free  the  divisor  of  surds.  This  is 
accomplished  by  use  of  the  principle  that  if  the  dividend  and 
divisor  are  both  multiplied  by  the  same  expression,  the  value  of 
the  quotient  is  unchanged. 

Example  1.— Divide  V3  by  V2. 
Multiplying  both  dividend  and  divisor  by  V2, 

\/3_V3xV2^V6^1^ 

V2      V2xV2       2        2 

If  the  divisor  is  a  binomial,  in  order  to  free  it  of  surds  i^  iaurs% 
be  multiplied  by  the  same  binomial  with  the  sign  between  the 
terms  changed.  This  gives  the  product  of  the  sum  and  difference 
of  two  numbers,  which  is  the  difference  between  theii-  squares. 

Example  2.  —Divide  V?  +  2>/6  by  V7  +  VE. 
Multiplying  both  dividend  and  divisor  by  y/7  —  V6, 

V?  +  2  V8  _  C  V7  +  2\/6)(  V7  -  VS)  _  V85-3_^^^^^  ^ 
V7  +  v^       (V7  +  V6)( V7  -y/6)  3 
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EXERCISES 

Perform  the  indicated  divisions : 

1.   -ir.  4.   ^.  7.   — .  10.  4=.  13.   -i-. 

V2  V5  V6  Va  V2p 

2—-  K     ^^  8.  -^.  11    :^  14.  -^. 

16.   ^.  21.   -^ ^.  26  2 V5  -  3V3 

■  .3V5  +  V3' 

17-  -7S^-  22.   ^^^I^ti.  ^^  4V7  +  3 V2    • 

'  3V7-7v'2' 


19. 


20. 


2  +  V2 

4 

V3-1 

6 

A/3+V2 

16 

V5- V3 

12 

o.    . 

V18 

9.  ^20„ 
V8 

4 

V21      V19 

V3  +  1 

Va-i 

V6  +  2 

V5     2 

Vll  -  V7 

Vll  +  V7 

V6  +  2V2 

24.    yii^lVl^  29. 


a4- V6 

a; 

■y/x—  Vy 

m  —  n 


V7-V6  25.    y^±lV^.  30.    ^    -:      - 


\/6  + V2 

143.  Graphs  of  Quadratic  Surds.  —  Although  the  exact  value  of 
a  quadratic  surd  cannot  be  computed  decimally,  its  value  can  be 
represented  exactly  by  the  length  of  a  lin^.  The  principle  in- 
volved is  that  the  square  of  the  hypotenuse  of  any  right  triangle 
equals  the  sum  of  the  squares  of  the  other  two  sides. 

Thus,  if  a  right  triangle  ABC  be  drawn  with  AB  equal  to  1  and  BC  equal 

to  1,  then  AG  will  equal  V2.     Now,  if  2>Cbe  drawn  from  C,  perpendicular 
to  C-4,  and  equal  to  1,  the  side  DA  of  the  right  triangle  ACD  will  equal  V3. 

By  constructing  another  right  triangle  with  AD  as  a  side  and  the  new 
side  equal  to  1,  and  continuing  this  process,  the  hypotenuse  of  a  right  tri- 
angle can  be  obtained  that  will  represent  any  quadratic  surd. 
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Many  quadratic  surds  can  be  represented  by  drawing  a  single  triangle. 
Thus,  itAB  =  S  and  BG  =1,AC=  v^.    If  ^-B  =  3  and  BC  =  2,AC=  Vl3. 

EXERCISES 

By  drawing  right  triangles,  represent  the  following :  / 

1.  Vs.  4.    V8.  7.    V34.  10.    ViT. 

2.  V6.  5.   Vn.  8.   V53.  11.   Via 

3.  V7.  '6.    Vi5.  9.    V45.  12.    V^. 

SUPPLEMENTARY  EXERCISES 

Find  the  square  root  of : 

2.  IP^SB-\-12^^+^. 

M       It" 

3.  2+g  +  2a6  +  ^  +  ^4--,. 

^^2  cfr       or 

4        2  n     4  n^ 
'  Find  the  square  root  to  hundredths  of: 

O.      ir* 

Suggestion.  —  In  finding  the  square  root  of  a  common  fraction  it  is  best 
to  first  change  the  fraction  to  a  decimal.  Since  we  want  two  places  of  deci- 
mals in  the  root,  write  the  first  four  decimals  of  the  number.  Thus, 
i  =  0.7142. 

6.    |.  7.   f  8.   \i.  9.    |.  10.    |. 

11.  A  method  used  by  the  Arabs,  and  as  late  as  the  Middle 
Ages,  of  finding  the  approximate  value  of  the  square  root  of  a 
number  was  to  substitute  in  the  formulae  of  approximation : 

(a)  V^?T^=^4.  «  ,   (p^  V^M^=n-f,.    ^      * 

2  w  2  n  -f  1 
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The  true  value  of  the  root  was  found  to  be  -between  the  two 
values  obtained.  For  example,  to  find  V52,  separate  82  into 
81  + 1.     Then  from 

(a)  V82=V8i  +  l=V92-hl  =  9  +  -iV  =  9TV;  ^^^^ 

(b)  V^  =  V8lTl«V9^Ti==9+3V  =  ^iV- 

Find  the  decimal  values  of  these  results,  which  are  the  same 
»  to  the  hundredths  figure,  and  hence  find  the  true  square  root  to 
hundredths. 

Find  by  the  method  of  Problem  11  between  what  values  the 
square  roots  of  the  following  lie : 

12.    17.  13.    50.  14.    65.  15.   102.  16.   147. 

Reduce  to  the  simplest  form : 

20.   Divide  1  +  V2  by  1  +  V2  +  V3. 

Suggestion.  —  To  free  the  divisor  of  surds  it  will  be  necessary  to  multiply 
both  dividend  and  divisor  twice  when  the  divisor  is  a  trinomial  such  as  this. 
First  multiply  by  the  expression  obtained  bj  changing  one  of  the  signs  in 
the  divisor.    Thus, 

1+V2       ^      (1-f  v^)(l-f  V2~V8)      -^-^^"■>^^-^:^ctc 
l+V2+>/S      (l+\/2  +  >/3)(l  +  V2->/3)  2V2 

Divide : 

21.  V3+V5byl4-V3  +  V5.  25.    VS-^  V3  by  VS- V3- 1. 

22.  H-V2  by  1-V2+V5.         26.    VS  by  V^  +  Vy  +  V». 

23.  2by  V2H-V34-V7.  27.    Va- VSby  Va+ V5- Vci 

24.  V2by  V2  +  V3  4-V5.  28.   1  -  Vm  by  1  + Vm  + V«. 


CHAPTER  XIV 

QUADRATIC  EQUATIONS 

144.  Quadratic  Equations.  —  As  shown  in  §  73  and  §  96^  some 
problems  may  be  expressed  and  solved  by  use  of  equations  of  the 
second  degree,  or  quadratic  equations  (see  §  57  for  definitions). 
The  equations  discussed  in  §  73  and  §  96  were  of  very  special 
types,  and  the  methods  of  solution  there  shown  are  not  applicable 
to  all  quadratic  equations.  We  shall  now  discover  how  to  solve 
any  quadratic  equation  whatever. 

A  quadratic  equation  that  contains  a  term  of  the  first  degree- in 
the  unknown  number  is  called  a  complete  quadratic  equation.  One 
that  does  not  contain  a  term  of  the  first  degree  in  the  unknown 
number  is  called  a  pure  quadratic  equation. 

Thus,  3n2  —  4n  =  6  is  a  complete  quadratic  equation.  And  7 <*  —  9  =  0 
Is  a  pure  quadratic  equation. 

By  simplifying  and  combining  similar  terms,  if  necessary,  any 
quadratic  equation  whose  unknown  number  is  denoted  by  x  can 
be  written  in  the  form  Aa?-\-  Bx-\-  (7=  0,  where  -4,  J5,  and  C  are 
known  numbers. 

145.  Quadratics  solved  by  Factoring.  —  Some  quadratics  can  be 
solved  hy  factoring,  as  shown  in  §  96.  The  rule  there  given  should 
now  be  reviewed  and  applied  in  the  following  exercises. 

Note.  —  It  must  be  remembered  that  every  quadratic  equation  has  two 
root8>  Both  roots  should  be  checked  by  seeing  if  they  satisfy  the  given 
equation. 
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EXERCISES 

Solve  by  factoring,  and  check : 

1.   a2  =  7a  — 12.  ,^    ^     60  ,  65     ^ 

17.   6 T-  H =  0. 


2.  P'  +  3P=10.  «*       « 

3.  w^^9w+U^0.  18^   5^«8  =  ?i. 

5.  6F2+13F+6«0.  19.    ?^-=i  =  2«  +  l. 

6.  10t^  +  3St=^7.  ^"^^ 

7.  6f  =  2Sy  +  i.  20.    ^Uli^^y  +  g. 


8.   2-^  =  21 /P. 


y  +  3 


^  .     „«  on     36-10     6+120 

9.  542  =  92*  +  72.  21.    — jj— =  — ^^j 

10.   4:A  =  A' -77.  ^         ^7      ^,o. 

11     ^  +  1  =  1.  2«-2     a;+1^5a^-6 

12.    1  +  28^11.  23.    ^-^-^^_2. 


D^     D 
3 


24. 


«+3     10        2 


13.  16^+4  =  -^.  2         3      «  +  3 

14.  6  =  ^  +  5f.  <  +  l  «-l 


26.  !f±2i±l_6=?i^ii:±i. 


15.  a2  +  ^a  =  3f.  ^^-        ^_i         "=     ^^i 

16.  l+??-6P=0.  27.   3n  =  a«-18. 

146.  Quadratics  solved  by  Square  Root.  —  Any  pure  quadratic 
equation  can  be  solved  by  the  method  of  §  73. 

To  solve  a  pure  quadratic  equation  first,  by  clearing  of  fractions^ 
transposing  terms j  etc.,  reduce  the  equation  to  tlie  form  ar^  =  ^,  lohere 
X  is  the  unknomn  number  and  A  is  known.  Take  the  square  root  oj 
both  merribers  of  the  resulting  equation,  attaching  the  double  sign  ± 
to  the  second  member. 

Example  1.  —Solve  8  ««  =  2t(i—  6)  +  10(^  +  2). 


-.. ' 
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Removing  parentheses,  transposing,  combining  terms,  and  dividing  by  the 
coefficient  of  ^, 

Taking  square  root,  i=  ±  V^ 

These  roots  may  be  expressed  decimally,  if  desired.  Thus,  VSO  =  5.477, 
approximately.    Hence,  <  =±  1.825,  approximately. 

NoTB.  —  In  some  problems  in  which  the  roots  involve  surds  it  is  sufficient 
to  express  the  roots  with  radical  signs.  But  in  many  applied  problems  it  la 
desirable  to  compute  the  approximate  values  of  such  roots  decimally. 

The  student  should  be  able  to  compute  the  roots  in  either  form  when 
desirable. 

Example  2.  —  Solve  1)2  +  5  =  0. 

Transposing,  D^  =  ■—  5. 

Taking  square  root,  D  =  ±  V—  5,  imaginary  numbers. 


EXERCISES 


Solve : 

1.  7  3/»-28=0. 

2.  10  F*- 150  =  4  F*. 

3.  r2  =  845-4r*. 

4.  a(a 4- 4)  =  4  a +  49. 

5.  (3f+2)(2itf+3)=7(Jlf+3). 

6.  8*2^72  =  0. 

7.  5w»  +  20  =  0. 

8.  4^2  =  7. 

9.  6i?_8  =  0. 

10.  5(|2  +  10  =  0. 

11.  20P*  +  8  =  0. 
X       5 


12. 


125 


X 


13.  §i=±. 

4      3t 


14. =  '2 • 

y  +  l        6 


15. 


17. 


18. 


19. 


20. 


a^  +  4 
8 


=  1. 


16.    Z!±^  =  2. 


95»-l     3 


=  4. 


—  • 


-1 
J 1^9 

6  5 


-L 


21.  ^:zI  +  !L±l«3. 
w+l      n— 1 
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23. 


%^ 


26. 


6         Q  +  1  ^  ^         ^+2 


6^  +  1       0  +  6  "*  ^^     2G^  +  3     5 

3^-4     7j?-24*  '       «-l  «  +  l 


Find  approximate  to  hundiedths  the  roots  of : 

30.  ic*  =  7.  36.  5-8^-14  =  0. 

31.  4a5-10  =  0.  37.  3^=28. 

32.  8<«~12  =  0.  ^®-  (l>+4)(l>-4)  =  4. 

33.  15n»-4  =  0.  39.  ;:|3  =  ^- 

34.  7T^  =  26.  ^+5 3 

35.  22>*  =  17.  *       4         ^-1       * 

147.  Quadratics  aolyed  by  completing  the  Squar^.  —  As  shown  in 
§  ^^y  any  trinomial  that  is  a  perfect  square  may  be  written  in 
either  the  form  a^  +  2  a&  4-  5^  or  a*  —  2  a6  +  6^.  Hence,  if  we  have 
given  either  the  binomial  a^  +  2  aft  or  a*  —  2  ah,  to  make  it  a  perfect 
square  we  must  add  6^,  i.e.  the  square  of  one  half  of  the  coefficient 
of  a  in  the  term  2  ab.    This  process  is  called  completing  the  square. 

Thus,  to  complete  the  square  whose  first  two  terms  are  n'  —  10  n,  we  add 
the  square  of  \  of  10,  or  25.  This  gives  n^  —  10  n  +  25,  which  \k  the  square 
of  n  —  5.  / 

By  use  of  this  process  of  completing  the  square  any  complete 
quadratic  equation  whatever  may  be  solved,  as  shown  in  the 
following  examples. 

Example  1.  —  Solve        t;^  +  3 1;  —  10  =  0. 

Transposing,  t;^  +  8  v  =  10. 

Adding  the  square  of  }  of  8  to  both  members,  to  complete  the  square  on 
the  left, 

t^  +  3 1;  +  J  =  ¥. 
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Taking  square  root,  v  +  i  =  ±  !• 

Tranaposing,  v  =—  |  ±  },  t.e.  — f  +  Jor— f  —  J. 

Simplifying,  w  =  2  or  —  6 

Example  2.  —  Solve  6  P*  +  12  P  =  2. 

Dividing  by  6,  p2^i^p=i 

Adding  square  of  i  of  V,    i^  +  V  -P  +  Sf  =  if- 
Taking  square  root,  P4-  f  =  ±  iViS. 

Transposing,  P  =  —  f  ±  JV^. 

If  the  approximate  values  of  these  roots,  expressed  decimally,  are  desired, 
they  may  be  found  by  taking  the  square  root  of  46  and  simplifying.  Thus, 
V46  =6.7^2,  approximately.     Hence,  P=  0.16  or  -  2.55,  approximately. 

Example  3.  —  Solve  y^=:4:y  —  1, 

Transposing,  y^—  iy  =  —  7. 

Adding  square  of  J  of  4,  y^— iy-\-i  =  ~'S, 

Taking  square  root,  y  —  2  =  ±  V— 3. 

Transposing,  y  =  2  ±  V^. 

These  roots  involve  imaginary  numbers. 

Evidently,  any  complete  quadratic  equation  may  be  solved  by 
the  following  rale : 

(1)  Reduce  the  equation  to  the  form  a^+px^q,  where  x  is  the 
wnknovm  number* 

(2)  Add  to  each  member  the  square  of  one  half  of  the  coefficient 
of  the  term  in  the  first  power  of  the  unTcnovm  number. 

(3)  Take  the  square  root  of  both  members,  attaching  the  double 
sign  ±  to  the  second  member, 

(4)  Solve  the  resulting  linear  equations. 

EXERCISES 

Solve  by  completing  the  square : 

1.  2^2-6y  +  8  =  0.  6.  j^  +  x  =  6, 

2.  w2  +  4w  =  12.  7.  F2-llF+30  =  0. 

3.  A^-SA=:9.  8.  cP  =  14-5d. 

4.  t2=:22  +  9«.  9.  3f«-f-12JJf-|-15=:0. 
6.  1;*  + 14^  +  40  =  0.  10.  2k^  +  k  =  4t. 
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11.  2P2-5P  =  3. 

12.  6r«-|-6  =  13n 

13.  4TF«-ll>r=3. 

14.  10w2  =  29n-10. 

15.  SB?  =  11  R-{'2^. 

16.  2  62  + 3  2,  =  4 

17.  5A:2^^^7 

18.  12(?2^3  =  14©. 

19.  9^  =  6^  +  26. 

20.  16  a*  -  96  a  =  1792. 

21.  iV^2-7JV^4-15  =  0. 
1  2  13 


22. 


23. 


^  +  1.    l-«     4«-l 


:,+ 


4  +  r'     4  -  r' 


8 
3 


24.  |-|  +  20^  =  42|. 

25.  6  5'  +  Hzil^=42. 

H 

26.  a^  +  7a;  =  7(a;H-3)+4. 

27.  ^  —  3     ^4-4=_o 
w;4-5      w  —  7 


28. 


29. 


3     +J^  =  i  +  >2 


p^-l     i)4-l 


p-1 


^       +^^  +  3  =  0. 


30.  3  — 


2r-3  '   V+1 

1        1 


y+2     y-2 


31. 


1    +    i,+.J_=o 


32. 


^-1     tr-2  '  cr-3 

c  +  2     4-c__oi 

^^i-Tr""^^- 

33.   (2-5)2  +  (2-10)«  =  37. 

n  +  3     rj_-4_ 
ri  +  9     ri-1 


34.   ll-!_r+'J.__Z^  =  0. 


35. 


36. 


+ 


J52_-1     2J5-2     4 
111 


m  +  2     m— 2     l  —  m 


^^    2r-l  ,  Y-1     3r-10 

37.     -n^ r-  + 


38. 


r-1 

(f-4 


r__2      r-  3 


d-4 


11 


2d-12     3d-16 


Eind  approximate  to  hundredths  the  roots  of : 

39.  n2  =  3n4-7.  44.    12  E^  =  B'{-2. 

40.  u^-15u  =  60.  45.   34«  =  3<2_io5^ 

41.  9^2  =  1-3  A  46.    19  =  a+4al 

42.  i)2  +  8i>  +  ll  =  0.  47.   5 JJf 2  =  2 JJf  +  7. 

43.  2;2  +  62;  =  l.  48.   21-2v  =  4vl 

148.   Quadratics  solved  by  a   Formula.  —  Since   any  quadratic 
equation  may  be  written  in  the  general  form, 
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where  x  denotes  the  unknown  number  and  A,  By  and  C  are 

known  numbers,  the  roots  of  this  equation  will  give  a  formula 

by  which  the  roots  of  any  particular  quadratic  equation  may  be 

written  down  at  once. 

Aa^  4-  Bx  4.  C  =  0    is    solved    by   completing    the    square   as 

follows :  ^ 

Dividing  by  ^,  x^  +  ^x  +  ^  =  0. 

A        A 

Transposing,  x^  +  —x=  —  ^. 

A  A 

Completing  square,    x^  +  ^x  +  —  =  ?^JrAA^, 


Taking  square  root,  x-\-—-=±  V^^-4^C' 

*    ^  •  2A  2A 


Transposing,  «:  =  _  _^  i  ^^^f^li^ 

^       ^'  2A  2A 


_^B±VB^-'4AG 
2A 

Kow,  by  replacing  A,  J5,  and  C  in  the  formula  for  the  roots 

by  the  particular  values  which  they  have  in  any  given  equation, 
the  roots  of  any  quadratic  equation  may  be  written  down  at  once. 
Thus  the  long  process  of  completing  the  square  in  every  equation 
may  be  avoided.  Hence,  this  formula  should  be  mastered  and 
used  in  all  future  work  where  the  equation  cannot  he  readily  solved 
hy  factoring. 

Example  1.  —  Solve  3  n^  —  4  »  =  16. 

Written  in  the  form  Ax^  +  -Bx  +  O  =  0,  this  becomes 

3  n2  —  4  n  -  16  =  0. 

Here  ^  =  3,  5  =  —  4,  and  (7  =  — 16.     Substituting  these  values  for  A^  h, 
and  C  in  the  formula, 

„     4  ±  \/l6  +  180 
6 
4  ±14 
6 
5P3or-i 
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ExAMFLK  2.  —  Solve  4  F2  +  2  =  —  3  r. 
Transposing,  4  K^  +  8  F+  2  =  0. 

Here  ^  =  4,  ^  =  3,  and  (7  =  2. 


Substituting.  V  =  -8±V»-82 

8 


« =fc- J  Imaginary  expressions 

o 


EXERCISES 

Solve  by  use  of  the  formula  • 

2.  p2  +  10j94-21  =  0.  '  n        2    * 

3.  2^«  +  ^  =  6.  22.  — *-Ill  =  0 

4.  3*2^5^  =  2.  '  1-*         3  ' 

5.  6^+^-5  =  0.  23.  4==2  +  — • 


6.   7tt2^50t^-7. 


v«  2v 


7.  4JJf2  +  J|f4.5  =  0.  24.  -  +  A;  =  lf 

8.  6ri«+6  =  13ri.  4 

9.  10a'^  +  14  =  39a.  ^^^  ^  +  ^  =  ^3r 
iO.   82)»=65D~8.  g^  «-l  =  3--l. 

11.  2n*  +  3w  +  4  =  0.  '         «            3" 

12.  523  =  22;-7.  27.  ^^  +  3-  «  +  3 


13.  15g3  +  3  =  g.  a-2      2a-l 

14.  ^  +  4  =  85.  28.    ^J:i1  +  :^±2  =  0. 

15.  2^-«=7v-6.  ^""^     -^  +  ^ 

16.  4A;^  +  5  =  6A:.  29.  aj  +  2  =  ^2-=i. 

2a4-l 

17.  21c«=c  +  4.  ^ 

18.  9y2=64-y.  ^^•*+^=l^- 

19.  12  +  a;=lla^.  j 
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5+m  G+1     G—1 

83.    -§-4-4  =  3.  36.       ^  ^  ^ 


-4  +  1     -4  a?  — 4     a?  — 6     a— 3 

86. 


37. 


A'-2     A  +  2     lOA-S^r. 
A  +  2^A'^2       4-^2 
2  1-w_m;  +  1 

5w;-10     w  +  2     vr^  —  4:' 

38     7~3Jtf      7~Jf  ^2M-h3 
.     '    4-3Jlf     2Jtf+2     4  3/- 2* 

•   18^y-hl     2y  +  8 

^^-    1+4^  =  2^2-  ^^-    ^^'-'-fef=l^- 

41.   §+^+izil^=L  ^^^   (!Lzi}!4.!iz:l=.9. 

8-P^4  +  2P     3  2  4 

42.   5« =2sH •        46.    — ' =  —  • 

s-3  ^2  4+r     T-6     12 

Find  to  hundredths  the  roots  of : 

46.  a«-5a  =  8.  48.   12cP  =  3d  +  19.    60.   6Q'  +  1  =  9Q. 

47.  4J\r2  +  iV'-7«:0.    49.   9-^2y^f.  61.   18  =  35  +  2J5«. 

149.  Problems  solved  by  Quadratic  Equations.  —  It  has  been 
seen  that  the  roots  of  quadratic  equations  may  be  fractions, 
negative  numbers,  surds,  or  even  imaginary  numbers.  In  solving 
a  problem  by  means  of  a  quadratic  equation,  it  is  necessary  to 
consider  the  nature  of  the  roots  to  see  if  both  roots  satisfy  all 
requirements  of  the  given  problem.  Thus,  a  problem  may  require 
for  its  solution  a  positive  number.  If  one  of  the  roots  of  the 
equation  formed  is  found  to  be  negative,  it  must  be  discarded, 
although  it  satisfies  the  equation.  If  the  nature  of  a  problem 
requires  a  real  number  for  its  solution,  and  the  roots  of  the  equa* 
tion  formed  are  found  to  be  imaginary,  they  must  be  discarded. 
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Example  1.  —  A  train  runs  at  a  uniform  rate  between  two  points  280  miles 
apart.  If  it  ran  5  miles  per  hour  faster,  it  would  make  the  distance  in  1  hour 
less  time.    Find  the  rate  of  the  train. 

Let  V  equal  the  rate  of  the  train. 

280 
Then  —  =  number  of  hours  required  for  the  run, 

V 

280  ' 

And =  number  of  hours  required  at  the  increased  speed. 

Hence,  m  =  m.+  i. 

V       I?  +  6 

Solving,  ©  =  35  or  —  40, 

But  the  rate  must  be  a  positive  number.  Hence,  the  root  —  40  must  be 
discarded,  and  the  only  rate  possible  is  35  miles  per  hour. 

Example  2.  —  Find  the  real  number  whose  square  increased  by  32  equals 
8  times  the  number. 

Let  n  =  the  number. 

Then,  n*  +  32  =  8  n. 

Solving,  n  =  4  ±  V-  16. 

Since  both  roots  involve  imaginary  numbers,  the  problem  has  no  solution, 
i.e.  it  is  impossible. 


EXERCISES 

By  use  of  one  unknown  number  solve: 

1.  Find  two  consecutive  arithmetical  numbers  the  sum  of 
whose  squares  is  313.  s 

2.  Find  two  consecutive  arithmetical  numbers  whose  product 
is  240. 

3.  Divide  31  into  two  parts  the  sum  of  whose  squares  is  541. 

4.  Find  two  arithmetical  numbers  whose  sum  is  50  and  prod- 
uct 336. 

,  6.   Divide  14  into  two  parts  such  that  4  times  the  square  of 
the  larger  shall  exceed  6  times  the  square  of  the  smaller  by  40. 

6.  The  denominator  of  a  certain  fraction  is  5  more  than  the 
numerator.  If  the  fraction  be  added  to  the  fraction  inverted,  the 
sum  will  be  2^,     Find  the  fraction. 
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7.  A  pupil  was  to  divide  12  by  a  certain  number,  but  by  mis- 
take he  subtracted  the  number  from  12.  His  result  was  5  too 
great.    Find  the  number. 

8.  The  side  of  one  square  exceeds  that  of  another  by  3  inches, 
and  its  area  exceeds  twice  the  area  of  the  other  by  17  square 
inches.     Mud  the  lengths  of  their  sides. 

9.  A  rectangular  field  is  96  ft.  longer  than  it  is  wide,  and  it 
contains  298,000  sq.  ft.     What  are  its  dimensions? 

10.  A  floor  can  be  paved  with  200  square  tiles  of  a  certain 
size.  If  each  tile  were  1  in.  shorter  each  way,  it  would  require 
288  tiles.     Find  the  size  of  each  tile. 

11.  In  the  center  of  a  rectangular  room  is  a  rug  9  ft.  by  12  ft. 
Around  this  is  a  border  of  uniform  width.  The  area  of  the  floor 
is  208  sq.  ft.     Find  the  width  of  the  border. 

12.  A  lawn  is  40  ft.  by  90  ft.  Two  boys  agree  to  mow  it.  The 
first  boy  is  to  mow  one  half  of  it  by  cutting  a  strip  of  uniform 
width  around  it.     How  wide  a  strip  must  he  cut  ? 

13.  A  farmer  has  a  field  of  wheat  80  rd,  wide  and  120  rd.  long. 
How  wide  a  strip  must  he  cut  around  the  field  in  order  to  have 
one  fourth  of  the  wheat  cut? 

14.  In  Problem  13,  how  wide  a  strip  must  he  cut  around  the 
field  in  order  to  have  one  half  of  the  wheat  cut? 

15.  A  farmer  has  a  field  40  rd.  wide  and  80  rd.  long  to  be 
plowed  and  planted  in  corn.  He  wishes  to  plow  4^  acres  the  first 
day  by  plowing  a  strip  of  uniform  width  around  it.  How  wide  a 
strip  must  he  plow  ? 

16.  The  hypotenuse  of  a  right  triangle  is  4  in.  longer  than 
one  leg  and  2  in.  longer  than  the  other.  Find  the  sides  of  the 
triangle. 

17.  One  side  of  a  rectangle  is  4  in.  longer  than  the  other,  and 
its  diagonal  is  20  in.     How  long  are  the  sides? 

18.  Two  men  start  at  the  same  time  from  the  intersection  of 
two  roads,  one  driving  south  at  the  rate  of  4  miles  an  hour  an( 
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the  other  west  at  the  rate  of  3  miles  an  hour.    In  how  many 
hours  will  they  be  2b  miles  apart? 

19.  Two  trains  are  JOG  miles  apart  on  perpendicular  roads,  and 
are  approaching  the  crossing.  One  train  runs  10  miles  an  hour 
faster  than  the  other.  At  what  rates  must  they  run  if  they  both 
reach  the  crossing  in  2  hours? 

20.  A  train  running  6  miles  an  hour  slower  than  usual,  due  tc 
a  storm,  was  1  hour  late  in  making  a  run  of  2b2  miles.  Find  its 
speed. 

21.  An  engineer  increased  the  speed  of  his  train  5  miles  an 
hour,  and  made  a  run  of  360  miles  in  1  hour  less  than  schedule 
time.     What  was  the  speed  when  running  according  to  schedule? 

22.  A  company  of  people  arranged  for  a  dinner,  for  which  they 
contracted  to  pay  $  45.  Five  of  the  people  were  unable  to  attend, 
and  as  a  result  each  of  the  others  had  to  pay  30  cents  more  than 

_         # 

he  had  expected.     How  many  were  present? 

23.  A  farmer  sold  his  wheat  for  $540.  A  month  later  the 
price  .of  wheat  advanced  10^  a  bushel,  and  he  found  that  if  he 
had  held  his  wheat  until  that  thne,  he  could  have  received  the 
same  money  and  have  had  75  bu.  left.  How  much  per  bushel  did 
he  receive  for  the  wheat? 

24.  A  trader  bought  a  flock  of  sheep  for  $1020.  Two  of  them 
died,  and  he  sold  the  rest  at  a  profit  of  $3  a  head.  He  made 
$  226  on  the  transaction.     How  many  did  he  buy  ? 

25.  A  man  bought  a  farm  for  $20,000.  Later  he  sold  all 
except  35  acres  of  it  at  a  gain  of  $35  per  acre  over  the  cost,  and 
received  just  what  he  paid  for  the  whole  farm.  How  many  acres 
in  the  farm  ? 

26.  One  pump  can  fill  a  tank  in  6  minutes  less  time  than  is 
required  for  another  pump  to  fill  it.  The  two  working  together 
can  fill  it  in  10^  minutes.    Find  the  time  re(juired  for  e^h  pump 

alone  to  fill  the  tank. 
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37.  One  of  two  pumps  can  fill  a  tank  in  28  minutes,  and  the 
lime  required  for  the  other  pump  to  do  it  is  19|^  minutes  longer 
than  is  required  for  the  two  pumps  together  to  fill  it.  Eind  the 
time  required  for  the  two  pumps  together  to  fill  the  tank. 

28.  With  A's  help  B  could  do  a  piece  of  work  in  6^^  hours  less 
time  than  would  be  required  for  B  to  do  it  alone.  A  could  do  it 
alone  in  21  hours.     In  how  many  hours  could  B  do  it  alone  ? 

29.  One  pipe  could  empty  a  tank  in  2  hours  less  time  than 
would  be  required  for  a  second  pipe  to  empty  it.  After  the  first 
pipe  has  been  open  4  hours,  it  is  closed  and  the  second  pipe  is 
opened.  The  second  pipe  finishes  emptying  the  tank  in  5  hours 
more.    In  what  time  could  each  pipe  alone  empty  it? 

30.  An  aviator  flew  80  miles  against  the  wind,  and  back  again, 
in  6  hours.  His  speed  against  the  wind  was  10  miles  per  hour 
greater  than  the  speed  of  the  wind.  Find  the  speed  of  the  wind, 
also  what  his  speed  would  have  been  had  there  been  no  wind. 

31.  A  line  16  in.  long  is  to  be  divided  into  two  parts  such  that  the 
ratio  of  the  whole  line  to  the  longer  part  shall  be  equal  to  the  ratio 
of  the  longer  part  to  the  shorter  part.  Find  to  tenths  of  an  inch 
the  lengths  of  the  parts. 

Note.  — The  line  in  Problem  81  is  said  to  be  divided  in  "extreme  and 
mean  ratio."  Since  the  time  of  the  Greeks  the  problem  to  divide  a  line  in 
extreme  and  mean  ratio  has  been  called  the  *'  Problem  of  the  Golden  Section." 

32.  Experience  has  shown  that  a  book,  photograph,  front  of  a 
tall  building,  or  other  rectangular  object,  is  most  pleasing  to  the 
eye  when  its  length  and  width  are  obtained  by  dividing  their  sum 
in  extreme  and  mean  ratio. 

The  page  of  a  book  is  to  be  6  in.  wide.  How  long  should  it  be 
made  to  be  most  pleasing  to  the  eye  ? 

SnooBSTioN. — If  n  denotes  the  length,  ^    ■    =  - . 

n        5 

38.  A  photograph  is  to  be  mounted  on  cardboard  6  in.  wide. 
How  long  should  the  board  be  cut  ? 
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34.  An  architect  is  designing  a  building  whose  frontage  on  the 
street  is  to  be  80  ft.  How  high  should  he  make  it  for  the  greatest 
beauty  ? 

35.  An  open  box  that  shall  hold  384  cu.  in.  is  to  be  made  from 
a  square  piece  of  cardboard  by  cutting  out  a  6-inch  square  from 
each  corner  and  turning  up  the  sides.  Find  the  size  of  the  piece 
of  cardboard  that  must  be  used. 

36.  An  open  box  that  shall  contain  324  cu.  in.  and  that  shall 
be  twice  as  long  as  wide  is  to  be  made  from  a  rectangular  piece  of 
tin  by  cutting  out  2-inch  squares  from  the  corners  and  bending  up 
the  sides.     Find  the  dimensions  of  the  piece  of  tin  required, 

37.  A  flat  disk  of  sheet  metal  3  inches  in  radius  is  to  be 
stamped  by  means  of  a  die  into  a  box  lid  1  inch  deep.  The  total 
area  of  the  lid  must  equal  the  area  of  the  flat  disk.  What  will 
be  the  radius  of  the  lid  ? 

Suggestion. — If  r  is  the  radius  of  the  lid,  its  total  surface  is  composed  of 
a  circle  whose  area  is  vr^  and  a  cylindrical  part  whose  area  is  2  irr.  Hence, 
irr2  4-2irr  =  9ir. 

38.  If  the  radius  of  the  disk  in  Problem  37  is  2  inches  and  the 
depth  of  the  lid  ^  inch,  what  will  be  the  radius  of  the  lid  ? 

39.  The  rim  of  the  front  wheel  of  a  carriage  is  2  ft.  less  than 
the  rim  of  the  hind  wheel.  The  front  wheel  makes  88  more 
revolutions  in  going  a  mile  than  the  hind  wheel.  Find  the. length 
of  the  rim  of  each  wheel. 

40.  The  circumference  of  the  little  wheel  on  a  sewing  machine 
is  29  inches  less  than  that  of  the  big  wheel  which  drives  it. 
While  the  belt  moves  a  distance  of  1275  inches,  the  little  wheel 
makes  116  more  revolutions  than  the  big  one.  Find  the  circum- 
ference of  each  wheel. 

41.  A  park  is  900  ft.  wide  and  1650  ft.  long.  It  is  desired  to 
move  out  the  boundary  lines  the  same  distance  along  one  side  and 
both  ends  so  that  the  area  inclosed  will  be  just  twice  as  great  as 
it  now  is.     Find  how  far  the  boundary  lines  must  be  moved. 
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42.  The  longer  base  of  a  trapezoid  is  14  in.  longer  than  the 
other  base,  the  altitude  is  equal  to  the  shorter  base,  and  the  area 
is  120  sq.  in.  Find  the  lengths  of  the  bases, 
and  the  altitude. 

43.  If  any  two  chords  AB  and  CD  of  a  circle 
meet  at  0,  then  AOxOB=COx  OD. 

If  CO  =  3  in.,  0D  =  2  in.,  and  u4JB  =  8  in., 
find  AG  and  OB. 

44.  In  Problem  43,  if  (70  =  9,  0Z>  =  7,  and  ^B=s22,  find  AO 
and  OB. 


45.  ABy  the  span  of  the  stone 
arch  ACB  that  is  to  be  constructed, 
is  40  ft.  (^0  =  20  ft.  and  O-B  =  20 
ft.),  and  the  diameter  CD  of  the 
arch  is  50  ft.  Find  CO,  the  rise  of 
the  arch. 

46.  If  the  span  of  an   arch    is 
16  ft.  and  the  diameter  20  ft.,  find  the  rise  of  the  arch 

47.  If  the  span  of  an  arch  is  20  ft.  and  the  diameter  30  ft., 
compute  the  rise. 

150.  Literal  Equations :  Formulae.  —  If  a  literal  equation  or 
formula  (see  §  113)  is  of  the  second  degree  with  respect  to  the 
unknown  number,  it  may  be  solved  by  the  methods  of  this 
chapter. 


Example.  —  Solve  t(t^b) 

Removing  parentheses,  t^  —  bt 
Transposing,  t^ -- bt  —  (a^  +  ab) 
In  formula,  A  =  ly  B=  —b,    G 


Substituting  in  formula, 


t  = 


=a(a  +  b)  for  t, 
=  a^  +  ab, 
=  0. 
=  -  (a2  +  ab). 

ft  j:  Vftg  +  4Cag  +  ab) 


_b±(2a-\-b) 


a  +  &  or  —  a. 
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BXERCiSBS 

1.  Solve  an*  =  b  for  n. 

2.  Solve  aV  —  a*  =  0  for  v. 

3.  Solve  mn  =  m^  —  4:  for  m. 

4.  Solve  2  a^  —  3  r^  =  5  ajr  for  aj;  foi*  r. 

5.  Solve  TF^  +  2  ^2  ^  3  TO  for  TT;  for  A 

6.  Solve  ^  +  2  my  =  n*  +  2  mn  for  y,  for  ». 

7.  Solve  v:^  +  2rw-{-8=:0  for  w. 

8.  Solv0«-h-  =  n-h-for  w:  for;?. 

n  z 

9.  SolteP*-h3P=t?P  +  2vfdrP. 

10.  Solve  <*  +  a«  +  6«  +  a6  =  0  f or  «. 

11.  Solve  A^—  (m  —  n)^  =  mn  for  ^. 

12.  Solve  }'^^  -f  /""^  =  1  for  n;  for  iJ. 

13.  Solve  S  =  4^n|;2  a-i-(n'-  l)d]  for  n. 

14.  Solve /S' =  ??^^^i^=^  for  n. 

2 

iB.  If  an  object  is  let  fall  downward  from  a  height  S  fe^t  abdt^ 
the  earth,  the  time  in  seconds  requited  for  it  to  strike  the  earth 
is  computed  by  the  formula  s  =  16f.     Solve  for  t. 

16.  How  long  would  it  take  a  body  to  fall  a  distance  of 
128D  feet  ? 

17.  If  an  object  is  thrown  downward  toward  the  earth  with  an 
initial  velocity  of  v  feet  per  second,  the  distance  s  in  feet  that  it 
will  fall  in  t  seconds  is  computed  by  the  formula  s  =  vt  +  16t^. 
Solve  for  t 

18.  An  object  is  thro'V^  downward  with  a  velocity  of  32  feet  a 
second  from  a  distance  of  240  feet  above  the  earth.  How  long 
will  it  take  for  it  to  strike  the  gi'btind  ? 
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19.   The  velocity  of  the  discharge  of  water  from  a  pipe  is  com- 
puted by  the  formula  4  v*  +  6  v  =  2  H •     Solve  this  for- 


mula for  V. 


SUPPLEMENTARY  EXERCISES 


A  second  method  of  solving  a  quadratic  equation  by  completing 
the  square  besides  that  given  in  §  147  is  shown  below, 

1,    Sojvp  aaj2  +  fea;  4-  c  =  0  for  x. 

Solution.  —  Multiply  through  by  4  a,  or  4  times  the  coefacient  of  jc*. 

Then  4  a^^  +  4  a6x  +  4  ac  =  0. 

Transposing,  4  a^x^  +  4  ahx  =  —4  ac. 

Add  &^,  the  square  of  the  coefficient  of  x  in  the  original  equation,  to  both 
members. 

Then  4  a^as^  +  4  a&x  +  6«  =  &«  — 4ac. 

Taking  square  root,  2  «x  +  6  =  ±  Vb^  —4  ac. 

Transposing,  2ax=  —b±  V6''*  —  4  ac 


Dividing  by  2  fl,  x  =  -  &  :fc  Vft'^  -  4  «?. 

2a 

Solve  by  the  method  of  Problem  1 ! 

2.  3a^-f 4a?-h5  =  0.  7.  15F*-7  =  9K 

3.  7n*-3w-4  =  0.  8.  6  6?  =  6 +  5. 

4.  5 ^-4*  =  9.  9.  5tv^-17w  +  6^Q. 
6.  12^2  +  ^=11.  10.  3Jltf2  =  7J»f4-15. 

6.   9a*  =  3a+7.  11.   6r*  =  13r-6. 


CHAPTER  XV 

SYSTEMS   INVOLVING    QUADRATIC    EQUATIONS 

151.  Systems  involving  Quadratic  Equations.  —  Some  problems 
may  be  expressed  and  solved  by  means  of  a  system  of  two  equa- 
tions containing  two  unknown  numbers  iii  which  at  least  one 
of  the  equations  is  of  the  second  or  higher  degree.  In  this  chap- 
ter we  shall  discuss  only  systems  in  ivhich  one  equaiion  is  linear 
and  the  other  quadratic,  these  being  sufficient  for  the  present  needs 
of  the  student.  A  complete  treatment  of  systems  involving  quad- 
ratic and  higher  equations  will  be  found  in  the  Second  Coubse. 

152.  Elimination  by  Substitution. — The  easiest  method  of 
eliminating  one  of  the  unknown  numbers  in  a  system  consisting 
of  one  linear  and  one  quadratic  equation  is  by  substitution.  See 
§128. 

'  m  -  2  w  =  5,  (1) 

m^  +  n^^ia.  .  (2) 

Solving  (1)  for  m,  w  =  2  n  +  5. 

Replacing  m  by  2  n  +  5  iti  (2),  (2  n  +  5)2  +  n^  =  10.  (3) 

Solving  (3),  n  =  -  1  or  -  3. 

Replacing  n  by  —  1  in  (1),  w  +  2  =  5, 

m  =  3. 

Replacing  n  by  —  3  in  (1),  w  +  6  =  5, 

m  =—  1. 
Hence  there  are  two  solutions  : 

m  =  3,   n=— 1,   or  m  =  — 1,   n=«-3. 

As  shown  in  the  above  example,  elimination  of  one  of  the  un- 
known numbers  in  a  system  containing  a  linear  and  a  quadratic 
equation  always  leads  to  a  quadratic  equation  in  one  unknown 
number,  which  may  be  solved  by  the  methods  of  Chapter  XIV. 
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Example.  —  Solve 
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By  substituting  each  of  the  values  thus  found  for  one  of  the 
unknown  numbers  in  the  linear  equation  of  the  given  system,  a 
corresponding  value  of  the  other  unknown  number  is  found. 

Hence,  a  system  consisting  of  one  linear  and  one  quadratic  equa- 
tion lias  two  solutions. 


Solve : 

|2a4-6  =  4, 
•    la2  +  62  =  5. 


EXERCISES 


13. 


2. 


3. 


4. 


5. 


6. 


7. 


8. 


9. 


10. 


11. 


12. 


2jr+32^  =  0, 
.3iB2_y2^23. 

f  m  4-  w  =  5, 
I  mn  =  4. 

\AB=2, 

U2  +  UV  4-^2  =  39, 

1  F4-2i=4. 


;n2  =  4r2+18, 
.  3  n  =  4  7-2  -h  24. 

;i>'  +  3M  +  g*  =  22, 

.  2  p  =  g. 

2i?4-r  =  14, 
.B2^3iBr  =  49. 

c  +  2d  =  4, 
cd  4-6  =  0. 

|J»f4-iV=2, 
lilf2_jor4-^2^6. 

y-2aj  =  12, 
3^_aj2«3aj-^-6  =  0. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


0^4-2^  =  74, 
I3a?-2y  =  l. 

2Tr4-2Z>  =  5  WD, 
.2Tr4-2i)=5. 

2^«4-3A;2  =  ll4-4^A;, 
^-5  =  3A;. 

E  +  F=l, 

\e^-ef-\-f^==^i. 

a  4  6  =  4, 
6  4-  0^  =  a6. 

t(?  — 3  =  v, 
.w;*4-19  4-'t^  =  3wv. 

8F4-12  =  4«, 

3  F^ 4-2^^=48 4- «. 

{2a?-5=a;', 
.  ic  4-  3  a'  =  2  ajoj'. 

;(6-2/)(7  4-^)  =  80, 
. «  4-  y  =  5. 

m  =3w4-l, 
.  n^  4-  mn  =  33. 

i?  =  3/S'4-l. 


f 

1 


37-^-^12=0, 
.9  r2^f2^72. 
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26. 


26. 


27. 


a  .  6__18 

.  a  +  6  =  6. 

fi>'+i>^  +  ^  =  97, 
1-2  =  12. 


29. 


30. 


wo;        • 
l3v-2w4-12  =  0. 

BE"     &' 
lu4  +  5  =  9. 


31.  Find  two  numbers  whose  difference  is  2  and  the  sum  of 
whose  squares  is  34. 

32.  The  hypotenuse  of  a  right  triangle  is  20  feet  and  the  sum 
of  the  legs  28  feet.    I*ind  the  lengths  of  the  legs. 

33.  A  rectangular  field  is  40  rods  longer  than  it  is  wide,  and 
its  area  is  ll52  square  rods*    Find  the  dimenslofis  of  the  field. 

34.  A  rectangular  field  contains  18  acres,  and  the  length  of  the 
feuce  around  it  is  232  tods.  Find  the  length  and  width  of  the 
field. 

35.  The  base  of  a  triangle  is  5  inches  longer  than  the  altitude, 
and  the  area  is  42  square  inches.     Find  the  base  and  altitude. 

36.  Of  two  squares  the  side  of  one  is  7  feet  more  than  the  side 
of  the  other,  and  the  area  of  the  larger  is  161  square  feet  Inore 
than  the  area  of  the  other.     Find  the  sides  of  the  squares. 

37.  A  bin  is  to  be  made  td  hold  144  cubic  feet.  It  iriust  be  3  feet 
deep  and  3  times  as  long  as  wide.     Find  the  dimensions  of  the  bin. 

38.  Of  two  machines  in  a  mill  one  can  turh  out  an  order  of 
goods  in  3  hours  less  time  than  the  other,  and  if  both  machines  are 
operated  at  once,  they  can  turn  out  the  goods  in  2  hours.  How 
long  would  it  require  each  machine  alone  to  turn  out  the  goods  ? 

39.  If  one  machine  in  a  mill  can  produce  a  quantity  of  goods 
in  one  half  of  the  time  required  for  a  machine  of  smaller  capacity 
to  do  it,  and  the  two  machines  together  can  produce  the  goods 
in  4  days,  how  many  days  Would  it  take  each  machine  alone  to 
produce  the  goods  ? 
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40,  If  one  boiler  would  consume  a  tank  of  water  in  2  hours 
less  time  than  another,  and  the  two  together  would  exhaust  it 
in  2  hours  55  minutes,  how  long  would  the  tank  of  water  supply 
each  boiler  alone  ? 

41,  In  any  circle  whose  radius  is  R,  diameter  B,  and  aye*  S, 

By  eliminatiug  Ji  between  the  two  equations,  get  the  equation 
between  S  and  D, 

42,  In  any  sphere  whose  radius  is  B,  diameter  D,  and  area  S, 

D==2B. 

By  eliminating  J{  between  these  two  equations,  derive  the 
equation  between  S  and  D, 

43,  In  any  right  circular  cylinder  the  radius  of  whose  base  is 
By  altitude  S,  area  of  cylindrical  surface  S,  and  volume  F, 

S  =  rrBHf 

Eliminate  B  between  these  two  equations  and  get  a  formula 
between  S,  V,  and  H, 

153.  Graphs  of  Quadratic  Equations.  —  It  was  shown  in  §  124 
that  the  graph  of  a  linear  equation  containing  two  unknown 
numbers  is  always  a  straight  line.  Similarly,  it  will  be  found 
that  in  general  the  graph  of  a  quadratic  equation  containing  two 
unknown  numbers  is  some  kind  of  curve. 

For  example,  consider  the  graph  oiy^  =  9x  +  16. 

By  assigning  values  to  x,  and  computing  the  corresponding  approximate 
values  of  y^  the  following  sets  of  values  of  x  ai^d  y  are  obtained : 


X 

V 

80 

20 

10 

6 

2 

1 
±6 

0 

±4 

-1 

0 

Greater  neg. 
values 

±16.9 

±14 

±  10.3 

±8.4 

±6.8 

±2.6 

Imaginary 
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By  locating  the  points  corresponding  b. 
joining  them,  as  in  §  124,  we  get  Uih  curvi 


fiaerve  tliat  tbe  graph  is  perfectly  Bymmetrioal  with  reference  lo  tlie  aiis 
XIT-  By  assigning  greater  and  greater  poBitive  values  to  x,  corresponding 
zeal  vaiues  can  always  be  fouiid  for  y,  which  shows  tliat  the  two  bi-ancbes  of 
the  curve  continue  indefinitely  to  the  right.  But  if  negative  values  are 
assignen  '^o  x  larger  than  IJ,  tbe  correspnndlng  values  of  y  are  found  to  be 
Imaginary,  which  sliows  that  no  part  of  the  graph  extends  farther  to  the  left 
tlian  X  =-  -  1  J. 

Tiie  ilKi*e  curve  is  called  a  parabola.  It  is  the  kind  of  patli  in 
■which  aBtronoinera  have  found  that  many  comets  move.  Other 
comets  and  a]l  of  the  planets  move  in  closed  curves  called  elUpees. 

154.  Systems  solved  Graphically.  —  The  solution  of  a  system 
consisting  of  one  linear  and  one  quadratic  equation  may  he  found 
graphically,  as  in  §  132,  Uy  drawing  the  graphs  of  both  equations 
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upon  the  same  axes.  The  sets  of  values  of  tlie  unknown  numbers 
corresponding  to  the  points  where  the  graphs  meet  are  the  solu- 
tious  of  the  system. 

Example.  —  Solve  graphieaUy  I  ^^"^'^j  ^  ^  ^ 

The  graph  of  (1)  is  the  straight  line  (1)  in  the  figure  below.    By  assign- 
ing values  to  X  in  (2)  Ibe  following  sets  of  values  of  x  and  y  are  obtained ; 


• 

0 

6 

-6 

10 

-10 

15 

-15 

. 

-20 

y 

±10 

±9.7 

±9.7 

±8.7 

±8.7 

±6.6 

±6.6 

0 

0 

For  eitlier  positive  or  negative  values  of  x  greater  than  20,  y  is  imaginary. 
And  for  either  positive  or  negative  values  of  y  greater  than  10,  x  is  imaginary. 
Hence  the  grnph  lies  entirely  within  tlie  rrgion  bounded  by  z  =  aO  on  the 
right,  a;  =  —  20  on  the  left,  y  —  lO  above,  and  j  =  —  10  below.  The  graph  of 
(2)  is  seen  to  be  the  ellipse  (2)  In  the  figure. 
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The  straight  line  (1)  meets  the  Qanre  (fi)  at  t^o  pojiiie,  p  ai|4  Q,  Thu 
set  qI  values  «  =  Ig,  y  =  8  co^^espo^di^g  to  P,  ^n4  tjie  set  Pf  values  «  =  -  5.6, 
y  =  —  9.6  corresponding  to  Q,  are  the  two  solutions  of  th§  systen^,  find  wiH 
be  found  to  satisfy  both  equations. 


ilX^RCISfiS 


Draw  the  graphs  of : 

1.  ar^  =  4y  +  4. 

2.  02  4- 3^^  =  256. 

3.  43^  +  92/^  =  324. 


4.   a^-^y2^jL6. 


7. 


8. 


9. 


Solve  graphically : 

>  — 2^  =  2, 
V  +  i/'^lOO. 

.V-2a?  =  2, 
'40:2  +  2^=164 

aj2  =  22/  +  J, 
.i»  +  32^  =  4. 


10. 


XI, 


12. 


5«|2  +  22^  =  532, 
3^-^4-10  =  0. 

2a?-5y  =  3, 

y-2^  =  lTl, 

f2aj-3y  =  10, 
3a»2~5a^=:3y*. 


13.  If  the  two  graphs  of  a  system  di4  not  meet  at  all,  what 
kind  of  solutions  would  the  system  have  ? 

14.  If  the  graph  of  the  linear  equation  of  a  system  just  touched 
the  graph  of  the  (juadratio,  what  wpuld  be  the  nfiture  of  the 
solutions  ? 


SUPPLEMENTARY  EXERCISES 

The  roots  of  a  quadratic  equation  in  one  unkuowu  number  may 
t)e  obtained  graphically  as  follows : 

ai/  +  6aJ  +  c  =  0, 

eral  quadratic  equation  in  one  unknown  number  a^  +  6aj  +  o  =  0. 
Since  the  roots  of  this  equation  must  satisfy  both  equations  of 
the  above  system,  they  may  be  found  by  solving  this  system 
graphically. 


Eliminating  y  from  the  system 


gives  the  gen- 
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1.  Solve  2aj*  +  3a! 
-20  =  0. 

SoLUTioH.  —  This  equa- 
tion con«epoiids  to  the 
system 

\^=v,  a) 

\2y  +  Zx~20  =  0.       (2) 

^he  graph  Dt  (1)  li  the 

porabolft  Id  the  figure.  Tbe 

graph  ol  (2)  ia  tbe  straight 

line  meetlDg  the  parabola  at 
Pand  Q.  The  values  of  x 
GotrespoUding  to  tbe  points 
P  and  Q  are  2]  and  ~-  i, 
reapeoilTel;,  which  are  tbe 
roots  o[  the  given  equadOD, 

Note.  —  Since  tbe  equa- 
tion x'  =  ^  will  be  tbe  eame 
for  tbe  Bystems  formed 
from  all  quadratics,  the 
parabola  need  be  dravm 
only  once  and  all  quadratics 
solved  bj  use  of  tbe  one 
figure.  To  solve  any  quad- 
ratic In  X,  Bubatitute  y  tor 
3^,  and  find  two  poinis  of 
the  graph  of  the  linear 
equation  formed.  Connect- 
ing these  by  a  ruler,  ob- 
serve the  values  of  i  corre- 
spotedlng  to  tbe  points 
where  the  ruler  crosses  the  parabola.    These  are  the  roots  of  the  quadratic. 

Draw  a  large  perfect  patftbola,  and  b^  use  of  it  and  a  mlet  find 
tte  roots  of: 

2.  a.*-(r-2  =  0.       6.  ar'  +  a!  =  12.  10.  Si^=l+ix. 
S.  ai»-2a:  =  8.           7.  s^  =  2x  +  lB.        11.   6!c'  =  a;  +  33. 

4.  iB'iiSa  +  lO.         8.    2s^^Bx+2=0.    12.    4ar'=21a;  +  ia 

5.  *'-|.7e-f-12=0.    9.    2ai'  +  6ai  =  3.       13.    5af  =  3<e  +  li. 


CHAPTER  XVl 

EXPONENTS 

155,  Positive  Integral  Exponents. — A  positive  whole  number 
used  to  indicate  how  many  times  a  given  number  is  to  be  used  as 
a  factor  was  defined  in  §  5  as  an  exponent.  Expressions  some- 
times are  encountered  in  which  negative  numbers,  zero,  and  frac- 
tions are-  written  in  the  form  of  exponents.  In  this  chapter  we 
shall  discover  the  meanings  of  such  expressions. 

In  the  following  sections  are  given  some  laws  which  hold  for 
positive  integral  exponents.  Some  of  these  laws  have  been  used 
in  earlier  chapters,  and  are  given  here  primarily  for  review. 
Others  have  been  applied  only  in  special  cases. 

156.  Law  of  Exponents  in  Multiplication.  —  The  law  of  exponents 
in  multiplication,  as  stated  in  §  48,  is  expressed  in  symbols- by 

The  general  proof  is  as  follows : 

a*  =  axaxa'»' to  m  factors, 
a"  =  axaxa»«' to  n  factors. 

Hence, 

a"*  X  a"  =(a  X  a  x  a  •••  to  m  factors)  (a  X  a  X  a  •••  to  w  factors) 

=  axaxaxa»- to  m  +  w  factors 
=  a"*+",  by  definition  of  an  exponent. 

EXERCISES 

Give  orally  the  products  of : 

1.  a^Xa\  3.   (xPx^.  5.    v  X  v®, 

2.  IPxlP.  4.    f^xf.  6.   ^"x^^. 
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7.  T^^'Ki^\ 

8.  t/^*Xt/*. 

9.  P^XP^. 

10.  (?X(i^^ 

11.  a^xa^xa\ 


12.  F^  X  F^  X  T^. 

13.  s'^xs^xs^. 

14.  Q  X  Q^  X  Q». 

15.  k^^xk^^xJc'\ 

* 

16.  »"  X  a*"  X  a,**. 


^"17.  a"+^  X  a""^  X  a*». 

18.  p2»-3xP«+2. 

19.  &^2-ax5a+3^ 

20.  F"—  X  F**+^. 

21.  Q*"+'x  Q*^'. 


157.   Law  of  Exponents  in  Division.  —  The  law  of  exponents  in 
division  was  given  in  §  52.     In  symbols, 


£|OT  J.  £!«  _.  £1 


m-n 


This  follows  from  §  156,  because  the  quotient  a"*"*  times  the 
divisor  a*  equals  the  dividend  a"*. 


EXERCISES 


Give  orally  the  quotients  of ; 


1. 

i?*-5-J?^. 

8. 

e^^e^«. 

15. 

a5**+^  -^  a;. 

2. 

^"-*-^«. 

9. 

^22  _i.  ^18^ 

16. 

^2x+4  ^  ^.+1^ 

3. 

W*  -J-  W, 

10. 

m^*^  -T-  m". 

17. 

^4^+10  ^  2^^ 

4. 

R^-^W, 

11. 

P^^B^\ 

18. 

J/3o+25_j_  -prSo+J 

5. 

N'^-hlP. 

12. 

]^l9  .   1.3 

A/       "7"  /I/   • 

19. 

^m  ^  ^m-2^ 

6. 

<«-5-P. 

13. 

^5«  ^  ^n^ 

20. 

^«+8^(;>r-2 

7. 

«"  -5-  0^. 

14. 

R'^-r-B^, 

21. 

K^^^Kr-\ 

158.   Power  of  a  Power.  —  The  law  by  which  a  power  of  some 
number  is  itself  raised  to  *  power  is  expressed  by, 

That  is,  tJie  mth  power  of  the  nth  power  of  any  number  equals  th€ 
mnth  power  of  the  number, 
For,  by  definition  of  an  exponent, 

(a")"*  =  a"  X  a"  X  a"  •  •  •  to  m  factors 

^n+n+nH to  m  terms    "j^y   R   155 


=  a 


mn 


Thus, 


(aO*  =  a^  ;  (vfiy  =  w^^ ;  (p^y  =|>». 
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EXERCISES 


Give  orally : 

1.   (a*)^ 

6. 

(f)'- 

11. 

C^**)*- 

16. 

(«*)•. 

2.    (of)*. 

7. 

(By. 

12. 

w. 

17. 

(y+i).-i. 

3.    (P*)». 

8. 

(&»)•. 

18. 

(«r 

18. 

(.B^*)"-*. 

4.    (ff. 

9. 

(E'Y' 

14. 

(to")**. 

19. 

(t^-»)». 

6.  (y'T 

10. 

(my*. 

15. 

(ai^)»". 

iJQ. 

(3^*. 

159.  Power  of  a  Product.  -^  The  law  by  which  a  power  of  the 
product  of  twQ  numbef 3  is  foupd  is  0xpreBsed  by, 

That  is,  the  nth  power  of  the  product  of  two  numbers  equals  the 
product  of  the  nth  powers  of  the  nutfibers. 
For,  by  the  meaning  of  an  exponent, 

(aby  =  {ab)(ab)(ab)  •••  to  n  factors 

=:(ax  axa  •••  to  n  factors)(6  x  ft  X  &  •••  to  n  factors) 
=  a'»6^ 

By  similar  reasoning  the  law  can  be  shown  to  hold  for  any 
number  of  factors. 

Thus,  (abcdy  =  cfib^c^d^ ;  (3  xyy  =  8*  a?*?/*  =  81  a:*y*. 

160.  Power  of  a  Fraction.  —  The  law  by  which  a  fraction  is 
raised  to  a  power  is  expressed  by, 

\b)  "b"' 

That  is,  tTie  nth  power  of  a  fraction  equals  the  nth  power  of  the 
numerator  divided  by  the  nth  power  of  the  denominator. 

For,  /'SY  =  ?  X  -  X  -  -  to  n  factors 

\bj       b      b     b 

_  g  X  g  X  g  "t  to  n  factors 

b  xh  X  h"*to  n  f^i^toBS 
g" 


ThM.  /2  aby  ^  (2  ahy  _  2*  a«6*  _  16  a*b* 


BXP0NBNT8  897 

161.  Powei'  of  any  Bftoneniial.  —  By  use  of  the  laws  of  exponents 
in  the  preiceditig  seotions^  any  power  of  any  monomial  may  bd 
obtained. 

Thus,  (2  a^h'^t^)^  =  2e(d«)8(66)6(c4)«  by  §  159 

=  64  aisftaoc"  by  §  168* 


And 


:|^bySSl69andl58. 
EXERCISES 


14. 


Give  orally: 

1.  (2  ay.  6.  (vf'uhy, 

2.  (a«y«)*.  7.  (SJL^^i^/. 

3.  (2  iV^«JIO«.  8.  (m»nV)^^.        12.  ^^'^  15.  ^J. 

4.  (aVc)-.  f>.  (3  F^PO^  ,^^«  , 


162.   Root  of  a  Power.  —  To  find  any  root  of  any  power  of  a  base 
divide  the  exponent  by  the  index.    That  is, 

m  mxn 

For,  by  §  158,  (a»)"  =  a"     or  a". 

Thus,  ■v^  =  a!«;  v^  =  c«;  V^  =  to». 

EXERCISES 
Give  orally : 

1.  >/^.  6.  Vp^.  11.  \^.  16.  -v/^. 

2.  -C^.  7.  -v^.  12.  \^.  17.  -y^. 

3.  </2^.  8.  VW.  13.  -v"^.  18.  -v^. 

4.  -v^.  ».  •v'*!*.  14.  -v^^.  19.  V^. 
6.  -v^.  10.  ^/c^.  16.  T^.  20.  </n^. 
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163.  Negative  Exponents.  —  If  the  law  of  exponents  in  division 
be  assumed  to  hold  in  case  the  exponent  of  the  divisor  is  greater 
than  that  of  the  dividend,  its  application  leads  to  a  new  kind  of 
number  symbol  called  a  negative  exponent. 

Thus,  a^^Qi  =  a*-7  =  a-8 ;  «« -^  t^^  =  «6-"  =  r^. 

The  meaning  of  a  negative  exponent  is  shown  as  follows : 
By  §  159,  a?-i-a'  =  a«-«  =  a-\ 

But  by  reduction,      a^  -s-  a^  =  —  =  — - . 


Hence,  a~*  =  — . 

a* 

In  general,  a""  =  —  • 

a" 

That  is,  a  negative  eocponent  indicates  a  power  of  a  base  thai' is  to 
he  iLsed  as  a  divisor. 

It  is  assumed  here,  and  can  be  proved,  that  all  of  the  laws 
that  hold  for  positive  integral  exponents  apply  also  to  negative 
exponents. 

164.  Zero  Exponent.  —  If  any  power  of  a  base  is  divided  by  it- 
self by  the  law  in  §  159,  it  leads  to  a  zero  exponent. 

Thus,  a^^a^  =  cfi-^  =  ao  ;  «»  -r- «»  =  t^-^  =  «o. 
In  general,  a**  -«-  a"  =  a**""  =  a°. 

But  a**  -T-  a"  =  1. 

Hence,  a^=l. 

That  is,  any  "base  ivlth  the  exponent  0  equals  1, 

165.  Fractional  Exponents.  —  If  the  law  in  §  162  be  assumed  to 
hold  in  case  the  index  of  the  root  is  not  an  exact  divisor  of  the 
exponent,  its  application  leads  to  a  new  kind  of  number  symbol 
called  a  fractional  exponent. 

Thus,  -i/c?  =  a* ;  y/r^  =  r^. 

n 

m 


In  general,  a"'  =  Va^. 
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That  is,  a  fractional  exponent  indicates  a  root  of  a  power  of  a 
number,  the  numerator  indicating  the  power,  and  the  denominator 
indicating  the  root. 

It  may  be  proved  that  the  laws  that  apply  to  positive  integral 
exponents  apply  also  to  fractional  exponents. 

EXERCISES 

Simplify : 

1.  n'^  X  n-*.  14    pi  X  pi.  ^^-    (»»"*)"*• 

2.  a,-'  X  ^.  ^g    ^j  ^  ^i  27.    („J)i. 

3.  w^y.wK  ^  ,  «o     /r^Kl 

4.  p-Xl^".  16.    ^ixJrl.  28.    (D*)*. 

6.  r-*  X  r-^  17.  n*  -*-  m*.  **•  ('^  )  • 

6.  N»+N-*.  18.  F*H-Fi.  30.  (ijA)* 

7.  y-«-Hr'.  19.  B^^RK  31-  (^¥- 
»•  ^'^^-  20.  bii^bi.  32-  ^^• 

'^^    ^■'^-^--  21.   iUii.  ««•    ^^^^• 

10.  J^^lc-*.  ^^     ^^_^_3_  34.    ^-^ 

11.  r-^r-^  23.    (aO-  36.    ^a». 

12.  a*xai.  24.    {W-'y.  tr-^ 

13.  ar^Xici.  26.   (f)-'.  »«•    '^"*' 

SUPPLEMENTARY  EXERCISES 

Find  the  value  of : 
1.   8i  2.  81*.  3.   64*.  4.  2-».  8.   S"*. 

Simplify : 

6.  n*xn-*.  11.    (a-»  +  3a-»-4)(a-»-2), 

7.  ^*-f-^"l.  12.    (a!-i-l)(a!-»  +  a;->  +  l). 

8.  (&-A)-i  13.  (r»  +  i)  +  (ri  +  i). 

9.  V^,  14.   (m-*  +  2  m-'»-»  +  n-*) -I- (m-*  +  »-•) 
10.   16-J.                       18.   (iV-»-l)». 
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MISCELLANEOUS  EXERCISES 

1.  Find  the  value  of  W  in  the  formula  TF=  - — -,  when  w 

A;h-1 

1800,  h  ^  26,  and  k  =«  0.75. 

2.  Find  the  value  of  A  in  the  formula. 


A  =  V«(s  —  a)(«  —  6)(«  —  c), 
when  «  =  140,  a  w  80,  ft  =  90,  and  c  =  110. 

> ^ ^ 

3.  Simplify  the  expression  L  =  V2  r*  —  ryj^^.  (r^^)*  and 
thus  find  ft  simple  formula.     Then  find  L  when  r  =  12, 

4.  Solve  for  x  in  the  equation  c= .     Then  find  the 

x-\-d        r 

value  of  X  when  ff =24,  r  =  14,  and  r'  =*  8. 

5.  Solve  i^=i^^^  for  each  letter  involved. 

6.  Solve  E  =-  l!l!^  for  n,  Z,  and  w. 

E  E 

7.  In  the  formulae  (7=--  and  Cm ,  eliminate  R  and 

i?  R  +  r 

express  E  in  terms  of  the  remaining  letters. 

8.  GivenP=— =?^==,  find  the  value  of  P  when  71  =  20, 

h  saD  28,  and  m  ss  16. 

9.  In  a*  =  ft^  +  c*  —  2  ftm,  solve  for  m, 

n  —  1 

10.  In  2  0)  K=  7 X,  solve  for  aj. 

11.  The  volume  of  a  hollow  sphere  is  found  by  the  formula 
F=f  ir(r*— r'^,  where  r  is  the  radius  of  the  sphere  and  r'  the 
radius  of  the  hollow.  Find  the  weight  of  a  hollow  sphere  of 
brass  8  inches  in  diajneter  when  the  diameter  of  the  hollow  is  7 
inches.     (A  cubic  inch  of  brass  weighs  0.303  lb.) 
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12.  The  area  of-  a  ring  is  found  by  the  formula  A  =  ir(j^  —  r'^, 
where  r  is  the  radius  of  the  outer  circle  that  bounds  the  ring  and 
r'  is  the  radius  of  the  inner  circle.  When  the  area  of  a  ring 
whose  outer  diameter  is  30  inches  is  91*1064  square  inches,  find 
the  inner  diameter. 

Factor  the  following  expressions :  ' 

13    16  a'- 12  aft  4-4  ac.  20.    16a%  — 2y*. 

14.   4a*-f  l2a&  +  9&2.  ^i.   6  m^  + 12  m^a?  4- 6  ww;*. 

^         ^  22.   aa  4- ay  +  da?  4- a?y. 

16.  25  m*n  + 10  mV  4- w«. 

17.  64r2^-165»vl 

18.  16/-1.  24.   r^-J^r4f. 

19.  m^-n^  26.   2^ 4 3 J ya; 4 f «*. 

26.   Reduce  ^^-^^^  — ^  to  its  lowest  terms. 
3a^--24a?-9 

Vt.  Reduce  ^ "~  ^^"^^  to  its  lowest  terms. 

arhx  —  6  W 

28.  Reduce  to  a  mixed  expression. 

2a^-a;4l 

29.  Reduce  m^^^-^n^)  43(m3-mn«)^ 

m  {Td'  —  n) 

7\2    I       2  2 

30.  Change  1  +  ^  +^  ~^  to  the  form  of  a  fraction. 

2&C 

31.  Change  a^  -  3  a?  -  ^  a:(3  -  a?)  ^^  ^  fractional  form. 

^  a;-2 

32.  Change  aft,  ^^    ,  and  ^"^     to  fractions  having  a  common 

a  46  a  — 6 

denominator. 

33.  Add2a,  3a4^,  anda-^» 

5  9 

34.  Add ^-±^ ,  ^-±i ,  and  ^-±^ 

(6  —  c){c  —  a)    (c  —  a){a  —  6)  (a  —  b){b  —  c) 


802 


35.   Simplify 
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2(a;  +  l)      10(ar-l)      5(2  a; +  3) 


36.  Multiply  ^  by  -^. 

4  aa?       m^**"* 

37.  Multiply  x'-x  +  l  by  L  +  1  +  1. 

or     X 

38.  Find  the  product  of  ^-=^,   1^^,  and  H 5L.. 

39.  Dividea*-i  by  aj2  +  i. 

ar  ar 

^    ^  \c-\-h     (^-{-by     \c-b     (^-^by 


41.    Simplify 


X-{' 


1-f 


x-^1 
3-a? 


42.  Solve  17  a;-^^-i^  =  20a.-?-^±^-5. 

43.  Solve  5LziE_iiL=^=  a-  ft  for  a?. 


:  II 


.  c 


;   ' 


44.    Solve  — i +       ^ 


ab  —  ax     bc  —  bx     ac  —  ax 


for  a?. 


Solve  the  following  systems : 


45. 


46. 


47. 


2aj  +  42/  =  20. 

'7aj4-3y  =  62, 
5a?-22^  =  36. 

12a;  +  8y  =  116, 
2aj-    2/  =  3. 

51.    Solve 


48. 


50. 


x_y 
a      b 


=  m, 


=  n. 


'6a4-5&  =  112, 
8  a-2  6  =  80. 


49.     ^' 


[6^4-11^  =  115, 


[8^-22 1*  =  -30. 

'   2z-\-   3^=47, 
\l0»-12^  =  -63. 


for  x  and  ^, 
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Solve : 


7a;4-4y-    »  =  78, 


62.    U2a?—    2^-32=36,  53. 

6a?— 2y—    z  =  10. 

• 

64.  When  the  cost  of  an  article  to  a  merchant  is  lowered  20  %, 
the  merchant  who  keeps  the  same  selling  price  makes  30  % 
more.     Find  his  former  per  cent  of  gain. 

66.  By  getting  a  discount  of  5  %  off  for  cash  in  buying,  a  mer- 
chant makes  a  net  profit  of  8%  more.  Find  his  rate  of  gain 
when  no  discount  is  received. 

66.  A  merchant  has  two  kinds  of  grain,  one  at  60  cents  per 
bushel,  and  the  other  at  90  cents  per  bushel,  of  which  he  wishes 
to  make  a  mixture  of  40  bushels  that  may  be  worth  80  cents  per 
bushel.    How  many  bushels  of  each  must  he  use  ? 

67.  A  merchant  has  three  kinds  of  sugar.  He  can  sell  3  lb. 
of  the  first  quality,  4  lb.  of  the  second  quality,  and  2  lb.  of  the 
third  quality,  for  60  cents;  or,  he  can  sell  4  lb.  of  the  first 
quality,  1  lb.  of  the  second  quality,  and  5  lb.  of  the  third  quality, 
for  69  cents ;  or,  he  can  sell  1  lb.  of  the  first  quality,  10  lb.  of  the 
second  quality,  and  3  lb.  of  the  third  quality,  for  90  cents.  Find 
the  price  of  each  quality. 

68.  How  much  cream  testing  36  %  butter  fat  must  be  mixed 
with  20  gallons  of  milk  testing  3  %  butter  fat  to  have  milk  test- 
ing 4.8  %  butter  fat  ? 

59.   Find  the  square  root  of  4  a*  -  16  a»  +  24  a*  - 16  a  +  4. 

2       1 

60    Find  the  square  root  ofm*  +  2m  —  1 1 — r- 

61.  Find  the  square  root  of  33.1776. 

62.  Find  to  three  decimal  places  the  square  root  of  2. 

Simplify  the  following : 


63.    V96  aV.  64.    ^ (py"  -  f)(x -{- y). 
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65.   JI^.  66.   ^x/S. 

e7.   Multiply  4  a^^  by  f^. 

68.  Multiply  a  +  2 V6  by  a  -  2V5. 

69.  Divide  V20  +  Vi2  by  VB  +  V5. 

70.  Solve  4  ic^  ^  j[g  ^  _  33 

71.  Bolve4»-ii^=14. 

x  +  1 

72.  Find  to  three  decimal  places  the  roots  of 

X  ,  2     1.3 

—  -4-—  =  — -I • 

2     «     3     » 

73.  A  lady  finds  that  there  are  just  85  square  yards  of  floor 
surface  to  be  covered  in  two  of  her  square  bedrooms,  one  of 
which  is  3  feet  longer  than  the  other.     How  large  is  each  ? 

74.  Solve  i     ,  o        rr  76.  Solve  \^         o         ^ 

76.  A  farmer  has  two  small  fields,  each  an  exact  square.  It 
takes  200  rods  of  fence  to  inclose  both.  Together  they  contain 
S^  acres.     Find  the  dimensions  of  each. 

Simplify  and  express  with  positive  exponents : 

77.  ahhxah-iA  sO     ?I^x— • 

a-'b^      ab-* 

78.  (o»6«c)«  X  (a'6c*)*.  S-xS"** 

oX. 


79.    (aj*»y"')2 -5- (a;»y—)«.  3"-^  x  3 
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PREFACE 

This  volume  has  been  prepared  as  a  companion  to  the  First 
Course  in  elementary  algebra,  written  by  the  same  authors.  As 
its  title  suggests,  the  Second  Course  is  designed  for  students  who 
have  had  the  equivalent  of  the  work  given  in  the  First  Course.- 
The  First  Course  gives  one  year's  work,  including  the  topics 
now  generally  taught  in  the  first  year  of  the  average  high  school. 
The  Second  Course  reviews  the  topics  treated  in  the  First 
Course,  amplifies  the  treatment  in  the  latter  by  the  addition  of 
new  matter  where  necessary,  and  extends  the  course  to  include 
all  topics  required  for  admission  to  college. 

In  the  preparation  of  this  book,  the  authors  have  been  guided 
by  the  same  aims  and  educational  principles  as  in  the  prepara- 
tion of  the  First  Course.  The  distinguishing  features  of  the 
latter  will  be  found  also  in  the  present  volume. 

The  book  contains  a  maximum  of  practice,  abundance  of  drill 
being  provided  throughout.  New  principles  and  processes  are 
adequately  and  psychologically  developed,  only  one  new  difficulty 
being  presented  at  a  timey  and  these  are  finally  mastered  through 
plentiful  application  in  drill  exercises  and  problems. 

A  fundamental  aim  here,  as  in  the  other  books  by  the  same 
authors,  has  been  to  lead  the  student  to  see  the  subject,  not  merely 
as  a  system  of  exercises  to  be  pursued  for  the  purpose  of  mental 
discipline,  although  the  authors  are  thorough  believers  in  this 
feature  of  study,  but  rather  as  a  scientific  instrument  for  solving 
certain  types  of  problems  actually  encountered  in  the  world's 
work.  To  this  end  adequate  use  has  been  made  of  real  applied 
problems  of  the  various  types  encountered  in  practical  life.  These 
real  applied  problems  lend  intense  interest,  and  motivate  the  work 
legitimately.     Furthermore,  it  is  through  the  application  of  the 

•  •  • 
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stiident's  knowledge  of  algebra  in  the  solution  of  these  real 
applied  problems  that  the  knowledge  is  led  to  function.  The 
old-time  useless  puzzles  have  been  eliminated  from  the  book. 

Algebra  has  been  correlated  with  arithmetic  and  geometry. 
The  principles  of  algebra  have  been  applied  to  shorten  arith- 
metical computations.  See,  for  example,  §  3,  §  5,  §  11,  exercises 
of  §  15,  etc.  Numerical  problems  have  been  given  in  many  lists 
of  exercises.  See,  for  example,  exercises  pp.  16,  34,  35,  39,  40, 
41,  43,  etc.  Considerable  use  of  percentage  has  been  made  in  the 
solution  of  certain  types  of  problems  in  business,  etc.  The  facts 
of  mensuration  have  been  much  used,  and  some  knowledge  of 
simple  facts  in  geometry  with  which  the  student  is  familiar  has 
been  drawn  upon  in  problems. 

Graphical  methods  have  been  used  in  a  natural  way  through- 
out the  book,  both  in  the  interpretation  and  illustration  of  alge- 
braic principles  and  in  the  solution  of  certain  types  of  problems. 
See,  for  example,  §§  3, 11, 32,  51, 53, 68, 84,  85, 95, 98, 100, 109,  etc. 

Supplementary  exercises  have  been  given  at  the  end  of  each 
chapter.  They  adapt  the  text  to  the  use  of  schools  with  dif- 
ferent kinds  of  courses.  These  exercises,  as  a  rule,  are  more 
difficult  than  those  in  the  body  of  the  chapters.  They  may  be 
used  for  reviews  or  in  classes  wanting  a  more  difficult  course; 
or  they  may  be  omitted  entirely  without  interfering  with  the 
subsequent  work. 

The  authors  wish  to  acknowledge  their  indebtedness   to  all 

those  whose  timely  suggestions  and  criticisms  have  helped  in  the 

preparation  of  this  textbook. 

JOHN  C.  STONE. 

JAMES  F.  MILLIS. 
September,  1912. 


CONTENTS 

GHAPTXB  PAOB 

T.  The  I^undamental  Operations        .        .        o        »        .        1 

II.  Factors  and  Multiples .22 

III.  Fractions 37 

IV.  Linear  Equations  in  One  Unknown  Number       .        .      49 
V.  Systems  of  Linear  Equations 64 

VI.  Roots,  Surds,  and  Imaginary  Numbers         ...      85 

VII.  Quadratic  Equations 112 

Vm.  Higher  Equations .        .131 

IX.  Equations  involving  Surds      .        .       •.        .        .        .     13"^ 

X.  Systems  involving  Quadratic  and  Higher  Equations    143 

XL  Proportion.    Variables 167 

XII.  Progressions "  .        .        .190 

XIII.  Exponents 211 

XIV.  The  Binomial  Theorem 222 

XV.  Logarithms 230 

Miscellaneous  Exercises         •        •        o        •        .        •    245 


ELEMENTARY  ALGEBRA 

SECOND   COURSE 

CHAPTER  I 
THE  FUNDAMENTAL  OPERATIONS 

1.  The  principles  and  processes  of  algebra  established  in  the 
First  Course  will  be  employed  throu^ghout  the  more  advanced 
work.  Some  of  the  most  important  rules  that  were  carefully 
established  in  the  First  Course  will  be  restated  in  the  following 
sections.  Also,  in  connection  with  these  rules,  there  will  be  intro- 
duced additional  matter  that  was  omitted  from  the  First  Course, 
either  because  it  was  not  needed,  or  because  it  was  too  difficult  for 
a  first  reading. 

2.  Number  Expressions.  —  In  algebra  and  in  other  branches  of 
mathematics,  letters  are  used  to  represent  numbers  with  unhwwn 
or  unassigned  values. 

Thus,  in  rr®,  which  expresses  the  area  of  a  circle,  r  represents  the  length 
of  the  radius  of  any  circle,  which  may  have  any  numerical  value,  depending 
upon  the  size  of  the  circle.  Similarly,  in  a—b  the  letters  a  and  b  represent 
numbers  to  which  may  be  assigned  any  numerical  values  whatsoever. 

A  number  represented  by  a  letter  is  called  a  literal  number,  and 
any  number  expression  in  which  one  or  more  number  symbols  are 
letters  is  called  a  literal  expression. 

In  any  number  expression  the  parts  connected  by  the  signs  +  or 
—  are  called  terms.  An  expression  not  connected  to  any  other 
expression  by  either  of  the  signs  +  or  —  consists  of  one  term,  and 
is  called  a  monomiaL  An  expression  consisting  of  two  terms  is  a 
l>inomial.     An  expression  consisting  of  three  terms  is  a  trinomial. 
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In  general,  an  expression  consisting  of  two  or  more  terms  is  called 
a  polynomial. 

If  numerical  values  are  assigned  to  all  of  the  literal  numbers 
in  any  literal  expression,  a  particular  numerical  value  of  the 
whole  expression  may  be  found  by  performing  the  operations 
indicated  in  it. 

In  finding  the  value  of  an  expression  containing  more  than  one 
term,  the  value  of  each  term  must  be  found  before  the  additions  or 
subtractions  indicated  between  the  terms, 

EXERCISES 

1.  How  is  the  product  of  a  numerical  and  a  literal  factor,  or 
of  two  or  more  literal  factors,  indicated  ? 

2.  Express  the  product  of  5  and  n ;  of  a;  and  y ;  of  2,  a,  and  b. 

3.  How  is  the  product  of  two  polynomials  indicated  ? 

4.  Indicate  the  product  of  ^  —  4  and  2  ^  -|-  3. 

5.  What  is  the  meaning  of  a"  ?     Of  n^  ?     Of  (a?  -  2^)* ? 

6.  In  m^,  what  name  is  given  to  5  ?     To  m  ?     To  the  whole 
expression  ? 

7.  In  8  X,  what  is  the  8  called  ? 

8.  Name  the  numerical  coefficients  in  2  A,  12  a?,  and  6  mn, 

9.  Do  3  a  and  a^  mean  the  same  ?     What  are  their  values 
when  a  is  4  ?     When  a  =  10  ? 

10.  Tell  how  many  terms  in  each  of  the  following,  and  apply 
to  each  the  appropriate  name,  "  monomial,''  etc. :  4  irR? ;  a^  —  W ; 
2a;-2/  +  72;;  ^~4^C;  a^ +  2 ab-^rh^ -g^\  .05  F^  (m-^n) 
(m-n);    W^g-2Wg'',  aT^-SaFy  +  'Sxy^-f',  a^+a^+a^+a+l. 

11.  Find  the  value  of  N^  when  ^=3;  when  ^=4. 

12.  Find  the  value  of  5  a^y  when  x  =  2  and  y  =  3. 

13.  Find  the  value  of  a^  —  h^  when  a  =  5  and  6  =  3. 

14.  Find  the  value  oiA^-2AB-^ B^  when  ^  =  8  and  JB  =  L 

15.  Find  the  value  oiiic^-^  v^  when  w=^S  and  v^5. 
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.» 6.   Find  the  value  of  (2x  +  y)  (4:x  —  3y)  when  x  =  9  and  2/= 4. 

17.  Find  the  value  of  (R  —  aty  when  22  =  16,  a  =  32,  and  t  =  J. 

18.  The  volume  of  a  sphere  whose  radius  is  22  is  f  7r22^  Find 
the  volume  when  22  =  3  in.     (Use  w  =  3.1416.) 

19.  The  area  of  a  trapezoid  whose  altitude  is  h  and  bases  b  and 
and  5',  respectively,  is  ^  A  (&  +  &').  Find  the  area  when  A  =  12 
in.,  6  =  7  in.,  and  b'  =  15  in. 

20.  The  cubic  contents  or  volume  of  any  frustum  of  ^  circular 
cone,  such  as  a  coffeepot,  or  wash  tub,  whose  depth  is  22",  radius 
at  the  bottom  R,  and  radius  at  the  top  r,  is  ^  ttH  (22*+  Rr  +  r^), 
Find  the  cubic  contents  of  a  tub  whose  depth  is  12  in.,  radius  at 
the  bottom  12  in.,  and  radius  at  the  top  16  in. 

3.  Fundamental  Laws  of  Addition.  —  In  the  addition  of  two  or 
more  numbers,  it  is  evident  that  the  value  of  the  sum  is  the  same 
in  whatever  order  the  numbers  are  added.  This  truth  is  called 
the  Law  of  Order  in  Addition. 

In  the  case  of  two  numbers  the  law  may  be  expressed  by 

It  may  be  shown  graphically  as  in  the  margin. 

It  is  evident  also  that  if  three  or  more  num- 
bers are  to  be  added,  they  may  be  combined 
or  grouped  in  any  way.  In  a  -f  6+  c  +  cZ,  in- 
stead of  first  adding  b  to  a,  then  c  to  the  sum,  etc.,  we  may  first 
add  b  to  a,  then  d  to  c,  then  add  the  sums.  Or  we  may  first  add 
c  to  bj  then  d  to  the  sum,  then  this  sum  to  a,  etc.  This  truth  is 
called  the  Law  of  Grouping  in  Addition. 

In  the  case  of  three  numbers  the  law  may  be  expressed  by 

(x+/)  +  z=x  +  (/  +  z). 
Et  may  be  illustrated  graphically  as  follows : 

(X-fS)  +  z 

^ .^— ^     . A^ 


T 


^^ 
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Tkese  two  laws  may  be  used  to  shorten  arithmetical  additioiL 

Thus,  6  +  6  +  4  +  3  +  2  may  be  written  6  +  4  +  6  +  3  +  2,  by  6 

the  Law  of  Order,  and  then  (6  +  4)  +  (6  +  8  +  2),  by  the  Law  of  6 

Grouping.    Adding  6  and  4  gives  10,  adding  6,  3,  and  2  gives  10,  and  4 

adding  these  sums  gives  20.     In  practice,  the  numbers  are  written  in  3 

a  column,  as  in  the  margin.    The  change  of  order  is  made  mentally,  2 

and  the  numbers  that  make  10  are  grouped.  20 


"  EXERCISES 

Add  by  grouping  numbers  that  make  10 : 

1.  7,  8,  3,  2.  3.   3,  5,  4,  6, 1. 

2.  1,  6,  9,  4.  4.  5,  9,  2, 1,  3. 

Add  by  grouping  numbers  in  each  column : 

7.   492  8.   347  9.   827 

865  951  584 

628  763  •      276 

315  426  405 


11.  Show  graphically  that  a4-6+-c  +  d=6-f-a+-d+-c. 

12.  Show  graphically  that  a'\-h-\-c-{-d=za  +-(&  +- c  +- c2). 

4.  Addition  of  Positive  and  Negative  Numbers.  —  For  the  addi- 
tion of  positive  and  negative  numbers  the  following  rules,  estab- 
lished in  the  First  Course,  apply : 

(1)  To  add  two  numbers  with  like  signs,  find  the  sum  of  their 
absolute  values^  and  prefix  the  sign  common  to  both. 

(2)  To  add  two  numbers  with  unlike  signs,  find  the  difference  of 
their  absolute  values,  and  prefix  the  sign  of  the  one  with  the  greater 
absolute  value. 

Three  or  more  positive  or  negative  numbers  may  be  added  by 
adding  two  at  a  time,  using  rules  (1)  and  (2).  Or  they  may  be 
added  by  the  following  rule,  which  follows  from  the  Law  of 
Order  and  the  Law  of  Grouping : 


6. 

8, 

6, 

2,  7,  4,  3. 

6. 

4, 

7, 

7,  6,  9,  3. 

10 

.  3526 
6982 
7192 
8304 
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(3)  To  add  three  or  more  positive  or  negative  numbers,  find  the 
sum  of  the  positive  numbers  and  the  sum  of  the  negative  nhumbers 
separately,  then  find  the  sum  of  the  sums, 

EXERCISES 


Add: 

I.    -2 

+  7 

+  3 

-4            -12 

'    +20 

-6 

+  8 

-9 

+  6             +10 

-38 

2.-5 

8.    +3 

4. 

-8 

5.    +1 

6.    -16 

+  7 

-9 

-9 

.      -6 

+  20 

+  2 

-2 

+  6 

-9 

-   4 

-8 

+  6 

+  8 

+  7 

-   8 

-4 

7 

-2 

+  5 

+  14 

7.  -5,  +4,  4-6,  -8,  -7,  +2, -1, +12. 

8.  Let  the  student  make  up  other  drills  similar  to  these,  until 
he  is  rapid  and  perfectly  accurate  in  the  use  of  the  above  rules. 

5.  Addition  of  Similar  Terms.  —  Terms  which  have  like  literal 
parts,  as  5  w  and  —  7  n,  or  4  F^  and  6  F*,  are  called  like  or  similar 
terms.  They  differ  only  in  the  numerical  coefficients.  Terms 
such  as  am,  bm,  and  cm  are  sometimes  spoken  of  as  "similar 
terms  in  mJ^ 

Similar  terms  are  added  by  the  following  rule : 

To  add  two  or  more  similar  terms,  add  their  numerical  coefficients, 
and  attach  to  the  result  the  common  literal  part. 

For  convenience,  terms  to  be  added  may  be  written  in  a  column. 

Tei*ms  that  are  not  similar  {called  dissimilar  terms)  cannot  be 
added,  but  their  sum  may  be  indicated  by  writing  them  in  a  line, 
connected  by  their  given  signs. 

EXERCISES 


Add: 

I    +7a 

2.    —9m 

3. 

-10  W    4.    +Sf 

6.    -3a»6» 

-4  a 

+  2n 

-    5W          +4<» 

+  5a'b^_ 
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6. 


^6N 

7.    +S^ 

8.    —  2a6 

9. 

Vt 

10. 

.-9t^ 

+  4iV^ 

+  4a^ 

+     ah 

-    Fj^ 

2^* 

-7  N 

-9a^ 

+  4a6 

-5  F« 

6y' 

■i-SN 

4-6a^ 

-7a^ 

9  Vt 

-^y' 

11.  -  3  A;,  -  9  A^,  +  7  A^,  -  A;,  -  12  k,  16  fc,  -  2  A;. 

12.  Let  the  student  make  up  other  problems  similar  to  these, 
until  he  is  proficient  in  the  work. 

Simplify  by  uniting  similar  terms: 

13.  3a=^-2a&~fe2^4a6-&2. 

14.  7  a;— 8+ 3  a: +  5  —  4  aj. 

15.  ^^-^+3^2j5_4^8_4^, 

16.  2/3-63/-52/2-8  +  2y-42^-2. 

Indicate  the  addition  of : 

17.  7  a,  —  5  6,  and  —  c. 

18.  3  w^^  2  wv,  and  —4  v\ 

By  using  the  process  of  adding  similar  terms  by  adding  their 
coefficients,  give  at  sight  the  results  of : 

19.  3  X  16  +  7  X  16.     (Same  as  10  x  16.) 

20.  8  X  52  +  2  x  52.  24.    124  x  65  -  24  x  65. 

21.  14  X  36  4-  26  X  36.  25.    14  x  62  -  8  x  62  +  24  x  62. 

22.  92  X  48  4-  8  x  48.  26.   81  x  3.1416  +  19  x  3.1416. 

23.  36x72-16x72.  27.   225x3.1416-205x3.1416. 

6.  Addition  of  Polynomials.  —  Polynomials  are  added  by  the 
following  rule : 

To  add  polynomials,  arrange  the  similar  terms  in  columns,  and 
add  each  column.  The  sums  of  the  columns,  connected  by  their  signs, 
form  the  sum  of  the  polynomials. 

It  follows  from  the  Law  of  Order  that  polynomials  may  be  re- 
arranged, if  necessary,  so  that  the  similar  terms  are  in  columns. 
It  follows  from  the  Laiv  of  Grouping  tha^>  the  sums  of  the  columns, 
connected  by  their  signs,  form  the  sum  of  the  polynomials. 
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EXERCISES 

Add: 

1.  9a-564-    c  3.   ar^  — 2aj  +  l 
__2a-h36-4c  a^-{-5x-% 

2.  a2-2a6-h62  4    ^s  _j3 

m 

6.  a^  —  3  a,  5  a  —  6,  2  a^  +  9,  and  8  a  —  6  a^. 

6.  12-«,  7^4-3^^  -4f,  and  -2t2  4.16. 

7.  —  2  aj^  -f-  y^,  3  x?/  —  4  ?/-,  and  5  o^  —  xy  4-  6  ^. 

8.  a^-l,a^-ab  +  b^,2LndS-4rab  +  2a\ 

9.  20- V  3^^5  3^  a^nd9v-4. 
10.  1  a  —  -^  6,  ^  a  4-  6,  and  a  —  1 6. 

>  11.   1.5  o^  _  Q  (5  3,  ^1^  2.5  a;2  -f  3.4  a?  - 1,  and  5  -  0.8  a?. 

12.  Simplify  a^  -  3  a  -h  (5  a  -  4  a«). 

13.  le  A  =  a^-y\  B  =  3^ -]- 2 xy -{- f,  snd  C=5f-4:xy  find 
^  +  5  +  O. 

7.  Subtraction  of  Positive  and  Negative  Numbers.  —  For  the  sub- 
traction of  positive  and  negative  numbers  use  the  following  rule, 
established  in  the  Fikst  Cours?:  : 

To  subtract,  first  change  mentally  the  sign  of  the  subtrahend,  then 
proceed  as  in  addition. 

EXERCISES 


Subtract : 

1.-1-6 
-1-8 

-3 

-7 

+  2 
-5 

-4 

4-2 

-6 
-9 

4-1 
-6 

2.    -12 

4-15 

+  2 
-10 

+  3 
4-9 

-7 
4-8 

-4 
-1 

4-6 

4-9 
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3.  -24  +20  -12         +4  -   8  +34 
-30          -16          -18           -36          -22  +27 

4.  Subtract  —  8  from  —  6 ;  +  3  from  -  6 ;  +15  from  +  9. 

5.  From  +  12  take  -  6,  +  5,  +  8,  -  7,  -  2,  -  12. 

6.  The  temperature  is  +4°  at  noon,  and  falls  10°  by  mid- 
night.    What  is  the  temperature  at  midnight  ? 

7.  How  many  years  is  it  from  the  year  —250  to  the  year 
-140? 

8.  Cicero  was  born  in  the  year  —106  and  assassinated  in  the 
year  —  43.    At  what  age  did  he  die  ? 

9.  Julius  Caesar  was  born  in  the  year  —100  and  assassinated 
in  the  year  —44.     At  what  age  did  he  die  ? 

10.  What  is  the  meaning  of  —  6  —  (—  5)?     The  value  ? 

11.  Findthe  value  of  8-(-4);   -2 -(-8);  -  6  -  (+ 4). 

8.  Subtraction  of  Similar  Terms.  —  Since  similar  terms  are  sub- 
tracted by  subtracting  coefficients, 

To  sitbtract  a  term  from  a  similar  term,  change  mentally  the  sign 
of  the  sttbtrahend,  then  proceed  as  in  addition  of  similar  terms, 

9.  Subtraction  of  Pol3rnomial8.  —  One  polynomial  is  subtracted 
from  another  when  all  of  its  terms  are  subtracted.     Hence, 

To  subtract  one  polynomial  from  another,  arrange  similar  terms 
in  columns,  and  add  to  the  minuend  the  subtrahend  with  the  sign 
before  each  of  Us  terms  changed. 


SXEP.aSES 

Subtract : 

1.   +8a 

-2V 

-16  a; 

+  6^ 

-18P» 

-4a 

+  7V 

-12  a! 

+  9<« 

+  11P* 

JJ.    -42a6 

y' 

-4i? 

3  Ww 

• 

-  SO  ab 

-f 

B 

-     Ww 

Awl? 
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3.  From  -Sn^take  -On*;  +6%^;  n^\  -n*;  -  8  nl 

4.  7aj-(-3a;)=?    -10v-(+4v)=?     ---24/S'~(-16/S^=? 

Subtract : 

6.   a^— 4a;  +  2  6.   5a  — c        7.   4  0*         -9 

30^4- 7a;-2  7  a  -  4  6  -  4  a  -  10 

8.  2  m  — ^n  from  —  4  m  —  w. 

9.  -6iB8  +  «-5from2aj8-4»2  +  9aj. 

10.  7^  —  7^  -h  1  from  ?^  -+-  2  r^  -h  1. 

11.  A'^-ff  from  ^3-3  A^B  +  3  AB*  -  JB». 

12.  6  -  4  a;  from  ^^a?  +  b-2x^. 

13.  If  ^  =  a^  -  1,  J5  =  a*  -  4a  4-  4,  0=  5  -  3  a^  find  ^  -  JB 
-fO.     Find  ^4-5-0. 

14.  3 1/  —  «  —  (y  —  6  2)  means  what  ?     Find  the  value. 

16.  r-4-(6-5r-2!r2)  =  ? 

16.   a*-6«-(a*-2a5  +  62)=? 

10.  Removal  and  Insertion  of  Signs  of  Grouping.  —  When  a  sign 
of  grouping  is  preceded  by  the  sign  +,  it  indicates  addition,  and 
when  preceded  by  the  sign  — ,  it  indicates  subtraction.  Hence 
the  rules : 

(1)  A  sign  of  grouping  preceded  by  the  sign  -\-  may  he  removed 
from  an  expression,  without  changing  the  signs  of  the  terms  inclosed, 

(2)  A  sign  of  grouping  preceded  by  the  sign  —  may  be  removed 
from  an  expression,  if  the  sign  before  each  term  inclosed  is  changed. 

Note.  — When  signs  of  grouping  are  inclosed  within  other  signs  of  group- 
ing, it  is  best  to  remove  the  innermost  sign  first,  then  the  innermost  remain- 
ing sign,  etc 

By  reversing  the  above  rules,  it  follows  that 

Terms  of  a  polynomial  may  be  inclosed  within  a  sign  of  grouping, 
when  this,  sign  of  grouping  is  preceded  by  the  sign  +,  without  chang- 
ing the  signs  of  the  terms ;  and  when  preceded  by  the  sign  — ,  by 
changing  the  signs  of  the  terms  indoaed. 


10  ELEMENTARY  ALGEBRA 

EXERCISES 

B/emove  signs  of  grouping  and  combine  similar  terms : 

1.  a  —  6  -f-  (2  a  4-  6).    •  3.    {m  —  n)  —  (m  +  n), 

2.  x-{-2y-(Sy-x),  4.   «— [2  a-(2  «--3  a)]. 

5.  [5_(a^_3aj)-4aj]. 

6.  (M+6]Sr)-\(7M-hSN)'-(7M-3]Sr)l. 

8.  a^ -I2ab  -  Ib^ -  a^-2  b']^b\ 

9.  -W+iSg^W)-\2W+[g^(W-g)^\-g. 

Leave  brackets,  but  remove  parentheses  and  simplify  within 
brackets : 

10.  [(a-26)  +  (3a-4  6)][(a-2  6)-(3a-4  6)]. 

11.  [P+(Q_i^)][P_(Q_22)]. 

12.  [(a; -  a)  +  (5y  +  2  a)]l(x  -d)-(5y  +  2  a)]. 

Inclose  those  terms  containing  a  and  b  within  parentheses 
preceded  by  +,  and  all  other  terms  within  parentheses  preceded 

by  -: 

13.  a^—b^  —  a^  —  2xy  —  y\ 

14.  2ab-a^-m^  +  n^, 

15.  a^-ab -{-b^~2xy~x'+y'. 

16.  a^-b^  +  Sx^  +  f-T^-Sxy'. 

17.  56— 2a— 3r  — 4s  +  <. 

18.  wV-w^  —  v^-{-a^  —  b\ 

11.  Fundamental  Laws  of  Multiplication.  —  The  product  of  two 
or  more  factors  is  the  same,  whatever  the  order  in  which  the 
factors  are  written  or  taken.  This  truth  is  called  the  Law  of 
Order  in  Multiplication. 

The  law,  as  applied  to  two  factors,  may  be  expressed  by 
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It  may  be  illustrated  graphically  as  follows : 

The  area  of  the  rectangle  is  the  same 

whether  we  multiply  x,  the  number  of  

unit  squares  in  each  row,  by  y,  the  num- 
ber of  rows,  or  multiply  y,  the  number       ' 
of  unit  squares  in  each  column,  by  x, 
the  number  of  columns. 


X 


•It  is  evident,  also,  that  the  product  of  three  or  more  factors  is 
the  same,  whatever  way  the  factors  are  grouped.  This  truth  is 
called  the  Law  of  Grouping  in  Multiplication. 

The  law,  as  applied  to  three  factors,  may  be  expressed  by 

(x/)z  =  x{yz). 

The  Laws  of  Order  and  Grouping  may  be  used  to  shorten 
arithmetical  multiplication. 

Thus,  2x7x8x5  may  be  written  2x5x7x8,  by  the  Law  of 
Order,  and  hence  (2  x  5)  x  (7  x  8),  by  the  Law  of  Grouping.  Multiplying 
2  by  5  gives  10,  multiplying  7  by  8  gives  66,  and  multiplying  these 
products  gives  560.  In  practice,  the  change  of  order  is  made  mentally, 
and  factors  whose  product  is  easily  found  are  grouped. 

There  is  a  third  fundamental  law  of  multiplication.  It  is 
evident  that  if  the  sum  of  two  or  more  numbers  is  multiplied 
by  a  given  number,  the  result  obtained  is  the  same  as  when 
each  of  those  numbers  is  first  multiplied  by  the  given  number 
and  then  the  products  added.  This  truth  is  called  the  Law  of 
Distribution.     It  is  expressed  in  symbols  by 

It  may  be  represented  graphically  as  follows : 


The  area  of  the  entire  rectangle  is  n  {x  -|-  y).       But  it  is  composed  of 
two  rectangles  whose  areas  are  nx  and  ny^  respectively. 
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EXERCISES 

By  grouping  factors  to  advantage,  give  at  sight  the  products : 

1.  5  X  9  X  2  X  8.         5.   50  X  34  X  2.  9.   33^  x  8  X  3  x  2. 

2.  2  X  6  X  8  X  5.         6.    96  x  26  X  4.         10.   |  x  42  x  16. 

3.  4x7x5x6.         7.   8x7x  121.        11.   |  X  f  X  21. 

4.  8  x  7  X  5  X  3.         8.   2|  X  9  X  4.  12.   12|  X  70  X  4  x  5 

13.  Show  graphically  that  n  (a  +  ^  +  c)  =  na  +  w6  4-  nc- 

14.  Show  graphically  that  ah  =  ha, 

12.  Multiplication  of  Positive  and  Negative  Numbers.  —  The  fol- 
lowing principles  apply  in  the  multiplication  of  positive  and 
negative  numbers : 

(1)  The  product  of  two  numbers  with  like  signs  is  positive. 

(2)  Tlie  product  of  tvjo  numbers  with  unlike  signs  is  negative, 

(3)  The  absolute  value  of  the  product  of  two  numbers  is  the 
product  of  the  absolute  values  of  the  numbers. 

From  these  principles  the  following  rule  is  derived  for  finding 
the  product  of  more  than  two  factors  : 

Fi7id  the  product  of  the  factors  regardless  of  signs,  and  prefix  + 
or  —  according  a«  the  number  of  negative  factors  is  even  or  odd. 


Multiply : 

1.    4-6 

+  2 


2. 
3. 
4. 
5. 
6. 
7. 


3 
5 


EXERCISES 

-f  4  -7 

-8  4-2 


3 

9 


+  5 

-7 


(-2)(-4),  (-7)(+8),  (+5)(-6),  (+4)(4-9). 
(-7)(+6),  (-10)(-4),  (4-12)(4-3),  (- 9)(4- 15). 
(-  2)(-  3)(-  1),  (-  4)(4-  2)(+  2),  (+  6)(-  2)(-  5). 
(-  1)(4-  7)(-  9),  (+  4)(^  4)(-  4),  (-  5)(-  5)(-  5). 
(-  1)(-  1)(-  1)(-  1),  (4-  2)(-  2)(-  3)(-  5)(+  6)(^  1). 
(-2/,(-4y,(+3)S(-l)«,(4.2/. 
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8.  (- 1)»,  (-2)X-  S)\  (-  m-  2>,  (-  4)(-  3)'(- 1). 

9.  Find  the  value  of  a®  when  a  =  —  2 ;  of  dbc  when  a  =  —  6, 
6  =  —  1,  c  =  +  4 ;  of  a*  4-  6*  when  a=^  —  Qy  and  6  =  -|-  4. 

10.   Find  the  value  of  (a?  +  y){x^  y)  when  a?  =  —  4  and  y  =  —  9. 

3.  Law  of  Exponents  in  Multiplication.  —  In  mvltiplying  tivo 
power's  of  the  same  base,  the  exponent  of  the  product  is  obtained  by 
adding  the  exponents  of  the  Jactors. 

In  general  symbols, 

This  law  follows  immediately  from  the  meaning  of  an  exponent. 

Thus, 

a"*  means  aaa  •••  to  m  factors, 

and  a"  means  aaa  •••  to  n  factors. 

Hence,        a"*  xa''  =  aaaa  •••  to  m  +  n  factors  =  a"*+". 

14.  Multiplication  of  Monomials  and  Polynomials.  —  From'  the 
laws  in  the  preceding  sections  we  have  the  following  rule : 

To  multiply  monomials,  find  the  product  of  the  numerical  coeffi- 
cients using  the  laws  of  signs,  then  annex  to  the  result  the  products  of 
the  like  literal  factors,  using  the  laio  of  exponents. 

It  follows  from  the  Law  of  Distribution  that 

To  multiply  a  polynomial  by  a  monomial,  multiply  each  term  of  the 
polynomial  by  the  monomial,  and  add  the  partial  products  obtained. 

It  follows  also  from  the  Law  of  Distribution  that 

To  multiply  one  x>olynomial  by  another,  multiply  the  multiplicand 
by  each  term  of  the  multiplier,  and  add  all  of  the  partial  products 
obtained. 

In  multiplying  one  polynomial  by  another,  the  similar  terms  among  the 
partial  products  obtained  should  be  arranged  in  columns  to  be  added. 

For  convenience,  the  terms  of  each  of  two  polynomials  to  be  multiplied 
should  be  arranged  according  to  either  the  ascending  or  the  descending 
powers  of  some  letter,  before  multiplying. 
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EXERCISES 

Find  the  products  of : 

1.  a*  X  a^ ;  at'  xa*;  a^  x  ar*;  rl^  y.n^\  P*  x  P\ 

2.  yy^fXf/\  t^Ystxf;  L^xIJ^xD;  7n^xm^Xm\ 
Z.  5a»  X  3a2;  G  F*  x  o  F^;  9zx2z';  6«  x  7  6^  x  46«. 

4,  (~3a*)(-4a''';;        (+8xX-5iC*);         ( - 2  .V*X  +  6  JV^. 

6.  (+G  a''6^;(-4  a//);  (-9  m«n)(-2  mn«)  ;  (+12iC*^)(+4a:'/). 


Find  the  vahie  of : 

6.   a  —  6 

2m  +  3n 

«*-33/» 

rt 

mw 

-4a!j^ 

9.  (a;  +  3)(a;~7);  {v^-!y){w'' -^)',  {N-6)(N^ -4:N-\-^y 

10.  (a«-l)(a«  +  l);  (2/'  +  l)(2/3-l);  (t^ ^  l)(t^  ^  1). 

11.  (a^-a-f-l)(a^+a  +  l). 

12.  (3-«  +  4«2)(2«^+7s-5). 

13.  (3a?2-8)(5-4ar^+2ar-a^. 

14.  (//-4-h4i))(3-4i>'0. 
16.  (w-l)(n''*-f  ri*-f  W4-1  + w^). 

16.  (/>  +  l)(;^+2)(;>  +  3). 

17.  (^  4-  2)  (yl  -  2)  {A'  +  4). 

18.  (3;/-r))(9,vH25)(5+3y). 

19.  {aP  +  v^)(;v^-^a^(v^^x^). 

Remove  signs  of  grouping,  and  combine  similar  terms : 

20.  a(2a-l)4-2a(a  +  l). 

21.  5(6x-3)~8(2x  +  4). 

22.  dx(y~2x)-6y(^2x-7y). 

23.  («  +  r))(t-l)  +  («4- 1)(<-5). 

24.  (ii^  -  4)  (n^  +  3  7i)  +  (h  -  5)  (w«  -  1). 
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2B.  (4Q-l)(Q-4)-(2Q  +  3)(3Q-2). 

26.  {^-f){:^  +  f)-{x^-^y'){x^  +  f). 

27.  (<3)^=?     {vy=:?     (~x'Y=? 

28.  (-5a^2r^«  =  ?     (6z(;V)2=?     (-2ZrV)«=? 

29.  («  +  3)2=?     (a-6)*=?     (2a-36)2  =  ? 

30.  (3m  +  5w)2=?     (a  +  6  +  c  +  d)2  =  ? 

15.  Special  Products.  —  The  products  of  certain  types  of  ex- 
pressions may  be  obtained  by  special  rules  found  by  actual 
multiplication. 

By  actual  multiplication,  {2  aH^y^y  =  16  a^Y^ ;  (2m^ny  = 
32  m%^;  and  in  general, 

Hence,  to  find  any  power  of  a  monomial,  raise  the  numerical 
coefficient  to  that  power  and  multiply  each  exponent  in  the  mono- 
mial by  the  expojient  of  the  power.  ♦ 

The  above  law  also  implies  the  form  ((a'")")''  =  a"*"'*. 
Also,  by  actual  multiplication, 

Hence,  to  find  the  prod^ict  of  the  sum  and  the  difference  of  the 
same  two  terms,  take  the  difference  between  their  squares. 

(jr  +  a)(jr  +  6)  =  jr^  +  (a  4-  6)  jr  4- a6. 

Hence,  to  find  the  product  of  two  binomials  having  a  common 
term,  take  the  square  of  the  common  term,  plus  the  algebraic  sum  of 
the  unlike  terms  multiplied  by  the  common  term,  plus  the  algebraic 
product  of  the  unlike  terms. 

(a  +  6)2  =  a2  +  2a6  +  62and  {a-by  =  a^ -2ab  ^  b\ 

Hence,  to  square  a  binomial,  take  the  square  of  the  first  term, 
plus  (or  minus)  twice  the  product  of  the  terms,  plus  the  square  of  the 
secmid  term. 

(a  +  6  -h  c)*  =  a^  ^  6^  +  c^  -f  2  a6  -h  2  ac  +  2  6c. 
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Hence,  the  square  of  any  polynomial  equals  the  sum  of  the  squares 
of  all  of  its  terms,  plus  twice  the  algebraic  product  of  each  term  into 
each  of  the  terms  following  it 


EXERCISES 

Give  at  sight  the  value  of : 

1.   {2y.                     6.    (2a«6)». 

11. 

(cfV)\ 

2.    (10^2^                    7.    (3a*6y. 

12. 

(xy's^^. 

3.    (by.                      8.    (10a»6^3^ 

13. 

(2  a^b)\ 

4.    (W)\                    9.    (20a/)l 

14. 

((a"6")*')*. 

6.   (20«)3.                   10.    (30a^/)3. 

16. 

((2  a^b)y 

Give  at  sight  the  products : 

16.  (»4-4)(n-4).  34.  (E-7y. 

17.  («-10)(a+10).  35.  (5  d- 12)1 

18.  (B-\-l)(R-l).  36.  (3«  +  4yj)«. 

19.  (to  -  6)  («;  4- 6).  37.  (15  m  — 2  n)*. 

20.  (3-^)  (3  4-0-  38.  (1-4/y. 

21.  (2a-3  6)(2a  +  36).  39.  (9  +  2  Vy. 

22.  (6r'^s){6r  —  s).  40.  (» 4- 3/ —  J^)*. 

23.  (7m  — 2n)(2n  +  7m).  41.  (4m  — 3n+jj)*. 

24.  (a;  4- 5)  (a;  +  2).  42.  (l-2x  +  3^y. 

25.  r-4)(^-7).  43.  (4a4-2  6-5c)l 

26.  (F4-9)(F-4).  44.  (a2-62_^a6)2. 

27.  (y-7)(y-6).  45.  (a;4-y-2-w)^ 

28.  (2a4-3)(2a4-5).  46.  (16^4-9)(9-4  0. 

29.  (6a;-7)(5a:4-3).  47.  (3  7^-7  i)(7i:4-3^. 

30.  (12P4-9)(12P-5).  48.  (xy  +  13)(xy--ll), 
81.  (2  4- 8  a)  (7  4- 8  a).  49.  (S  M^  -  1){3 -i- S  M^, 

32.  {x-hyy.  50.  (16v<-s^(16v<4-A 

33.  (2«4-6)*-  •     61.  a4  J.3  -  1X1 4- 14  ^^. 
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Give  at  sight  the  products  of  the  following,  using  the  principles 
of  this  section : 

62.  41  X  41;  72  X  68;  97  x  103;  65  x  65;  81  x  84. 

53.   109  X  101 J  92  X  92;  64  x  56;  35  x  45;  79  x  79. 

16.   Division.  —  Division  is  the  inverse  of  multiplication.     To 

divide  a  number  M  (dividend)  by  a  number  N  (divisor)  is  to  find 

a  number  (quotient)  which  multiplied  by  N  ifrill  give  M.     In 

general^ 

Divisor  X  Quotient  =  Dividend, 

Hence,  the  principles  and  rules  of  division,  deduced  from  the 
corresponding  principles  and  rules  of  multiplication,  are  as 
follows : 

(1)  If  the  dividend  and  divisor  have  like  signs,  the  quotient  is 
positive. 

(2)  If  the  dividend  and  divisor  have  unlike  signs,  the  quotient  is 
negoitive. 

(3)  In  dividing  powers  of  the  same  base,  the  exponent  of  the  quo- 
tient is  obtained  by  subtracting  the  exponent  of  the  divisor  from  thai 
of  the  dividend.     Tliat  is, 

(4)  In  dividing  monomials,  divide  the  coefficient  of  the  dividend 
by  that  of  the  divisor,  using  the  above  laws  of  signs,  and  annex  to 
the  result  the  quotients  of  the  literal  faxtors  obtained  by  the  above 
law  of  exponents. 

(5)  To  divide  a  polynomial  by  a  monomial,  divide  each  term  of  tJie 
dividend  by  the  divisor,  and  add  the  partial  quotients  obtained. 

EXERCISES 

Divide  as  indicated : 

_16      +24      -12      +32      -21      +63 
•     _8 '     +4 '     +6 '     -4 '     -7 '     -9* 

2.    (-24) +(-4);  (-42)-!- (+6);  (+72)+ (-9). 
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3.  a^-^a^',  f^-hf;   F22-5-F^«;  i^^*^!?;  n^^-f-n**. 

4.  16af'---2x*',  28P«-^7P«;  96^3^6^/;  84r«-?-12!r« 

5.  (-26a^*)^(-2a»);  (+32F^«)-4-(-8Fi2)^ 

6.  (+ 100  ary)  -f-  (-  20  ari/^) ;   (  -  a^^ft^)  -4-  ( -  a6*). 

7.  4ar016a?*-8ar^;   - 5 m^/Q lo m^?i  -  10 mV  +  20 mW. 

8.  (4  oJ'b* -  12 a6*  -  6  a^b^)  -i-(-2 ab^) . 

9.  (21  r*s2  +  28  rs*- 35  r«s8)^(- 7  rs2). 

10.  (-56  TF»-49  F^F4-63ir3F2-21TF2F^-«-(-7TP)- 

11.  {^2xY-S6xy-4Safiy'')-h(-h6a^f). 

12.  (^  Jf 8iV-  i  Jf  ^2  ^  ^  j^j^s)  ^  (^  jjf2V), 

17.  Division  of  One  Polynomial  by  Another.  —  The  method  of 
dividing  one  polynomial  by  another,  as  shown  in  the  First 
Course,  is  as  follows : 

(1)  ArvQuge  both  the  dividend  and  divisor  according  to  the  de- 
scending or  ascending  powers  of  some  letter. 

(2)  Divide  the  first  term  of  the  dividend  by  the  first  term  of  the 
divisor  to  obtain  the  first  term  of  the  quotieiit 

(3)  Multiply  the  ivhole  divisor  by  this  term  of  the  quotient,  and 
subtract  the  result  from  the  dividend, 

(4)  Treat  the  remainder  as  a  new  dividend  (having  the  terms 
arranged  as  before),  and  repeat  the  process,  continuing  until  either 
the  remainder  zero,  or  a  true  remainder,  is  found. 

In  arranging  the  terms  for  division,  if  terms  containing  powers  of  the  let- 
ter of  arrangement  between  the  highest  and  lowest  powers  of  that  letter  in 
the  dividend  are  missing,  spaces  should  be  left  for  them  in  the  written  work, 
as  shown  in  the  illustration  below. 

a2  _  a6  4-  52 


a«  +  a^h 

-  a^b  +  68 

-  a^b  -  ab^ 

ab^  +  b» 
ab^  +  6'J 
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EXERCISES 

Divide : 

1.  7i'-'  +  7n  +  10byn  +  2.  7.  1  -  25  iV^*  by  5  JV^  +  1. 

2.  aj2  -  12  a;  +  32  by  a?  -  8.  8.  R -12 -{-  R^  hy  R -%. 

3.  54  +  3  a  —  a^  by  9  ~  a.  9.  a^  —  1  by  a  —  1. 

4.  4.1-^0  ■\'t^hyt-\-10.  10.  27  +  m«bym-h3. 

5.  2^^  —  16  by  2/  —  4.  11.  1  —  «*  by  1  —  a;. 

6.  9  -  -v^  by  3  +  V.  12.  s^  -h  ^  by  s^  __  a^  +  «2. 

13.  ^*  +  A^B^  -[-B'hy  A^  +  AB  +  B\ 

14.  8  5^  +  125  -  30  a6  +  a^  by  a  +  5  -h  2  6. 

18.  Synthetic  Division.  —  An  abbreviated  method  of  division, 
called  synthetic  division,  may  be  used  to  advantage  when  the  divi- 
dend in  a  polynomial  is  some  letter,  say  «,  and  the  divisor  of  the 
form  X  —  a. 

Thus,  the  usual  process  of  division  of  a*  —  9  x^  +  27  a:  —  40  by  x  —  6, 
bringing  down  only  such  terms  in  each  remainder  as  are  immediately  needed, 

is  as  follows : 

a;2  _  4  «  +  7 


X- 

-  5)x8  -  9  x2  +  27  X  - 

X8-5X2 

-40 

-4x2  +  27x 
-4x2  +  20x 

7x- 
7x- 

-40 
-.35 

—  6,  rem. 

Observe  that  the  coefficients  of  the  terms  in  the  quotient  are  the  coeffi- 
cients of  the  first  term  of  the  dividend  and  of  each  of  the  remainders,  taken 
in  order. 

Since  the  first  term  of  each  partial  product  cancels  the  term  just  above  it 
in  the  subtraction,  the  former  need  not  have  been  written. 

Hence,  if  the  dividend  is  written  in  descending  powers  of  x,  the  first  term 
of  the  divisor  need  not  be  written  at  all. 

If  the  sign  of  each  term  of  the  partial  products  had  been  changed,  this 
term  might  have  been  added  to  tlie  term  above  it,  instead  of  subtracted  from 
it.  The  same  result  may  be  obtained  by  changing  the  sign  of  each  term  of 
the  divisor,  multiplying,  and  adding  the  partial  products  to  the  terms  above 
them. 
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Hence,  omitting  all  work  that  is  unnecessary,  writing  the  coefficients 
only,  and  raising  all  of  the  remainders  into  one  line,  the  division  may  be 
written  as  follows : 

5)1-9  +  27-40 

+  6-20  +  35 

1-4+    7-    6 

where  1,-4,  and  +  7  are  the  coefficients  of  the  quotient,  and  —  5  the  re- 
mainder. 

Thus  we  see  that  in  83mthetic  division : 

The  first  term  of  the  divisor  is  omitted,  the  sign  of  the  second  term 
of  the  divisor  changed,  and  only  coefficients  of  the  dividend,  partial 
products,  remainders,  and  quotient,  written, 

TJie  first  coefficient  of  the  dividend  is  brought  down  for  the  first 
coefficient  of  the  quotient. 

This  number  is  multiplied  by  the  number  in  the  divisor  and  added 
to  the  next  term  of  the  dividend  for  the  second  coefficient  of  the  quo- 
tient, and  so  on  to  the  last  term.     The  last  sum  is  the  true  remainder. 

Example.  —  Divide  3  «»  -  7  x^  +  13  by  a;  +  2. 

The  2  of  the  divisor  is  placed  at  the  left,  with  its  -2)3-7+0  +  13 
sign  changed.    Since  the  first  power  of  x  is  missing  —   6+26  —  62 

from  the  dividend,  the  coefficient  0  must  be  supplied.  3  —  13  +  26  —  39 

The  first  coefficient  3  is  brought  down  for  the  first  term  of  the  quotient.  Then 
(-2)(3)  =  -6;  -7-6  = -18;  (- 2)(- 13)=  +  26  ;  0  +  26  =  +  26  ; 
(-  2)(  +  26)  =  -62  ;  +  13-62= -39.  Hence  the  quotient  is  3aj2-13a;+.26, 
and  remainder  —  39. 

If  any  power  of  x  in  the  dividend  is  missing,  its  place  must  be  sup- 
plied by  a  zero. 

EXERCISES 

■ 

Divide  by  the  synthetic  method : 

1.  a^  +  Sas^-Tx-Shy  X'-2.  6.  ^  +  2^2^96  by  «  + 4. 

2.  2ai^-9a^-^3x-5hyx--4..       7.  F»+3  T^  +  F-T  by  F-3. 

3.  a*-.3a^  +  7a-l  by  a-2.        8.  29'«  +  r2-7  by  r  +  3. 

4.  3n8+77i*-3w-|-15by  n+-3.       9.  A^-\'5A^-\-A-Shy  A-{-4, 

5.  y^-7f  +  2y-12hjy  +  2,      10.  n* +  37i2-9  by  7i  +  6. 
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SUPPLEMENTARY  EXERCISES 

Note.  —  These  exercises  and  the  supplementary  exercises  at  the  ends  of 
other  chapters  may  be  used  by  all  classes  for  reviews  and  for  more  difficult 
exercises  than  those  contained  in  the  body  of  the  text.  They  may  be  omitted, 
however,  without  interfering  with  the  continuity  of  the  work. 

1.  Express  BBB  •••  to  w  factors  by  use  of  an  exponent. 

2.  Express  t*  without  an  exponent. 

By  adding  the  literal  coefficients  of  the  like  literal  parts,  find 
the  sums  of : 

3.  an,  bUy  and  en. 

« 

Solution.  —  Indicating  the  addition  of  a,  6,  and  c,  the  sum  is  (a+&+c)n. 

4.  ax,  —  bxy  and  ex.  6.   2  ay,  —  3  by,  and  ey. 

5.  mr^,  nr^,  and  —jjr*,  7.   4:aa^,  9na^y,  and  --66a*y. 

8.  ax-{-by-\'ez,bx-{'Cy-^  az,  and  cx  +  ay  +  bz. 

9.  From  5  m  — 2  n  subtract  n  —  4^. 

10.  From  Ax  —  By  subtract  Cx  -f  Dy, 

11.  From  2ax  +  4:ez  subtract  5by  —  az. 

12.  Simplify  -  2  -  [a  +  J5  -  (3  a  -  1)  -f  a}  ~  1]  -  a. 

13.  Kemove  parentheses,  leaving  brackets,  and  simplify 

[(5aj-y)-h(2  2/-4«)][(5aj-2/)-(2y-4;^)]. 

Multiply : 

14.  or",  a^%  and  a^.  19.  T^  +  ^,  T*»  -  «*,  7^  +  «*. 

15.  a"'^^^,  a6»~^,  and  a^6*.  20.  a;*  •  a;"  •  a?*  .  •  •  to  8  f actors. 

16.  i^«-^  2  222«+i^  and  —  3  B^\  21.  a?"  •  a;"  •  aj*  •  • .  to  w  factors'. 

17.  A'  -{-  B*  and  A'  -  B*.  22.  {xff){7f'f)  ...  to  w  factors. 

18.  a"  —  6",  a»  +  6",  a-"  -f  &"".  23.  (2  a»6)(2  a»6)  ••.  toe  factors. 

Divide : 
24.    Jf^«  by  J[f«;  ^"^  by  B^.       27.   iV*  -3  JV^+i  -\-22P>''^  by  J^, 
26.    —  48  a^y"  by  —  4  a?"?/^.  28.   ar^"  —  y^""  by  a?"  —  y\ 

26.   32  TT^+^F"-^  by  4  TF«F«^.       29.   ^*"  -  J5**»  by  ^»  -  5*. 
SO.    Simplify  —  n\a  —  w(3  a  —  w)  —  w*]  4-  an. 
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FACTORS   AND   MULTIPLES 

19.  Factoring.  —  Those  expressions  whose  product  is  a  given 
expression  are  called  the  factors  of  the  given  expression.  The 
process  of  finding  the  factors  of  a  given  expression  is  called  fac- 
toring. If  a  factor  of  an*  expression  cannot  itself  be  factored,  it 
is  called  a  prime  factor.  In  general,  to  factor  an  expression  means 
to.  find  its  prime  factors. 

Ability  to  factor  an  expression  depends  upon  recognition  of 
the  special  type  form  of  the  expression.  The  methods  of  factor- 
ing expressions  of  certain  special  type  forms  that  were  discussed 
in  the  First  Course  are  restated  in  §§  20-23. 

20.  Monomial  Factors.  —  In  factoring  any  expression,  if  it  has 
a  monomial  factor,  this  factor  should  be  found  first,  and  the  ex- 
pression written  as  the  product  of  the  monomial  and  a  polyno- 
mial factor.  The  polynomial  factor  should  then  be  factored  if 
possible.  To  find  the  monomial  and  polynomial  factors  of  an 
expression, 

Findy  by  inspection,  the  monomial  of  highest  power  that  will  divide 
each  tei-m  of  the  expression.  Divide  the  expression  by  this  m.onomial. 
The  divisor  and  quotient  are  the  monomial  and  polynomial  factors^ 
respectively,  of  the  given  expression. 

Example.  —  Factor  3  mH  —  9  w V  +  3  wW. 
Dividing  each  term  by  3  m^n, 

3  w»*n  -  9  w»8n2  +  3  m^n^  =  3  m^n(m^  -  3  mn  +  n^). 

EXERCISES 

Factor : 

1.  6a*-lSa\  3.   4  a^  -  14  xV  + 10  oV- 

2.  15  m%  H- 12  mV  +  9  mn».  4.    2  ttR^ -^  AttRK 

22 
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5.  7«*-28«3^-14«V. 

6.  _^3-^2_    4 

7.  ^a?-2ah-h\ 

9.  4:irR^-\-4.'jr7^  +  4:'jrRr, 


11.  3  m^n  —  6  mV  4-  3  mV. 

12.  aj"  4-  CKC". 

13.  a*6*  — a*. 

14.  ^V+2  4- «•■" V. 

15.  P*+^4-P"Q. 


10.   8Fi'-16FiF2  4-8FiF3.  16.   5  a»r "' +  10  a«-y. 

21.  Factoring  Binomials. — To  factor  a  binomial,  see  if  it  is  of 
either  of  the  following  special  forms,  and  determine  the  factors 
accordingly. 

I.   A  Binomial  the  Difference  of  Two  Squares 

By  multiplication, 

a2-62=(a4-6)(a-6). 

Hence,  the  factors  of  the  difference  of  the  squares  of  two  numbers 
are  the  sum  and  the  difference  of  the  numbers. 

Example.  —64  F^  -  81  2^  =  (8  VY  -  (9  T)2 

=  (QF4-9r)(8F-9r). 

II.  A  Binomial  the  Difference  of  Two  Cubes 

By  multiplication, 

a^  -  6«  =  (a  -  6)(a2  4-  a*  4-  b^. 

Hence,  one  factor  of  the  difference  of  the  cubes  of  two  numbers  is 
the  difference  of  the  numbers,  and  tlie  other  is  the  sum  of  their 
squares  and  their  product. 

Example.— 8  iJ8  -  27  i>8  =  (2  By  —  (3  2))8 

=  (2  i?  -  3  I>)(4  i?2  +  6  JBD  +  9  2>2). 

III.    A  Binomial  the  Sum  of  Two  Cubes 

By  multiplication, 

a^  4-  6»=  (a  4-  b){a^-ab  4-  b^, 

Hence^  one  factor  of  the  sum  of  the  cubes  of  two  numbers  is  the 
sum  of  the  numbers,  and  the  other  is  the  sum  of  their  squares  miniio 
their  products 
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Example.  —  64  ni^  +  1  =  (4  n^y  +  1 

=  (4 1*6  +  1)(16  nio  -  4  n6  +  1). 

A  binomial  may  be  one  of  the  above  forms,  and  then  when 
factored,  one  or  both  of  its  factors  may  be  some  one  of  these 
forms.    In  such  a  case  the  factors  should  be  factored. 
Example.  —  a^e  _  i  =  (358)2  _  1 

=  (a;8  +  1)  (k*  -  1) 

=  (»  +  l)(x2  ^  X  +  V)(x  -  l)(a;a  +  X  +  1). 

EXERCISES 
Factor : 

1.  9-42-.16.  12.  a^-125y».  23.  48aj8+6y«. 

2.  4^2-25.  13.  216 -T^  24.  a^-l. 

3.  1  — 49n2.  14.  m'-|-27ri«.  25.  /-2;«. 

4.  25  a?*-^  64  2/*.  16.  -4^+1.  26.  A^  -  &. 

5.  SlF^-l.  16.  Sr^  +  l.  27.  1-^. 

6.  4P2-9Q2.  17.  1  +  64P8.  28.  m«  +  n« 

7.  25JB2-16.  18.  125p8  +  8^.  29.  cxP-y^. 

8.  36v»-49wl  19.  8TP-1.  30.  am* -aw*. 

9.  a«-8  6l  20.  27  4- s^.  31.  p^q^-\-p^<f' 

10.  Jf3-27.  21.   ^d?^12h\  32.   irB^ -  irRH\ 

11.  1-64A:«.  22.   5  -  40  iV^^.  33.   8'y*«-64v«*. 
34.   (a  +  6)2-c^                           37.    (v4-^)2-(^^  +  t4)2. 

36.    (m-n)2-aj2.  38.    (JW- JVr)2_(P- Q)2. 

36.  p'-iq-ry.  39.    (2^4--B)«-(0-3Z>)». 

22.  Factoring  Trinomials.  —  To  factor  a  trinomial,  see  if  it  is 
of  either  of  the  following  special  forms,  and  determine  the  factors 
accordingly. , 

I.  Trinomials  that  are  Perfect  Squares 
By  multiplication, 

(a  +  «/  =  a'  +  2a6  +  «'and(fl-6)2  =  a2-2fl6+6«. 
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Evidently f  a  trinomial  is  the  square  of  a  binomial  when  two  of  its 
terms  are  squares  and  the  other  term  twice  the  product  of  their  square 

I'OOtS, 

To  factor  such  a  trinomial  express  it  as  the  square  of  a 
binomial.     It  follows  from  the  above  identities  that : 

To  find  the  binomial  of  which  a  given  trinomial  is  a  square,  take 
as  the  terms  the  square  roots  of  the  two  square  terms  of  the  trinomial^ 
and  connect  them  by  the  sign  of  the  other  term. 

Example.  —  26  M^  -  30  MN  +  0  iV^«  =  (6  Jf  -  8  Ny. 

II.  Trinomials  of  the  Form  ar  +  oa?  +  & 

Since,  by  §  15,  the  product  of  two  binomials  having  a  common 
term  x  must  be  of  the  form  a?  -\-  ax  -{-h,  in  which  a  is  the 
algebraic  sum  of  the  unlike  terms  of  the  binomials  and  b  their 
product,  it  follows  that : 

To  factor  a  trinomial  of  the  form  x^  +  ajr+4,  take  as  factors  two 
binomials  with  a  common  term  x  and  having  for  their  other  terms 
two  numbers  whose  algebraic  sum  is  a  and  algebraic  product  6. 

Example.  —  Factor  IP  —  4  ^  —  12. 

For  the  second  terms  of  the  factors  we  must  find  two  numbers  whose  sam  is 
—  4  and  whose  product  is  ~  12.    These  are  evidently  —  6  and  +  2.    Hence, 

^  -  4  i?  -  12  =  (JB-6)  (i?+  2). 

III.  Trinomials  of  the  Form  aa?-\-bx  +  c 

If  a  trinomial  of  the  form  oa^  -{-bx  +  c  has  binomial  factors, 
they  are  of  the  forms  ma;  +  p  and  nx  -f  q.  Of  the  various  methods 
of  factoring  such  a  trinomial,  there  is  none  better  than  the  follow- 
ing: » 

Find  by  trial  two  binomials  whose  product  is  the  given  binomial. 

Example.  —  Factor  4.A^—^A-  27. 

The  product  of  the  first  terms  of  the  factors  must  he  4  J^,  Hence,  they 
must  be  either  A  and  4  ^,  or  2  ^  and  2  A»  The  product  of  the  last  terms 
must  he  -*  27.     Hence,  they  must  have  unlike  signs,  and  must  he  either  1  and 
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—  27,  —  1  and  27,  3  and  —  9,  or  —  3  and  9.     Hence,  the  possible  trial  sets  ol 
factors  are : 

^+1  ^-1  ^  +  3  .1-3         2A-\-\ 

iA-27        4:  A +  27       4^-9         4^1  +  9         2  A -27  etc. 

Only  the  fourth  of  these  gives  the  right  sum  of  cross  products,  -^S  A.   Hence, 

4^2_3^«.27  =  (^-3)(4^  +  9). 

EXERCISES 

Factor  : 

1.  ic2  - 10  a? -h  25.  16.   64p2-j_48_p5+9g«. 

2.  4a2-f4a4-l.  17.   3TF-27  +  4IP. 

3.  9^-24fy-hl6v2.  18.   L^-^-dLv-Uv^ 

4.  1H-14P4-49PI  19.   mn^  —  3mn  —  54:m. 

6.  R^  - 12  Z?r  +  36  r*.  20.  5  nx^  + 10  nxf  +  5  nt/*. 
i  n*-|-7n  +  10.  21.  4  ai^  +  S  aF- 60  a. 

7.  ar^-llaj  +  18.  22.  4  Ar^n  —  2  A:mn  -  20  m^n. 

8.  ^2  -  ^  -  56.  23.  -  J58  -  2  B^  _  ^. 

9.  w^  +  2tuv-'35v^,  24.  G /iV 4. 17  7^2^ _  14  ^2 

10.  T^  -  7  T?7-  30  (71  25.  5  rj^  -  12  rir2+  4  r^^ 

11.  8a2-10a  +  3.  26.  36  -  30  2)  -  6  D^. 

12.  2  F^  -h  7  F-  30.  27.  f  r^ -  SO  tTv  +  225  «v*. 

13.  15Jtf*-2Jf-8.  28.  -4-24(r-*-36d*. 

14.  12i?  +  25Pr  +  12r2.  29.  4  ttP^  4.  28  tt  -  22  TriJ. 
16.  10  a^  +  29  a;?/  -  21  ?/.'  30.  45  V^^  + 12  F/  +  69F1F2. 

31.  (a;  +  6)2-5(aj4-&)4-6. 

32.  (m  —  w)2 4- 2 (m  —  n)(w;  +  -y)  +  (t« 4- v)*. 

33.  4(^  + -B)*H- 3  C(^  +  B)- 27  C7l 

23.  Factoring  Polynomials  by  Grouping  Terms.  —  By  grouping 
terms,  some  polynomials  may  be  written  in  one  of  the  special 
forms  given  in  §§  20,  21,  and  22,  and  factored  accordingly. 
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I.   Polynomials  whose  Terms  may  be  grouped  to  give  a 

Common  Factor 

Ghroup  the  terms  of  the  polynomial  to  be  factored  so  that  a  factor 
may  be  divided  out  of  each  group,  and  that  the  expressions  left  in 
parentheses  are  the  same  in  all  of  the  groups.  Then  divide  by  the 
expression  in  parentheses,  writing  the  divisor  as  one  factor  and  the 
quotient  as  the  other. 

Example  1.  —  Factor  2v  +  i?2  —  2io  —  vw. 

Grouping  the  first  and  second  terms,  and  also  the  third  and  fourth  terms, 
and  dividing  out  the  monomial  factor  of  each  group, 

2  V  +  tj*  —  2  to  -  t?W7  =  t?(2  +  t?)  —  10(2  +  v) 

=  (2-\-v)(v-v}), 

Example  2.  — Factor  a^  —  52  —  ac  +  be. 

Grouping  the  first  two  terms,  and  also  the  last  two,  and  factoring  the 

groups, 

a»  -  &« -  ac  +  &c  =  (a  +  6)(a  -  6)  -  c(a  -  6) 

=  (a  —  &)(a  4-  &  —  c). 

II.  Polynomials  written  as  the  Dipperence  op  Two 

Squares 

Gfroup  those  terms  that  form  the  square  of  a  binomial,  and  express 
the  polynomial  in  the  form  a^  —  b\ 

Example.  —Factor  ^a^ —h^ +  Qhc -^ (S\ 

Grouping  the  last  three  terms  in  parentheses  preceded  by  the  sign  — , 
4a2  -  &2  +  6  &c  -  9c8  =  4  a2  -  (62  -  6  6c  H-  9c2) 

=  4a2~  (6~8c)a 
=  (2a  +  [6-8c])(2a-  [6~8c]) 
=  (2  a  H-  6  ~  8 c)(2  a-  6  +  3  c). 

EXERCISES 

Factor : 

1.  a^-2ab'\-V-<?.  6.  xP-^yQ-xQ  +  yP. 

2.  aj«-y2-22/-l.  6.  2b  A^  ^2BG -R^  -  (y. 

3.  an  —  bn  —  am -{- bm.  7.  m^ '{-n^^2mn  —  i^—t^'^2vt, 

4.  y»^xy-yz-xz.  8.  B^ -^ 4:  AO - A^ - 4:  (P. 
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9.  8P-58  +  5t'-tP.  14.   l-664-4mn  +  96'  — m*-4  ii« 

10.  na  —  nb  +  a-b.  16.   H^-16t^  +  ffv--4:Vt. 

11.  v^^  V-^Vv-^v,  16.  2a-26  +  ad  — 6d  +  2c  +  c<i 

12.  IP —' r^  —  r -\' R.  17.   am*  +  am  +  6m^  +  6m -f- a  4- 6. 

13.  l+4y  +  4y*  — «*.  18.   «5*  — 2^  +  21*  — w;*  —  2(aw—yto). 

24.  Trinomials  of  the  Form  a*  +  na^b^ -h  b*-  —  Some  trinomials 

of  the  special  form  a*  +  naV  +  b\  which  cannot  be  factored  by 
the  methods  of  §22,  may  be  written  in  the  form  a*  —  b\  by  the 
addition  and  subtraction  of  a  term  and  by  grouping  terms  as  in 
§23. 

Add  such  a  positive  term  to  the  middle  term  as  will  make  the 
trinomial  a  perfect  square,  and  indicate  the  svbtra^ion  of  the  term 
added. 

Example.  —  Factor  4  x*  -  16  xV  +  9  y*. 

By  adding  and  indicating  the  subtraction  of  4  x^^, 

4  «*  -  16  X V  +  9y*  =  43c*-12«2y2  +  9y*-4  re V 

=  (2x2«3y2)2_(2ajy)a 
=  (2x2-3y2^.2xy)(2a;2-8y«-.2iBy), 

EXERCISES 

1.  n*  +  n«  +  l.  9.  36 ^*-76 ^2^2^25  n 

2.  l4-3a*4-4:a*.  10.  49 y*  + 19 y^^ _^ 4 z^. 

3.  a^  +  aj^  +  l.  11.  4T7«-16  T7V4-25w«^. 

4.  f^4-2^V  +  9t;*.  12.  64  a*6*  + 12  a^ft^  + 1. 

6.  P-3T^  +  9.  13.   m« - 22 m Vy*  +  9 aJ*2/«. 

6.  4:a*  +  16a^b^  +  25b\  14.   8^i2*- 90,ri??'*+507rr^. 

7.  4  J»f  ^  4- 4  J»f  2iV^2  ^  25  ^^  16.   4  v^^^  -  4  v«^  +  64  <* 

8.  E'-15R'r'  +  9r\  16.   76  a»-h48a«6V-M2a6V. 

25.  Factoring  by  the  Remainder  Theorem.  —  A  polynomial  that 
cannot  be  factored  by  any  of  the  methods  in  the  preceding  sec- 
tions may  sometimes  be  factored  by  use  of  the  following  prin- 
ciple^ called  the  Remainder  Theorem. 
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If  a  polynomial  in  x  he  divided  by  x  —  a,  the  remainder  is  the 
same  as  the  dividend  when  x  is  replaced  by  a, 

x^  +  x  +  ^ 

Thus,  dividing  «»  -  a;«  +  8  a;  +  2  by       x  -  2)x»  -   ««  +  8  a;  +  2 
a;  — 2  gives  a  remainder  12,    Now,  if  sfi  —  ^x^ 

X  is  replaced  by  2,  the  dividend  be-  sfi  +  Sx 

comes  8  —  44-6  +  2,   or  12.     Hence,  x^-^2x 


the  remainder  is  the  same  as  the  divi-  dx  +   2 

dend  when  x  is  made  2.  6  a;  —  10 

12,  rem. 

To  show  that  this  principle  is  true  in  general,  let  any  polyno- 
mial in  a;  be  represented  by  the  general  expression : 

Aaf  +  Baf'^  +  Caf"^  +  ...  4-  Jfa?  +  JV. 

Let  the  quotient  and  remainder,  when  this  is  divided  by  a?  —  a, 
be  represented  by  Q  and  B  respectively.     Then  since 

Dividend  =  Divisor  x  Quotient  +  Remainder^ 

Asr  +  5a?"-i  +  (7aj"-*  4 h  -Wic  4-  N  =^{x  -  a)(i  4-  ^. 

Since  x  may  be  any  number,  this  equation  must  be  true  when 
a;  s=  a.     But  when  a?  =  a,  it  becomes 

-4a"  +  ^a**-^  4-  Ca""^  4- h  3/a  +  N^{a  —  a)Q  +  R. 

Hence,  since  the  term  {a  —  a)Q,  is  zero, 

^a"  4-  -Ba**-*  4-  Ca""*  4-  —  4-  J^a  +  -2V=  iJj 

which  establishes  the  general  principle. 

Now,  since  a?  —  a  is  a  fad(yr  of  the  polynomial  when  the  re- 
mainder is  zero,  the  following  factor  theorem  may  be  stated : 

If  a  polynomial  in  x  becomes  zero  when  x  "is  r&placed  by  a  numbef 
a,  then  x—  a  is  a  factor  of  the  polynomial. 

Example.  —  Factor  a^  —  5  a;2  4- 10  x  —  12. 

If  X  is  replaced  by  3,  the  polynomial  becomes        8)1  —  5  4- 10  —  12 
27  —  46  +  80  —  12,  or  0.    Hence,  a;  —  3  is  a  factor.  4-3-    6  4-12 

Dividing  the  polynomial  by  a;  ~  3  gives  the  quo-  1  —  24-   4 

tient  x^'—2x  +  4t for  the  other  factor. 

Now  a:^  —  2  X  +  4  is  of  the  form  x^  +  ax  +  6,  but  cannot  be  factored. 

Hence,  x^  -  6  x^  4- 10  x  -  12  =  (x  -  8) (x^  -  2  x  4-  4). 
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Observe  that,  in  the  above  example,  since  the  product  of  the 
last  terms  of  the  factors  must  be  —  12,  the  only  values  that  should 
be  substituted  for  x  in  the  given  expression  are  divisors  of  —  12. 
In  general,  when  an  expression  to  be  factored  is  written  in  de- 
scending powers  of  the  letter  of  arrangement,  only  divisors  of  the 
last  term  should  be  used  for  the  letter  of  arrangement  in  dis- 
covering the  factors. 

When  a  binomial  factor  has  been  discovered  by  the  Remainder 
Theorem,  the  quickest  way  to  divide  it  out  is  by  synthetic  division, 
as  shown  in  the  above  example. 

If  a  polynomial  in  x  has  more  than  one  factor  of  the  form 
a?  —  a,  these  may  all  be  found  by  trial  before  any  division  is  per- 
formed, and  the  polynomial  bo  divided  by  their  product  to  obtain 
the  remaining  factor.  In  some  problems  the  division  may  not  be 
necessary  at  all. 

Example.  —  Factor  x^  —  6«2y  _  8  xy^  +  12  y*. 

The  only  values  that  may  be  substituted  for  x  are  y,  —  y,  2  y,  —  2  y,  3  y, 
—  3  y,  4  y,  —  4  y,  6  y,  —  6  y,  12  y,  or  —  12  y.  By  trial  it  is  found  that  when 
X  is  replaced  by  y,  —  2  y,  or  6  y,  the  given  expression  becomes  zero.  Hence, 
three  factors  are  x  —  y,  x  -f  2  y,  and  x  —  Qy,  It  is  evident  that  there  can  be 
only  these  three  factors.     Hence, 

a;8-5«2y  ^Sxys-f-  12y8  =  (x-y)(aj4-2y)(ic-6y). 

EXERCISES 

Factor  by  the  Remainder  Theorem : 

1.  2i»2-aj-l.  4.   4n2-}-7n-2.  7.   3  P -13  F-10. 

2.  3  a;2  +  5  a?  +  2.       5.    2^-9^  +  9.  8.   a?*  -  3  aj*  —  4. 

3.  2/-52/  +  2.       6.   3^'  +  14^  +  15.    9.   a«~21a-20. 

10.  f-^y^  +  lly-^.  16.  a«  +  3a2  +  3a4-2. 

11.  68  ^  52  _  3  5  __  2.  17.  i?^  +  2  i^^  -  4  i?  -  3. 

12.  P3^7p2^7p_i5^  18.  s*  +  75^  +  13s2-|-7s-M2. 

13.  n*  -1-  w«  -  2  n  -  2.  19.  2;«  -  2;*  -f  2^^  -  1. 

14.  2'u3^3^2_5o^4.  24.  «0.  a^ -f  2  a^ft  -  aft*  -  2  &«, 

15.  3T«-2T2-f  r-2.  21.  27?--Zxy  +  f, 
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22.  ^Qt^-{-2xy  -}/^,  ,  27.   N^-7  a^N-^a^ 

23.  m^-{-2mhj-my^'-'2f.  28.   Show  that  a  -  6  is  a-f  actor 

24.  s8-2sV-9sy*-|-18  3/«.         ofa«-6^. 

26.   f'\-4.fd'\-td^-Qd\  29.   Show  that  a -h  2>  is  a  factor 

26.   ^8-3^*54-3^52-^.       ofa^*  +  6". 

26.  Binomials  of  the  Forms  a"  -  fc''  and  a"  4-  i''.  — The  factors 
of  a*  —  6"  wheu  71  is  2,  and  of  both  a*  —  6*  and  a"  +  6*  when  w  is 
3,  have  been  found  in  §  21.  The  factors  of  a*  —  6"  and  a"  -f  ^^ 
for  all  values  of  n  may  be  found  by  the  Remainder  Theorem. 

In  a"  —  6",  let  a  =  6.     Then  a*  —  6*  becomes  6*  —  6"  or  0. 

(1)  Hencef  a  —  b  is  a  factor  of  a  —  b"  for  all  values  of  n. 

In  a**  —  6",  let  a  =  —  &.  Then  a*  —  6"  becomes  (—&)"  —  t"j 
which  is  0  when  n  is  even,  but  not  0  when  n  is  odd. 

(2)  Hence,  a  +  b  is  a  factor  of  a"  —  b"  only  when  n  is  even. 

In  a"  +  6",  let  a  =  h.  Then  a**  4-  6"  becomes  6**  +  6",  which  is 
not  0  for  any  value  of  w. 

(3)  Hence,  a  —  b  is  not  a  factor  of  a"  -h  b"  for  any  value  of  n. 

In  a*  4-  ft",  let  a  =  —  6.  Then  a"  4-  6"  becomes  (—  &)*  4-  &*, 
which  is  0  when  n  is  odd,  but  not  0  when  n  is  even. 

(4)  Hence,  a  ■\-  b  is  a  factor  of  a"  4-  b"  only  when  n  is  odd. 

The  polynomial  factors  of  a"  —  6"  and  a"  4-  6"  for  special  values 
of  71  are  found  by  division.     Thus,  by  division, 

a*  -  &«  =  (a  -  6)(a*  4-  a%  4-  a^ft^  4-  aW  4-  &0  J 
a«  -  &«  =  (a  -  6)(a«  4-  a^6  4-  «'&*  4-  a^^^  4-  a6*  +  6*) ; 
a^  4-  6^  =  (a  4-  &)(«•  -  a*6  4-  a*^*  -  a«6»4-  a-2>*  -  aW  4-  6^; 
a«  -  68  =  (a  X.  h){a^  -  a«6  4-  a*&^  -  «*&'  4-  «'«^^  -  a^l^  -f  a6«  -  6')  j  etc. 
In  general, 

TF^en  the  binomial  factor  is  a  —  b,  the  signs  of  all  terms  of  the 
polynomial  factor  are  4-  /  cind  when  the  binomial  factor  is  a  -{-  b, 
the  signs  of  the  successive  terms  of  the  polynomial  factor  are  aUer^ 
nately  4-  and  — . 


EXERCISES 

6. 

1-71^ 

9. 

2ji«_^. 

6. 

a^i  -  6". 

10. 

32aj»4-243/ 

7. 

a"  +  b"^. 

11. 

2  -  266  B\ 

8. 

R'^  +  r^. 

12. 

rn}^  +  w*. 
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In  every  polynomial  factor  the  exponents  qf  a  diminish  by  1  and 
the  exponerds  of  b  increase  by  1,  as  we  proceed  term  by  term  from 
left  to  right. 

Example.  —  Factor  x^^  ~  32  y^. 

Indicating  the  powers  of  the  factors  in  the  terms,  and  simplifying  after- 
ward, 

a;io-32  2/6=(a;2)5_(2y)6 

=  («'  -  2  y)  [  (a;«)*  +  (x^y(2,  y)  +  (aja)2(2  y)^  +  W  (2  y)«  +  (2  y)*] 
=  (a;2  -  2  y)(a;8  +2  a^y  +  4  T^y^  +  8  a;2y8  +  16  y*). 


Factor : 

1.  a^-b\ 

2.  a'  +  l. 

3.  a«-326«. 

4.  1-^. 

13.  a5*  +  2^. 

Suggestion.  —  Write  it  as  the  sum  of  odd  powers,  thus  :  (a;2)8+  (yS)^. 

14.  l-\-a^\        16.   n^*  +  l.  18.   5  +  5  P^«.       20.    a"  +  ?>'*. 

15.  x^'^y'K      17.   v^*-hw;i^        19.   4  +  4JV^«.    ^   21.   1+y^. 

22.  a®— 1. 

Suggestion.  — :  Write  it  as  the  difference  of  two  squares,  thus,  (a^)^  —  1. 

23.  x^^-y^,      25.    1  -  f^  27.    a"-l.  29.   w^-v*. 

24.  m^^-n^\      26.    256 -a^        28.  jp^-g^.  30.    1-P». 

27.  General  Directions  for  Factoring.  —  In  attempting  to  factor 
any  given  expression, 

(1)  First  see  if  there  is  a  monorn.iol  factor,  and  if  there  is,  factor 
the  expression  into  its  monomial  factor  and  the  corresponding  poly- 
nomial faxior. 

(2)  Then,  to  factor  the  polynomial  factor,  see  if  it  is  of  either  one 
of  the  special  type  forms  discussed  in  §§  21,  22,  23,  24,  and  26;  and 
if  80,  use  the  method  applicable  to  that  fecial  form. 

(3)  If  unsuccessful,  try  the  Remainder  Tlieorem. 
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(4)  Factor  each  polynomial  factor  obtained,  if  possible,  until  tha 
eacpression  is  resolved  into  its  prime  factors. 

MISCELLANEOUS   EXERCISES 

Find  the  prime  factors  of : 

1.  2JV^-^-l.  27.  l-16m«. 

2.  aaj*-64a*.  28.  a^-b^-Sa-hSb. 

3.  3  abn^  +  2  abn  —  ab,  29.  ben  +  acn^  -f  bn^  4-  an*. 

4.  4P«  +  32PQ-f39Q«.  30.  a*-2(6«-fc*)a«+(6«-f c^)'. 

5.  bt^-'6bH  +  5t\  31.  a^-(4a2+&>*a?+4aW 

6.  2V^-SVW+W.  32.  w2^(aj-2/)w-2aj(a;4-2/). 

7.  i»*-f  3aj2~.4.  33.  4w;*  +  3icV4-9v\ 

8.  xy  +  z^'-xz-^-yz.  34.  -4^^ -  50*  +  ^^C -  C. 

9.  n»  +  8  w«  4- 6  n  4- 18.  35.  K^ -- K^ -- 4.  K -  6. 

10.  4(a-6)2-(2/+v)l  36.  n^- 7  n -h  n* -3. 

11.  9i2«-27i?r  +  20r».  37.  D^  + 15 -  17 2) 4- 1^". 

12.  B'  +  B'C^+C^.  38.  432  4- 2  i^. 

13.  aj*  - 18  a^y* 4- y*.  39.  l-2a?  +  aj2^2  a6-6*-a2. 

14.  r«4-r»-42.  40.  P*  +  P«-|-l. 

16.   ^*4-2^2^-35A:*.  41.  ax^ -i- (ab -i- l)x  +  b. 

16.  f  +  Sf-y^-3y.  42.  2  «*-(2a4-&)«  +  a6. 

17.  l4.6^_(aJ^4.6a:)««.  43.  2  if»4-(4  aH-5)Zr-f  2a«>. 

18.  (a^  +  f-zy-Aa^f.  44.  02;* 4- (2> -  a)2 - 6. 

19.  F*-2  F^-v*4-2r«v.  46.  aj*2/* 4- 9 aaj2y2 4. 14 a*. 

20.  a/  4-7  ay  -  30  a.  46.  220  --  2  F-  2  F*. 

21.  ac  +  cd'^ab'-bd.  47.  20  c^  -  60  c^  4- 45  c. 

22.  p'-(p-ey.  48.  l4-32C*n^o. 

23.  72  «*  + 41^-45.  49.  l-d^ 

24.  a^ft^-a^- 624-1.  50.  2/^-112/2  4-31^-21. 
26.   2z^-{-5zt-12t\  61.  i8-6i2^ili-6. 
26.   6aW-a2i^-9a*.  62.  y^  -  9  a;^  ^  25  a;*  -  10  a?2/. 
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63.  3(a-6)«-14(a~5)  +  8.  60.  P*- P2^12PQ-36  Q*. 

64.  7(a4-&)^- 11  c(a+6)  -  6  c^.  61.  l-n  +  n^-n^ 

65.  iB*-a^-17a^4-5a?  +  60.  62.  289/-83^-h/. 

66.  a^  —  a^A  —  a  +  A  63.  a;*  +  a?  +  2/^  4-  y. 

67.  2m»5  +  3m26--8?n6-12  6.  64.  Jtf- JV+ -Sf^-iV'. 

68.  a^^-^-ah^  65.  1  —  a^. 

59.   v^^—t^\  66.   aj2+4aj4-4-4a2+4a2/— ^. 

28.  Highest  Common  Factor.  —  Since  the  highest  common  factor 
of  two  or  more  expressions  must  contain  all  factors  common  to 
the  expressions,  and  no  others, 

To  find  the  highest  common  factor  of  two  or  more  expressions, 
find  the  prime  factors  of  each.  Then  form  the  product  of  all  prime 
factors  that  are  common  to  the  expressions,,  using  each  factor  the 
least  number  of  times  that  it  occurs  in  any  one  of  the  expressions, 

EXERCISES 

Find  the  highest  common  factor  of : 

1.  24,  42,  54,  and  78.  3.   216,  360,  504,  and  576. 

2.  36,  84,  120,  and  108.  4.   12  a%\  18  a*&»,  and  24  d'hh. 

5.  16  mHa^,  42  ma^,  and  18  m^a^h, 

6.  aj2_i^aJ8_3a.^2,  andiB2  +  ic-2. 

7.  F^-1,  F2-2  F+l,  andr*-3F  +  2. 

8.  a*  +  6^  a«  4-  &^  and  a^  -  h\ 

9.  aj*  —  xy^,  and  a^  -\-  x^y  '\-xy-\-if. 

10.  1  IP-2N''-b^nd.l  N^+12N^^10N'\-b. 

11.  25*4-32}g-f  2g^,  j9^  +  5^4-4g^,  and^)*  — 6p^  — 7^*. 

12.  1— ic«,  1  — 2ar*  +  ic«,  andl4-»  +  a5^. 

13.  7^2-7  7^4-10,  and  4  i?8- 25  7^2  +  20  12  + 25. 

14.  ^vH'\'4.vt^-2f,  and  8  t'^  +  4  y^i  -  4 'y«2 

15.  4P2  +  20P,  P34-4P^-5P,  and4aP=^4-20aP. 

16.  m^  +  m  -  6,  m'  -  2  m^  -  m  +  2,  m^  4-  3  m^  -  6  m  -  8. 
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29.  Lowest  Common  Multiple. — The  lowest  common  multiple 
of  two  or  more  expressions  must  contain  all  factors  of  the  expres- 
sions, and  no  others.     Hence, 

To  find  the  lowest  commoji  multiple  of  two  or  more  expressionSf 
find  the  prime  factors  of  each.  Then  form  the  product  of  all  of  the 
different  kinds  of  factors,  using  each  kind  of  factor  the  greatest  num^- 
her  of  times  that  it  occurs  in  any  one  of  the  expressions, 

EXERCISES 

Find  the  lowest  common  multiple  of: 

1.  18,  24,  42,  and  54. 

2.  30,  45,  75,  and  120. 

3.  32,  56,  63,  and  112. 

4.  36  a^y  9  a^b',  and  16  a^b\ 

5.  25  wIP{R  -  r)  (2  i?  -f  r)^,  and  45  irRr(2  E  +  r)\ 

6.  ic^  —  1,  and  a^  —  2  a?  -f- 1. 

7.  ot^  —  y^yX^  —  xy^,  and  2  x^y. 

8.  iV^-1,  JV^2  +  3JVrH-2,  andJV^2-|-JVr-2. 

9.  m^  —  n*,  m®  —  n^,  and  m*  —  n*. 

10.  1  -  V^  1  -  r*,  aud  1  -  VK 

11.  a'*  +  2a2-3a,  2a3+6a*-f2a-f  6,  and3a«— 3a«. 

12.  P*-Q*,P*-f 2P2Q2^Q4^andP*~2P2Q2^Q4 

13.  u^  —  v^u:^'}'  w^v  —  lov^  —  v^,  and  tv^  —  v^v  —  wv^  4-  ir*. 

14.  /-13y2-h36,  andy*-t-2r^-7y2  4-2/  +  6. 
16.   27  !r-8,  9!P-4,  and9!r-12r4-4. 

16.   eM^-7M^N-2MN\B.ndSM^  +  MN-4:NK 

SUPPLEMENTARY  EXERCISES 

Factor : 

1.  l-aj-a^-haj8.  4.   a^^-y^\ 

2.  4(a-5)3-a4-&.  5.   2^-32. 

3.  4c3_c2-8c  +  2.  6.   a^?/3-512. 
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7.  a^'-a^b\ 

8.  aj**-aj»-2. 

10.  J?**  — Q**. 

11.  u4^-JB**. 

12.  ic**+^--a^. 

13.  F^«~l. 

14.  nk^  —  n^, 

16.  6  62»  +  6*c*»  - 15  c2\ 

17.  ar^--*  -  2^^"+*. 


18.  iri?« -f  (^  4. 1) J2» -|,  r. 

19.  F**+F*  +  l. 

20.  N'^  +  l. 

21.  16*  +  2.2*«  +  l. 

22.  a*-lla%»  +  6* 

23.  4"  +  3  .  2»  -f  2. 

24.  a" +  6". 

35.  9«-4.3»-5. 

26.  4«-16*. 

27.  8«-27*. 

28.  2.32-9a-2a*, 


Find  the  highest  common  factor  of : 

29.  D^-ly  andD^-l. 

30.  c^  —  a^fc**,  and  a»»  -f  a*'6»  +  a*»6«  +  ft^n^ 

31.  2  F^+F'-6,  and  6  F''-7F'-3. 

32.  a^  +  3i»2_7a._21,  andaj8  +  3a^-3a;-9. 

33.  4aaj— 6aj  — 2a2^-h3y,  and  4a*  — 10a +6. 

34.  2a2  — 15a  +  25,  and  a3—5a2  —  a  +  5. 

Find  the  lowest  common  multiple  of ; 

35.  0^  —  3^,  0^  +  ^,  ofi  —  ^,  and  tP  —  y". 

36.  ar*  —  4,  ar*  —  7  a?  4- 10,  and  aj3  -  6  iB*  +  4aj  —  20. 

37.  962/3-362/2__425!/,  and  662-266  +  28. 

38.  a^**  —  h^,  a^  -  6^,  and  a*"  —  6*». 

39.  4P2»_4px4.i^4p2x_i^and4P2»4.4pi^l. 

40.  a»+^aj  —  a*+^2/  —  ^""^»  +  2>"- V>  and  x^  —  2xyi-f. 


CHAPTER  III 

FRACTIONS 

30.  Fractions.  —  A  fraction  is  an  indicated  quotient  of  two 
number  expressions.  The  dividend  is  called  the  numerator  and 
the  divisor  the  denominator  of  the  fraction.  The  numerator  and 
denominator  are  called  the  terms  of  the  fraction. 

31.  The  Signs  of  a  Fraction.  —  In  an  algebraic  fraction  three 
signs  are  involved :  (1)  the  sign  before  the  fraction ;  (2)  the  sign 
of  the  numerator ;  and  (3)  the  sign  of  the  denominator. 

Since  a  fraction  is  an  indicated  quotient,  by  the  laws  of  signs  in 

division^  i-^  and  ^ — •  are  both  positive  and  are  equal,  and  -^^ 

und  "^^   are  both  negative  and  are  equal.    Hencei 

+  a__-'a — g +a 

It  follows  that  to  preserve  the  value  of  a  fraction : 

(1)  If  the  signs  of  both  terms  are  changed,  the  sign  before  the  fra/y 
iion  must  be  left  ivncharvged, 

(2)  If  tJie  sign  of  only  one  term  is  changed,  the  sign  before  tJis 
fraction  7niLst  be  changed. 

If  the  numerator  is  a  polynomial,  its  sign  is  changed  by  chang- 
ing the  sign  of  each  of  its  terms. 

If  the  numerator  or  denominator  is  the  product  of  two  or  more 
factors,  its  sign  is  changed  by  changing  the  signs  of  an  odd 
number  of  factors,  and  it  is  left  unchanged  by  changing  the  signs 
of  an  even  number  of  factors. 

Thus,    in 1;"""^     ^     the  denominator  (a  -  8)  («  -  4)  =  jb«  -  7  «  +  12. 

(a;  —  8)  (35 — 4) 

If  the  sign  of  a;  —  8  is  changed,  hy  changing  the  signs  of  its  terms,  we  get 
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(3  —  05)  (x  —  4)  =  —  a;2  _|.  7  a;  _  12.    If  the  signs  of  both  factors  are  changed, 
we  get  (3~a;)(4-a;)  =a;2«7xH-12. 

EXERCISES 

Write  with  positive  numerators  and  denominators: 


'■^ 

-^, 

5. 

'•^■ 

^•^,- 

4.    +8. 
-9 

6. 

4a6 
-6& 

'•_« 

Write  with  denominators  m 

—  n: 

0.      1    . 

10 

—  mn 

11. 

a  — & 

Write  all  of  the  fractions  with  the  same  denominator : 

3            4                            ,^H-2m       3m,2-m 
12.    -  —  7 14.   — - — -  — 5  +  - -- 

a  —  0     0  —  a  m^  —  1      1—  m^l  —  m^ 

13        a?     _^     1         a?  +  l  jg      Bttt  r'      ^  r^  +  ^ 

a?— 1      1  — a;     1  — a;  r^  —  s^     s^  —  r^     t^  —  ^ 

Write  with  the  factors  of  denominators  in  descending  powers 
of  a,  the  first  term  of  each  factor  being  positive  : 

16.  17.  18. 

1  a?  a-\''b-\'C-\-d 

• •       ■     ■  • 

(a  —  6)(c  —  a)        (a  —  h){c  —  a)(d—  a)        (6  — a)(c  —  a){d  —  a) 

32T  Reduction  of  a  Fraction  to  an  Equivalent  Fraction.  —  MvXti- 
plying  or  dividing' both  terms  of  a  fraction  by  the  same  expression 
does  not  change  the  value  of  the  fraction.     That  is, 

-  — —  and  ?  =  ?-:t_^. 
b     nb  b     b-i-n 

This  principle  may  be  illustrated  graphically  as  follows : 

3. 

6 
8 
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3 
.  If  each  of  the  3  fourths  in  -  is  halved,  they  make  6  eighths.     That  is, 

4 

Q        A         O   v/   Q  A  (* 

7  =  Q  =  ^ — T .     Starting  with  -,  if  each  of  the  6  eighths  in  o  is  doubled,  they 

make  8  fourths.    That  is,  -  =  ?= ^Jl?  . 

'8      4     8  T-  2 

Multiplying  or  dividing  both  terms  of  a  fraction  by  the  same 
expression  is  called  reducing  the  fraction. 

33.  Reduction  of  Fractions  to  Lowest  Terms.  —  To  reduce  a  frao 
tion  to  its  lowest  terms,  factor  the  numerator  and  denominator,  and 
divide  both  terms  by  their  common  factors. 

The  division  may  be  indicated  by  caiicdlatian  of  the  common 
factors  of  the  terms. 

Thus,  (^-ab^^       /((a^^^)(a  +  b)       ^       a  +  6 

a^-ab^     /^(ct^^(a^-i-ab  +  b^)     a'^  +  aft  +  fr^ 

EXERCISES 

Reduce  to  lowest  terms : 

1.  IB.         3    42.  ^    250.  ^    ^.  3    6^, 
24                49                 350                 yz"  9a'b^ 

2.  1^.         4.    ^.  6.   i^.  8.    M.         10.   2-^ 


45  72  630  8^3  4  7ri2» 

11.   e^.  16.  1  +  ^' 


a^-1  iV»-4iV^2-5JV^ 

- «     a'  +  &*  ,  „     wr^v  —  ww^ 

12.    ■ •  17.    • 

0?  +  a^b  v^v^  +  to  V 

13.  .     ^*-^'  ..  18.     ^'  +  1 


14.     — -— •  IW. 


10  p^  —  13  y)g  —  3  g^  20    ^^  +  ^^  +  cm?  +  ^ta; 

8^^  —  2 P5'  —  15  5'^  a^  +  an  —  ay—  ny 

34.   Reduction  of  Fractions  to  a  Common  Denominator.  —  Two  or 

more  fractions  may  be  reduced  to  equivalent  fractions  that  have 
the  same  denominator^  called  their  common  denominator.     The 
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lowest  common  denominator  of  two  or  more  fractions  is  the  low- 
est common  multiple  of  their  denominators. 

To  reduce  two  or  more  fractions  to  equivalent  fractions  with  a- 
common  denominator,  factor  all  denominators,  and  form  their  lowest 
common  multiple  for  the  common  denominator.    Multiply  both  terms 
of  ea^h  fraction  by  the  factor  or  factors  of  the  common  denominator 
that  its  denominator  does  not  already  contain, 

EXERCISES 

Keduce  to  equivalent  fractions  with  the  lowest  common  denomi- 
nator : 

^-  h  h  i-         ^'  h  h  i-  ^'  i%^>  A>  "iV-         '^'  h  ih  M* 

^'  h  h  f-         ^    ^v  A>  ih'      ^-  h  A>  ^-  ®-  A;  h  ^' 

Q      4        1         7  ^    a      b       c         ^^      m       p       n 

3  a*     5  a    12  a^  b^     <f     a^  np     mn    mp 

12.     -:A-,    -JL.,     ^^^.  15.  ^  ^-1 


1-a;'  l+oj'  l-ic2  ;  «2__9'   ^2_5^_^g 

13        c^            6            a6  -g           jg  —  3               ~  3 

'   a  +  d'   a-b'  a2  +  &2-  •  i^2_9i^  +  l4^  ^-4' 

,^     JIf          Jf^               JOT  ,^  m  +  n            2n 


18. 


19. 


3  5  7 

aj2  +  3a;  +  2'  2i»«-f5»  +  2'  2a;2  _,.  3^,  ^  j^* 

111 


20. 


-  , . . . .. _ »    w 

(a  —  b){a  —  c)     (6  —  c)(6  —  a)     (c  —  a)(c  —  6) 

(y  — a;)(2i-a;)'   (y  —  z)(y  —  x)'   (z-^x){z  —  yy 

35.  Addition  and  Subtraction  of  Fractions. —  To  add  or  subtract 
fractions,  reduce  them  to  their  lowest  common  denominator,  then  find 
the  sum  or  difference  of  their  numerators,  and  place  the  result  over 
the  common  denominator* 

Before  beginning  to  factor  the  denominators,  it  is  best  to 
rewrite  the  fractions,  if  necessary,  so  that  the  denominators  are 
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all  arranged  in  descending  or  all  in  ascending  powers  of  some  letter 
of  arrangement,  with  the  first  term  of  each  denominator  positive. 

Example.  —  Simplify     r"; :; 1-  —, — -  • 

Rewriting  the  first  two  fractions,  with  denominators  in  descending  powers 
of  n,  making  changes  of  sign  as  in  §  81,  the  expression  becomes 

n      ,      n      ,      n^     _     n      ,      n      ,  n* 


n  +  1     n-l     n2-l     n+1     n-1      (n  +  l)(n-l) 

~  +-: — r~rr-: r:  "r 


(n+l)(n-l)      (w  +  l)(n-l)      (n+l)(n-l) 
8n«  ^j.    8n« 


(»H-l)(n-l)       n2-l 

36.  Redaction  of  Mixed  Expressions  to  Fractions.  —  An  expres- 
sion that  contains  no  fractions  with  literal  denominators  is  an 
integral  expression ;  one  that  consists  of  one  or  more  fractions  is  a 
fractional  expression ;  and  one  consisting  of  an  integral  part  and  a 
fractional  part  is  a  mixed  expression. 

A  mixed  expression  may  be  changed  to  a  fraction  by  the 
process  of  §  35,  the  integral  part  being  written  in  the  form  of  a 
fraction  with  the  denominator  1. 

Example.  —  Reduce  m  —  n-i-  • to  a  fraction. 

.   2  mn      m  —  n,   2  mn 
TO  —  «  +  ^ 


TO  —  n  1  TO  —  n 

to"  —  2  mn  -f  n^  ,   2  mn 

m  —  n  TO  —  n 

TO^+n" 

TO— n 


EXERCISES 

Simplify  by  adding  or  subtracting,  as  indicated :    * 

6.    4+1..  7.    i  +  A+A.  9.       *  1 


o^     2a  6c     ac     aft  l-i^     ^_i 

e.  i+^-#-.       8.  ^-^^.     10.  -A-K  ^ 


a?       or*       2  a?  JV^-1     JV^-^l  «*-«     «*+« 
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r^  +  lOr  +  ie     r^+9r+14  F4-3     F-3     g-F^ 

27rK  2  Trig  ,.  a^  1 

12.     -— =r -•  14. 


ttR  +  ttH     ttR-ttH  a^-b^     b-a 

1  1 

16.     =^-T^ r-  + 


ab  —  ac  —  b^ -{- be     bc  —  ab  —  <^  +  ac 

16.  .     .A.     ■+       1  ^ 


(a-6)(6-c)      (6-a)(a-c)      (c-a)(c-b) 

17.      -^^ Z^ZTT^rZ ^  —  T^: ZZTT^ TTT  + 


( Jf -  N){M  -  P)      (P  -  JV^)  (iV^  -  Jtf)      (P  -  Jf )  (iV^-  Jf )  • 
18.    J—J-+       "■  "■ 


R  +  r     R-r     P-f-3r     R-^r 

Suggestion.  —  First  combine  the  first  two  fractions,  then  the  last  two, 
then  add  the  results.    This  will  save  much  multiplication. 

19.    -1.+      111 


w  —  4     n  —  ^     n-i-4     ?i+5 
20.    -2_— 1— ^+    * 


a— 6     c  +  d     a +  6     c— (2 


Reduce  to  a  fraction  : 

22.  ^ 24. 7  —  <*•  26.    m+7i • 

t  a  —  b  m^7i 

23.  :^  +  2.  26.    l-i?  +  --^.    27.    y  +  2+^- 
F+o  1  +  ic  2/-"4 

28.  1+^+^!-  30.    ^ ^ 1. 

29.  05^  +  0^  +  2/2+ _J^.  31.   i^^-^^^^-f. +J9+1. 

aj  — 2/  Zr  — Z/+1 

37.    Multiplication  of  Fractions.  —  As  in  arithmetical  fractions, 
The  product  of  two  or  more  fractions  is  the  fraction  whose  numer- 
ator is  the  product  of  their  numerators  arid  whose  denominator  is  the 
product  of  their  denominators. 
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In  the  multiplication  of  fractions,  if  a  factor  is  common  to  a 
numerator  and  any  denominator,  the  product  may  be  reduced  to 
lower  terms  by  canceling  this  factor  from  the  terms  of  the  product. 
In  such  a  case,  work  may  be  saved  by  factoring  the  terms  of  the 
fractions  and  canceling  any  factor  common  to  any  numerator  and 
any  denominator,  before  performing  the  multiplications. 

'        x^\-hx  +  %     a;2  +  ««-7      (a;  +  3)OH^)      (^^-<l)(a;-i-7) 

_  (x-j-  l)(a;  +  4)       g^  4.  5  a;  +  4 
{X  +  3)  (x  H--7)  ^^x-2  +  10  ar  +  21* 

Integra.,  mixed,  or  fractional  expressions  to  be  multiplied 
should  first  be  reduced  to  fractions.  '  • 

Thus,  (m»-»»)(l ^)  =  (>M-ir)(»»-")  X  -» 


=  ?»»  —  n-*. 


EXERCISES 

Fiiid  the  product  of  : 

1.  I  X  f      3.      6  X  |.       6.   -^  X  I  X  f .  7.   9|  X  ^  X  |. 

2.  |xf      4.    lOxf       6.    l^xlJx^.,   8.    21XMX^V 

9.  ^fxgx-$       10.  ^x^Jxi.     11.   2^x^\^4 

^^-  o^+I+i ^ ^ •  "•  (^ -^^ ( Frsr) • 

13.     JLZ^x^t^'.  18.     (^=  +  ^  +  1)(^-^V 


14. 


w^— 12w— 45  \     a^—b^     J  ^ 


w5'-4n-45      w2-.12w-45 
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22. 

(-«^)(^.)- 

-  (^')(^.- 

i+*j' 

23. 

(^)(-!;)- 

-  (?-)(r^- 

-^O' 

Mu 

26. 

M       2Ji-     ,        1 

1 

^'-    A--1  '  K'+l 

ir'-i 

27. 

^■-S-     A  +  B 

-   ^-S^l- 

28. 

1      ^s.+  as-. 

-  -y^- 

32.  P,  Q,and  R  are  the  volumes  of  the  three  rectangular  solids 
shown  in  the  figure.  It  is  knowu  from  geometry  that  —  =  — 
and  that  ^  =  -. 


39.    DlTlBion  of  Fractions. —  To  find  the  quotient  of  two  fractions 

mvltiply  the  dividend  by  the  diviaor  inverted. 

That  is,  1  +  1  =  ^  xi 

b     d     0     0 

Por,  the  product  of  the  quotient  7-  x  -  ^fi  tlis  divisor  -  equals 
the  dividend  --,  by  cancellation. 
If  the  dividend  or  divisor  is  an  integral,  mixed,  or  fractional 
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expression,  it  must  be  changed  to  a  fraction,  and  the  division 
performed  by  the  above  rule. 

\       y^J        xy  y^        x  +  y  y 

EXERCISES 

Perform  the  indicated  divisions ; 
1.   |-t-f  3.  12-f-|.  6.   21-!-f  7.  if-«-3i. 

2-   W-^A-         4.   f-j-4.  6.   3|-5-|.  8.   lf-*-6f 

^    4  m^n     6  n^  ,  ^  m?  —  n^  4  m*  +  mn  —  5  n* 

9.   -- — r -i — T-.  16. 


10.    ^=::^^ -i- =:r^.  16.     '  i  —  ^      ^ -- ^^  J 


bjpcf 

?*• 

4.Tli* 

2  TriJ 

9D    ' 

32)- 

X 

x'  • 

9-F* 

^6-2r 

2+r 

•   4-F»" 

a«  +  6»  . 

d'  +  ab 

6  »i^  -|-  wn  —  n^     6  m^—  5  mn— 4  n*' 


11.  ±-Il±  +  !L^.  17.      (a«  4- a6  +  i5>^ -f 


& 


21.   If  a  conductor  of  an  electrical 
current  is  divided  between  the  points 
A  and  B  into  three  branches  with  re- 
sistances Ti,  rj,  ?'a,  respectively,  the  total  resistance  of  the  con- 
ductor between  A  and  B  is  l-t-f  — H h  — ).     Simplify  this  ex- 

pression.  \  1       a       »/ 

39.  Complex  Fractions. — Fractions  one  or  both  of  whose  terms 
contain  fractions  are  called  complex  fractions.  A  complex  frac- 
tion may  be  simpliiied  by  reducing  it  to  a  simple  fraction  or  an 


46  ELEMENTARY  ALGEBRA 

integral  expression.     Since  a  complex  fraction  is  an  indicated 
quotient, 

To  simplify  a  complex  fraction,  reduce  both  terms  to  simple  frac- 
tionSf  then  perform  the  indicated  division, 

A  complex  fraction  of  the  special  form  indicated  in  the  example 
below  is  called  a  continued  fraction.  To  simplify  such  a  fraction, 
begin  with  the  last  or  lowest  complex  fraction,  and  simplify  step 
by  step. 

1 


Example.  —  Simplify 


.+^ 


1 

X  — 

X 


Simplifying j,  ^ —  =  -— . 

«--  x+ =-      x-\- 


X 


1  ■  a;2-l 

x  — 

X 


EXERCISES 


Simplify : 


aj» 


1. 

'■%■ 

• 

6. 

X 

2. 

8^ 

M 

6. 

1-aj 

b     c 

c     b 

«   4 

2t-\- 

8 

7.  di-?. 
1 

^ m 

n 
8. 

n 


_a J  a'  +  &«  '      j4  1 


^-+5-  a*-a'6'  +  y  1   1  x  +  1 

a*+a.^b'  +  b*  1-x 


FRACTIONS 


17.  If  n  equal  electric  oells  are  connected 
by  wires  in  one  way  (pavallel),  so  as  to 
form  a  battery,  tlie  current  strength  produced 

by  the  battery  is •     Simplify  this  fraction. 


IB.  It  has  been  shown  that  v,  the 
ratio  of  the  circumference  to  the  di-  , 
ameter  of  a  circle,  is  equal  to  the 
continued  fraction  in  the  mai^ln. 
Using  only  so  much  of  the  fraction 
as  is  here  written,  find  the  value  of 
V  approximated  to  hundredths. 


STTPPLEHEHTART  EXERCISES 
Simplify ; 

J       w*-100     .  n'+lOw  ^2nH  +  3'iU_ 
n'-»-.90  ■  n»  +  9w*         4n  +  6 


3^£-!)- 


^ 
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/0  +  5     g  +  ^Y    a      y     c        a^  —  2ab  —  <?\ 
'   \h-^c      a-\-cj\a  +  h     a  —  b  a^  —  V      j 

\  a  +  n        a  —  nj\a     nj     \a     nj     \a     nj 


8. 


^^  —  v*     w  +  vj\  2wv  j 


w^v 


11     x  +  l^f-\^2y-\-l^(x^l)y 
y  ar^-l  (2^+1/ 


12. 


a  4-  6  .  b^  —  d 


m  m 


^        \x  '  a^bj 


-  ^^(»4)x(-^) 


a  — a? 
a  — 


14. 


1  +  005 


15. 


1    I    ClJCL-^) 

1  +  ax 


a«4-«>* 

16. 

a3  +  ?^* 

a«4-&* 

a« 

-6* 

17 

a2-6* 

a^ 

+  6^ 

Jk    1    . 

a  +  6 

a- 

~b 

m^  —  mn-\-n^  a  —  b     a  +  b 

18     ^'-^^         ^^  1 

A(A  +  B)  '^(A-hBY 

B{A-B)  A'-B" 


CHAPTER  IV 
LINEAR  EQUATIONS  IN  ONE  UNKNOWN  NUMBER 

40.  The  Equation.  —  An  equation  is  the  statement  that  two  ex- 
pressions are  equal  in  value. 

Thus,  a«  -  62=(a  +  b)(a  -  6),  and  2  iV+  4  =  5  N-^  1  are  equations. 

The  two  expressions  connected  by  the  sign  =s  are  called  the 
members  of  the  equation. 

If  an  equation  is  true  for  all  particular  values  of  the  literal 
numbers  involved,  it  is  called  an  identical  equation,  or  simply  an 
identity.  In  the  work  of  the  preceding  chapters  all  of  the  pro- 
cesses really  consisted  of  establishing  identities. 

Thug,  a*  —  62  _  (<j  _j_  5J(q|  —  6)  is  trae  when  a  =  2  and  6  =  1,  when  a  =  6 
and  6  =  2,  and  for  any  values  whatsoever  that  may  be  assigned  to  a  and  6, 
and  hence  is  an  identity.     This  identity  was  established  in  factoring. 

If  an  equation  is  not  true  for  all  particular  values  of  the  literal 
numbers  involved,  it  is  called  a  conditional  equation,  or  simply  an 
equation. 

Thus,  6«— 4  =  2«  +  8is  true  only  when  t  is  4. 

It  is  by  use  of  conditional  equations  that  problems  are  solved. 
The  unknown  numbers,  whose  values  are  sought,  are  represented 
by  letters,  and  the  relations  between  the  unknown  numbers  and 
the  known  numbers  of  the  problems  are  expressed  by  means  of 
equations.  An  equation  is  solved  when  the  values  of  the  unknown 
number  are  found  that  reduce  the  equation  to  an  identity. 

41.  Integral  and  Fractional  Equations.  —  If  no  unknown  number 
of  an  equation  be  involved  in  the  denominator  of  a  fraction,  the 
equation  is  integral.  If  one  or  more  unknown  numbers  of  an 
equation  be  involved  in  the  denominators  of  one  or  more  fractions^ 
the  equation  is  fractional. 

Thus,  6  ^2  -  4  =  7  -4  is  integral,  and  i  —  i  =  8  \BfraUionai 

X     y 

49 
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42.  The  Degree  of  an  Equation.  —  The  degree  of  an  integral  eqnik 

tion  is  the  greatest  sum  of  the  exponents  of  its  unknown  numbers 

in  any  one  term.     If  an  equation  has  only  one  unknown  number, 

its  degree  is  the  largest  exponent  of  the  unknown  number  in.  the 

equation. 

Thus,  F+  5  =  9-2  Fis  of  tYi%  first  degree. 

«2+7fl;  —  2=0isof  the  second  degree. 
«*  —  xyi^  =  16  a;  +  2  is  of  the  third  degree, 
mhi^  4-  2  mn  =  9  is  of  the  fourth  degree. 

An  equation  of  the  first  degree  is  called  a  linear  equation. 
One  of  the  second  degree  is  called  a  quadratic  equation. 
One  of  the  third  degree  is  called  a  cubic  equation. 

43.  Solving  an  Equation  in  One  Unknown  Number.  —  If  a  condi- 
tional equation  contains  only  one  unknown  number,  the  values  of 
the  unknown  number  for  which  the  equation  is  true  are  called  the 
roots  of  the  equation,  and  are  said  to  satisfy  the  equation. 

The  process  of  finding  the  values  of  the  roots  of  an  equation  is 
called  solving  the  equation. 

As  shown  in  the  First  Course,  equations  may  be  solved  by 
applying  one  or  more  of  the  following  principles,  called  axioms : 

I.  If  equal  numbers  are  added  to  equal  numbers,  the  sums  are 
equal. 

II.  If  equal  numbers  are  subtracted  from  equal  numbers,  the  re- 
mainders are  equal, 

III.  If  equal  numbers  are  multiplied  by  equal  numbers,  the  prod- 
uxits  are  equal, 

IV.  If  equal  numbers  are  divided  by  equal  numbers  (not  zero), 
the  quotients  are  equal. 

The  use  of  these  axioms  in  solving  an  equation  may  be  compared  with 
changing  the  weights  on  the  two  pans  of  a  balance.    Just  as  adding  equal 

weights  to  both  pans,  removing  equal  weights 
from  both  pans,  etc.,  when  the  instrument  is  bal- 
anced will  keep  it  balanced,  so  adding  equal  ex- 
pressions to,  or  subtracting  equal  expressions 
^  from,  both  members  of  an  equation,  etc.,  will 
preserve  the  equality. 


LINEAR  EQUATIONS  IN  ONE   UNKNOWN  NUMBER      51 

Example.  —  Solve  6i^  —  6=4-2?+!. 

Adding  6  to  each  member,                  6  i?  =  4  ^  +  6  Ax.  I. 

Subtracting  4  E  from  each  member,  2^=6.  Ax.  IL 

Dividing  each  member  by  2,                 E^  3.  Ax.  IV. 

EXERCISES 

Solve  by  use  of  axioms : 

1.  n  +  6  =  8.  t^    CL     M 

8.  ^  =  4. 

2.  «-3  =  7.  6 

3.  4F=6  +  3F.  9.  1  +  1  +  0^=2. 

4.  3a  +  2=a?  +  4.  ^  ^                  _ 
6.  7P-1=2P-11.                 10.  -^ _  =  !  +  -. 

6.  20A;-5  =  5A;  +  25.  4^^      ^ 

7.  7iVr+l3=12i^-35+iV:     ''•  ^^"-5" +  12  =  ^^- 

44.  Equiyalent  Equations.  —  Two  equations  that  have  the  same 
roots  are  called  equivalent  equations. 

Thus,  2«  —  (6«  +  6)  =  7,  and  4«  +  l  =  «  —  11  are  equivalent,  because  each 
is  satisfied  when  «  =  —  4,  and  for  no  other  values  of  L 

It  is  evident  that  the  process  of  solving  an  equation  by  use  of 
the  axioms  in  §  43  consists  of  deriving  from  the  given  equation 
an  equation  equivalent  to  it,  then  deriving  from  the  new  equation 
a  third  one  equivalent  to  the  second,  etc.,  until  finally  an  equation 
equivalent  to  the  given  equation  is  obtained  that  shows  the  value 
of  the  unknown  number  directly. 

In  general,  if  the  same  number  expression  is  added  to  or  sub- 
tracted from  both  members  of  an  equation,  an  equivalent  equaMon 
is  derived.  An  equivalent  equation  is  derived  also  if  both  mem- 
bers of  an  equation  are  multiplied  or  divided  by  any  expres- 
sion that  is  free  of  the  unknown  number.  But,  if  both  members 
are  multiplied  or  divided  by  an  expression  containing  the  un- 
known number,  the  equation  derived  may  not  be  equivalent  to 
the  given  equation. 
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Example  1.  —  Let  n  +  3  =  6.  (1) 

Multiplying  by  n  -  6,    n«  -  3  n  -  18  =  5  n  -  80.  (2) 

Now,  (1)  is  satisfied  only  when  n^2.  But  (2)  is  satisfied  when  n  s  2  or 
when  n  =  Q.    Hence  (2)  is  not  equivalent  to  (1). 

Example  2.  — Let  ^^  —  5  (  +  4  =2«  -  2.  (1) 

Dividing  by  « -  1,  « -  4  =  2.  (2) 

Now,  (1)  is  satisfied  when  ^  =  1  or  ^  =  6,  But  (2)  Is  satisfied  only  when 
t  =  6.    Hence  (2)  is  not  equivalent  to  (1). 

The  above  examples  illustrate  the  following  principles : 

(1)  If  both  members  of  an  equation  are  multiplied  by  an  expres- 
sion containing  the  unknoion  number,  one  or  more  extraneous  roots 
may  be  introduced. 

(2)  If  both  memibers  of  an  equation  are  divided  by  an  expression 
containing  the  unknovm  number,  one  or  more  roots  may  be  lost. 

Hence,  in  solving  an  equation,  if  both  members  are  multiplied 
by  an  expression  containing  the  unknown  number,  all  roots 
obtained  should  be  tested  to  see  if  they  satisfy  the  original  equa- 
tion, and  any  root  that  does  not  should  be  discarded.  And,  to 
avoid  losing  roots,  when  the  members  of  an  equation  are  divided 
by  an  expression  containing  the  unknown  number,  the  roots 
obtained  by  equating  the  divisor  to  zero  should  be  kept. 

45.  Transposition.  — In  the  equation 

a  —  6  =5  c  —  d, 
by  adding  &,  o  =  c  — d-Hft; 

or  adding  d,  a—  6  +  <^=  c; 

or  subtracting  a,  —b  =  c  —  d  —  ai 

or  subtracting  c,  a--6  —  c=—  d 

It  is  evident  from  the  above  equations  that  the  effect  of  adding 
a  term  to,  or  subtracting  a  term  from,  each  member  of  an  equation 
is  to  make  it  disappear  from  its  original  position  and  to  reappear 
in  the  other  member  of  the  equation  with  its  sign  changed. 

The  mechanical  process  of  changing  a  term  from  either  member 
of  an  equation  to  the  other  and  changing  its  sign,  which  is  equiv* 
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alent  to  adding  it  to  or  subtracting  it  from  both  members,  is 
called  transposition.     Hence^ 

A  term  of  an  equation  may  he  trampoaed  from  either  member  to 
the  other  member  by  changing  its  sign, 

46.   Solution  of  Linear  Equations  in  One  Unknown  Number.  —  To 

solve  any  linear  equation  in  one  unknown  number : 

(1)  If  either  member  contains  signs  of  grouping,  remove  them, 

(2)  Transpose  all  unknoum  terms  to  the  left  ihember  and  all 
known  terms  to  the  right  member,  changing  the  sign  of  each  term 
transposed, 

(3)  Combine  similar  terms  in  each  member, 

(4)  Divide  each  member  by  the  resulting  coefficient  of  the  unknovim 
number. 

(5)  CJieck  the  work  by  replacing  the  letter  representing  the  wn- 
known  number  in  the  original  equation  by  tlie  root  found,  and  seeing 
if  the  two  members  have  the  sarne  value, 

EXERCISES 

Solve : 

1.  5ri-4  =  3n  +  8.  6.   6e— (3f  +  2)  =  1. 

2.  9  F=  1  -  F+  9.  7.  N-  (6  -  2  JV^  =  9(iV-l). 

3.  4(a?-l)=3(a?  +  l)-4.  8.  2(12 +y)  -  (y  -  3)  =  0. 

4.  7(3-4^)  =  5(4~3^).  9.  {P^2y-~I^^P--5. 
6.  6(iJ-.l)+3(A  +  l)  =  0.  10.  5  + (a -3)2  =  (a +  1)1 

11.  7(r  +  2)-6(r  +  l)  =  5r-8(r  +  3). 

12.  (x  +  3)(«  -  2)  =  (a?  -  b)(x  +  1)  +  29. 

13.  (^-4)(^-5)  =  (^+9)(^-8)+2. 

14.  (6  -  6)2  =  6  (6  -  22)  + 136. 
16.  2y(y-7)  =  (y  +  8)(2y-7). 

16.   (l-4J5)(3J5  +  7)  =  l-|-(454-3)(5-3J5). 
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47.  Fractional  Equations.  —  To  solve  a  fractional  equation  it  is 
necessary  first  to  clear  it  of  fractions. 

To  clear  an  equation  of  fractions,  multiply  each  member  by  the 
lowest  common  denominator  of  all  fractions  in  the  equation. 

Caution.  —  Test  all  roots  by  substituting  in  the  original  equations  to  see 
that  they  were  not  introduced  by  clearing  of  fractions.  (See  (1),  §  44,  and 
(6),  §  46.) 


EXERCISES 


Solve : 


1     J-  +  .5  =  §  4         4^3 

'    2a      S     a  *    2t  +  6     4^-8* 

XX  X  5  —  164-1 


8. 


m  +  4^3m-8  V     .  p^    ^  F 

3m  4m     '  '    F+1  F+2' 


7. 


222  +  1     2^-1  8 


2JS-1     1  +  2^      4JS2 


8.    L±i  +  ^-3 


<-l     1-^2     i^j 


9. 


12 


a*-3a-10     a^-{-a'-2     a*-6a+6 


10  A:'  ^2fe  +  10      3fe-l 


11. 


A:3  +  2A;-15     4A;-12     6A;  +  30 

_1 l_  =  _i 1 

05  —  1     oj— 2     »  — 3     cc  — 4 


Suggestion.  —  Perform  the  subtraction  indicated  in  each  member,  before 
clearing  of  fractions. 

-2     n  —  2      n  — 4       n  — 6       n  — 8 


n-8     n-10     w-12     7i-14 


/^ 
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W+7      TT-f  15^  TF+13   .    TF+  9 
•    W+9'^W+17      W+15'^W+ll' 


^    -1      -^-1 


14. 


a?—  1  x-\-l 


^     +1     — ^  +  1 


x—1  x+1 


48  Literal  Equations:  Formulae.  —  If  an  equation  contains 
other  letters  than  the  one  representing  the  unknown  number,  it 
is  a  literal  equation.  A  literal  equation  may  be  solved  by  the  same 
process  as  the  equations  in  the  preceding  sections.  The  root,  or 
value  of  the  unknown  number,  will  be  an  expression  containing 
the  other  letters  involved  in  the  equation. 

Many  practical  formulae  are  solved  as  literal  equations. 

TlE 

Example.  —  The  formula  C  =  -= is  used  in  electrical  work.    Solve  it 

R-i-nr 

for  n. 

Clearing  of  fractions,  OR  +  nCV  =  nE, 

Transposing,  nCr  —  nE  =  —  CR, 

Combining  terms  (factoring),  (^Cr  —E)n  =  ^  OR, 

Dividing  hj  Cr-E,  n  =  "  ^^   or       ^^ 


Cr-E         E-Cr 

EXERCISES 

1.  Solve  5  mx  -^n^^zm^  for  x, 

2.  Solve  P(n  4- 1)  4-  P  =  n  forn. 

3.  SolveF*+l-l-d[(l- F)=F(F+(Ofor  F. 

4.  Solve  n  =  ^^  "^-^    f or  aj. 

a 

6.    Solvei  +  i  =  ^-hlfor  A 

6.  Solve  — ^ ^=,      \^  for  t. 

7.  The  area  of  a  trapezoid  is  expressed  by  A^^h(h  +  b'). 
Solve  for  &. 
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8.   The  area  of  the  conical  surface  of  a  frustum  of  a  right  cir- 
cular  cone  is  computed  by  the  formula  S  =  irL{B  +  r).     Solve  for 

R ;  for  r ;  for  L. 


9.   The  area  of  the  entire  surface  of  the  solid  in  Ex.  8  is  com- 
puted by  the  formula  aS'  =  irZ  (i?  +  r)  +  7r(222  +7^.     Solve  for  L. 

10.  The  volume  of  the  solid  in  Ex.  8  is  computed  by  the  for- 
mula F=  \  irH{B?  4-/^4-  Rr).     Solve  for  H, 

11.  A    formula   for  the    use   of   lenses    is 


111 


D     F-d     f 

Solve  for  F;  for  /;  for  D ;  for  d» 

12.  A  formula  used  in  electrical  work  is 

E     ri     rt     r,     r*     r* 
Solve  for  M ;  for  rx,  etc. 

13.  In  the  formula  J3  ^KND(D-r)(R  +  2\  for  computing 
the  horse  power  of  gasoline  engines,  solve  for  K^  for  N-,  for  R. 

/      7  fi  7  Q     \ 

14.  In  the  formula  P=ir[——-^ — — —^ ),  for  computincr 

\^460  +T     460  + 1/  ^       ^ 

the  draft  in  a  chimney,  solve  for  JST;  for  T;  for  t 


15.  In  the  formula  ^^^       =  ^^^-  — j,  which  expresses  the  rela- 


VP    ^    VP' 
273  + «     273  + 1' 
tion  between  the  pressure,  volume,  and'temperature  of  gases,  solve 
for  F;  for  V\  for  P;  for  P';  for  t\  for  t\ 


49.   Problems.  —  Some  problems  may  be  solved  by  use  of  lineai 
equations  in  one  unknown  number.     The  procedure  is  as  follows : 

(1)  Let  some  letter  rejyreaent  one  of  the  unknown  numbers  in  the 
problem. 
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(2)  Eitpress  in  terms  of  this  letter  and  the  known  numbers  given 

« 

fyr  implied  in  the  problem  every  quantity  involved  in  the  problem. 

(3)  Express  by  an  equation  the  relation  between  these  quantities 
that  is  either  directly  stated  or  implied  in  the  problem. 

(4)  Solve  the  equation,  and  from  the  root  found  determine  the 
values  of  aU  numbers  sought. 

Example. —  Two  grades  of  coffee  costing  the  dealer  20  cents  and  28  cents 
per  pound,  respectiYely,  are  to  be  mixed  so  that  the  blend  shall  be  worth  26 
cents  per  pound.  How  many  pounds  of  each  grade  must  be  taken  to  make 
60  pounds  of  the  blend  ? 

Let  n  =  number  of  pounds  of  20-cent  grade. 

Then  60  —  n  =  number  of  pounds  of  28-cent  grade. 

20  n  cents  =s  oost  of  n  pounds  of  20-cent  grade. 
28(60  —  n)  cents  =  cost  of  60  -»  n  pounds  of  28-cent  grade. 
Hence  20  n  +  28(60  —  n)  cents  =  cost  of  60  pounds  of  blend. 
But  60  pounds  of  blend  cost  60  x  26  cents,  or  1260  cents. 
Hence,  20  »  +28(60  -  n)  =  1260. 

Solvmg,  n  =  18}. 

And  60  -  n  =  31}. 

EXERCISES 

1.  Find  two  consecutive  even  numbers  whose  product  exceeds 
the  square  of  the  smaller  by  48. 

2.  How  many  pounds  each  of  twd  grades  of  cofEee  costing  20 
cents  and  28  cents,  respectively,  a  pound,  must  a  dealer  use  to 
make  100  pounds  of  a  blend  worth  25  cents  a  pound  ? 

3.  If  one  grade  of  coffee  costs  24  cents  a  pound  and  another 
grade  costs  30  cents  a  pound,  how  many  pounds  of  each  grade 
must  be  taken  to  make  9  pounds  of  a  blend  worth  28  cents  a  pound? 

4.  How  many  pounds  each  of  tea  worth  60  cents  a  pound  and 
tea  worth  80  cents  a  pound  must  be  mixed  to  make  10  pounds  of 
mixture  worth  60  cents  a  pound  ? 

6.  A  money  drawer  contains  $  2.40,  consisting  of  nickels  and 
dimes.  There  are  33  coins  in  all.  How  many  coins  of  each  kind 
are  there? 
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6.  A.  man  made  two  inv^estments  together  amounting  t^ 
$10,000.  On  tlie  first  investment  he  made  annually  6^,  and 
on  the  other  5  %.  His  total  income  annually  from  both  invest- 
ments was  $535.     Find  the  amount  of  each  investment. 

7.  $  25,000  is  invested  in  two  places,  part  at  4  %  and  the  rest 
at  5^  %.  The  annual  income  from  the  two  investments  is  $1135. 
How  much  in  each  investment  ? 

8.  I  invested  $  12,000,  part  in  4  %  bonds  and  the  rest  in  a 
business  enterprise  that  paid  me  8  %  annually.  My  annual  in- 
come was  $  800.     Find  the  amount  of  each  investment 

9.  How  many- gallons  of  cream  containing  26%  butter  fat 
and  milk  containing  4  %  butter  fat  must  be  mixed  to  make  60 
gallons  of  milk  testing  6  %  butter  fat  ? 

10.  How  many  gallons  of  cream  containing  28  %  butter  fat  and 
milk  containing  4.5  %  butter  fat  must  be  mixed  to  make  20  gal- 
lons of  cream  containing  25  %  butter  fat  ? 

11.  A  certain  solution  contains  15  %  alcohol.  JIow  many  gal- 
lons of  other  ingredients  must  be  added  to  50  gallons  of  it  so  that 
the  new  mixture  shall  contain  only  10  %  alcohol  ? 

12.  Ordinary  commercial  alcohol  is  95  %  pure.  How  much 
water  must  be  added  to  20  quarts  of  it  so  that  the  diluted  alcohol 
is  only  80  %  pure  ? 

13.  In  an  alloy  of  copper  and  tin  weighing  24  pounds,  35  % 
is  copper.  How  many  pounds  of  copper  must  be  added  to  this 
so  that  the  new  alloy  is  40  %  copper  ? 

14.  Tin  appears  to  lose  -^-^  of  its  weight  in  air  when  immersed 
in  water,  and  zinc  appears  to  lose  -^-^  of  its  weight  in  air  when 
immersed  in  water.  If  I  find  that  a  mass  of  alloy  of  these  two 
metals  weighing  50  pounds  in  air  appears  to  weigh  only  44 
pounds  in  water,  how  many  pounds  of  each  metal  in  the  alloy  ? 

16.  A  man  is  36  years  old  and  his  son  6  years  old.  In  how 
many  more  years  will  the  man  be  only  twice  as  old  as  his  son  ? 
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16.  At  what  advance  must  a  merchant  mark  an  article  costing 
him  $  12  in  order  that  he  may  then  sell  it  at  a  reduction  of  25  % 
from  the  marked  price,  and  yet  make  a^ profit  of  20  %  on  it? 

17.  A  milliner  advertises  a  lot  of  hats  that  cost  her  $  2.50  each 
for  special  sale  at  a  reduction  of  40  %  from  the  regular  marked 
price.  At  what  advance  must  she  first  mark  the  hats  in  order 
that  she  may  give  this  reduction  and  still  make  a  profit  of  20  %  ? 

18.  A  teamster  has  one  horse  weighing  1200  pounds  and  an- 
other weighing  1500  pounds.  If  their  draft  power  is  proportional 
to  their  weight,  how  must  he  divide  the  48-inch  doubletree  in 
order  to  justly  distribute  the  load? 

Suggestion.  — The  draft  power  of  one  multiplied  by  the  number  of  unite 
from  the  end  of  doubletree  to  the  point  of  division  equals  the  draft  power  of 
the  other  multiplied  by  the  distance  to  the  same  point. 

19.  A  messenger  going  4  miles  an  hour  has  been  gone  3  hours 
when  it  is  found  that  the  message  is  wrong.  A  second  messenger, 
riding  at  an  average  of  6  miles  an  hour,  is  sent  to  overtake  him. 
In  how  many  hours  will  the  second  messenger  overtake  the  first, 
and  at  what  point? 

20.  An  automobile  was  driven  125  miles  in  4  hours  20  minutes. 
Part  of  the  distance  was  in  the  country  at  a  speed  of  30  miles  per 
hour,  and  the  rest  in  the  city  at  a  speed  of  15  miles  per  hour. 
Find  how  many  hours  of  the  drive  were  in  the  country. 

21.  A  bullet  with  a  velocity  of  1650  feet  per  second  is  heard 
by  the  marksman  to  strike  an  object  2^  seconds  after  it  is  fired. 
Sound  travels  approximately  1100  feet  per  second.  How  far 
away  was  the  object  that  was  hit  ? 

22.  Find  the  time  between  2  and  3  o'clock  when  the  hands  of 
a  clock  are  together. 

Suggestion.  —  Represent  by  some  letter  the  number  of  minute  spaces  on 
the  clock  face  from  the  12  o^  clock  point  around  to  the  point  where  the  hands 
are  together. 

23.  Find  the  time  between  3  and  4  o'clock  when  the  hands  of 
a  clock  are  opposite  each  other. 
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24.  Find  the  time  between  8  and  9  o'clock  when  the  hands  of. 
a  clock  are  opposite  each  other. 

25.  Find  the  time  between  7  and  8  o'clock  when  the  mmnte 
hand  is  15  minute  spaces  ahead  of  the  hour  hand. 

26.  How  long  is  it  from  the  time  that  the  hands  of  a  cloek  are 
opposite  each  other  until  they  are  opposite  each  other  again  ? 

Suggestion. — Let  t  =  number  of   minutes  required.      Show  that  -^^t 

27.  If  a  planet  and  the  earth  are  on. opposite  sides  of  the  sun, 

and  in  a  straight  line  with  it,  the 
planet  is  said  to  be  in  opposition. 
Venus  makes  a  circuit  around  the 
sun  in  226  days,  and  the  earth 
makes  a  circuit  in  365  days.  If 
Venus  is  in  opposition,  how  long 
will  it  be  until  it  is  in  opposition 
again? 

Suggestion.  —  Let  n  =  the  number 
of  days  required. 

In  n  days  the  earth  will  make  -^  revolutions  and  Venus  —  revolutions 

V     ,  .,  866  225 

about  the  sun. 

But  to  be  again  in  opposition  Venus  must  make  one  more  revolution  than 

the  earth. 

Hence,  ^_^=1. 

226     365 

28.  Mars  makes  a  circuit  about  the  sun  in  687  days.  Mars 
was  in  opposition  November  11, 1911,  Find  the  date  upon  which 
it  was  again  in  opposition. 

%9,  Mercury  makes  a  circuit  about  the  sun  in  88  days.  How 
long  is  it  from  the  time  that  it  is  in  opposition  until  it  is  in  oppo- 
sition again  ? 

80.  Jupiter  makes  a  circuit  about  the  sun  in  4383  days.  How 
long  is  it  from  the  time  that  it  is  in  opposition  until  it  is  in  oppo- 
sition again  ?  It  was  in  opposition  February  28, 1909.  Find  the 
next  date  of  opposition. 
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31.  In  a  factory  a  large  machine  can  turn  out  a  number  of 
arcicles  in  6  days,  and  a  smaller  sized  machine  can  turn  them  out 
in  9  days.  If  both  machines  are  operated  at  once,  how  long  will 
it  take  them  to  turn  out  the  articles? 

Suggestion. — If  n  =  the  number  of  days  required,  show  that 

1  =  1  +  1 
n     6     9 

32.  There  are  two  large  machines  and  three  small  ones  in-  a 
factory.  To  manufacture  a  given  order  of  goods  would  take 
either  one  of  the  large  machines  alone  20  days,  and  either  one  of 
the  small  machines  alone  35  days.  If  all  five  machines  are 
operated,  how  long  does  it  take  to  fill  the  order  ? 

33.  A  water  tank  can  be  filled  by  one  pipe  in  5  hours  and 
emptied  by  another  in  8  hours.  If  both  pipes  are  open,  how  long 
will  it  take  to  fill  the  tank? 

34.  In  a  city  waterworks  plant  are  two  steam  pumps.  One 
pump  would  fill  the  reservpir  in  15  hours,  and  the  other  would 
fill  it  in  18  hours.  If  both  pumps  are  operated  at  once,  how  long 
does  it  require  to  fill  the  reservoir  ? 

35.  An  aviator  flew  to  a  point  75  miles  away,  and  back  in  5 
hours,  30  minutes.  His  rate  returning  was  30  miles  per  hour. 
What  was  his  rate  going  ? 

36.  An  aviator  made  30  miles  per  hour  against  the  wind  on  a 
trip  of  40  miles.  After  he  had  gone  25  miles,  the  wind  ceased. 
The  entire  time  required  for  the  trip  was  1  hour  10  minutes. 
Whg^t  was  the  velocity  of  the  wind? 

37.  A  boatman  rows  5  miles  in  f  hour  with  the  current  and  it 
takes  him  If  hours  to  return  the  same  distance  against  the  cur- 
rent. ,  Pind  the  rate  of  the  current. 

88.  Find  a  number  such  that  if  its  pth  part  be  added  to  it,  the 
sum  will  be  equal  to  the  gth  part  of  it  plus  r. 
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SUPPLEMENTARY  EXERCISES 

Solve : 


1. 


2n4-l      2n-l  8 


2. 


3. 


2w-ll4-2n4n2-l 

2^-fl        2A-\  17+9^      ^^ 

2A-16     12-\-2A     A'-2A-'^S       ' 

x  —  1     x  —  2     x  —  3     aj  — 4 
a:  — 2     x  —  3     x  —  4:     x  —  5 

A    ^  —  4     X  —  5  _x  —  7     x  —  S 
a;  — 5      a;  — 6      a;  — 8      aj  — 9 

g     ^  —  8     f  +  1 ^     _^  — 9 

*      •    t-6     t-1      t-2^t-l' 

e    Solve -i^  +  a  +  -  =  Ofor.. 

0  —  CX  c 

7.  Solve— ?—-—^- ?±4^  =  0forw 

an  —  cU)      0'  —  on        2  ah 

0/77         '        /T7       ' 

8.  The    formula    R  =  — ^ — tt expresses    a    law    of 

2r  ^ 

science  relating  to  matter,  energy,  and  heat.     Solve  it  for  F;  for 
p;  for^;  for  T. 

9.  A  train  leaves  a  station  and  runs  at  a  speed  of  35  miles  an 
hour.  Two  hgurs  later  a  second  train  leaves  the  same  station  and 
follows  the  first  train  at  a  speed  of  45  miles  an  hour.  In  how 
many  hours  will  the  second  train  pass  the  first  ? 

10.  A  number  is  composed  of  two  digits  whose  sum  is  10. 
This  number  exceeds  by  54  the  number  obtained  by  interchanging 
the  digits.     Find  the  number. 

11.  An  express  train  traveling  42  miles  per  hour  started  from 
the  same  depot  50  minutes  after  a  freight  train,  which  it  overtook 
in  2  hours,  5  minutes.     Find  the  velocity  of  the  freight  train. 
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12.  A  messenger  was  sent  to  carry  a  despatch.  Five  hours 
after  his  departure  a  second  messenger  was  sent,  who  ought  to 
overtake  the  first  one  in  8  hours.  To  do  this  he  was  obliged  to 
travel  2J  miles  per  hour  faster.  How  many  miles  per  hour  did 
the  first  travel  ? 

13.  Two  trains  move  in  the  same  direction.  The  first  starts 
from  A  at  2  o'clock  in  the  morning,  and  travels  32  miles  per  hour. 
The  second  starts  from  B  at  8 ;  30  o'clock  in  the  morning,  and 
travels  42  miles  per  hour.  The  distance  between  A  and  B  is  80 
miles.     When  and  where  does  the  second  overtake  the  first  ? 

14.  A  decimal,  such  as  0.343434  •••,  in  which  certain  figures 
repeat  themselves  indefinitely,  is  called  a  repeating  decimal. 
Every  repeating  decimal  is  equivalent  to  some  common  fraction. 
Thus  0.^^^  •••is  equal  to  |^. 

Find  the  common  fraction  to  which  0.272727  •••is  equivalent. 

Solution.  —  The  figures  27  repeat.  Hence  we  separate  the  number  into 
two  parts,  thus:  0.272727  ••.  =0.27  +  0.002727  .••.  It  is  clear  that  the 
second  term  is  just  -jj^  of  the  whole  decimal.  Hence,  if  v  represents  the 
value  of  the  fraction  sought, 

t,  =  0.27  +  -^ 
100 

Q 

Solving  t?  =  — . 

15.  Find  the  common  fraction  to  which  0.5135135  •••  is 
equivalent. 

SUGOESTION.  —  V  =  0.613  A • 

1000 

Find  the  common  fraction  to  which  each  of  the  following  is 
equivalent : 

16.  0.0727272  •••.         19.   0.123123  •••.         22.   0.522522  .... 

17.  0.121212  ....  20.   0.818181  ....         23.    0.61716171  .... 

18.  0.060606  .'..  21.   0.432432  -..         24.    1.66666  •••. 


CHAPTER  V 
SYSTEMS  OF  LINEAR  EQUATIONS 

50.  Equations  in  Two  Unknown  Numbera.  —  A.  linear  equation 
containing  two  unknown  numbers  is  satisfied  by  an  unlimited 
number  of  sets  of  values  of  the  unknown  numbets.  For  any  par- 
ticular value  that  may  be  assigned  to  either  one  of  the  unknown 
numbers,  one  particular  value  of  the  other  cau  be  found  for  which 
the  equation  is  true. 

Thoa,  in  2x  —  Sy  —  2i,hj  aasigmDg  ViUues  to  y  and  solviag  for  the  cor- 
responding values  of  x,  we  find  that  when  j  =  0,  a  =  12  ;  when  y  =  1, 
a  =  13j  ;  when  y  =  2,  x  =  U;  when  y  =  i,  i  =  18 ;  when  y  =  6,  x  =  21; 
when  y  =—  1,  I  =  101  ;  when  y  =  —  2,  x  =  9  ;  when  y  =  —  i,  i  =  6;  etc. 
The  Qumher  of  seta  of  values  may  be  continued  indefinite);. 

51.  Oraph  of  a  Linear  Equation  in  Two  Unknown  Numbers.  —  The 

relation  between  two  unknown  numbers  which  is  expressed  by  an 
equation  may  be  shown  also 
by  means  of  a  graph.  The 
construction  of  the  Sfraph  of 
a  linear  equation  in  two  un- 
known numbers  waa  dis- 
cussed in  the  FiKST  Coubse, 
S  124. 

Juat  as  a  point  on  the 
earth's  surface  is  located  by 
knowing  its  directions  and 
distances  from  the  prime 
meridian  and  the  equator 
(longitude  and  latitude),  so 
if  two  lines  XX'  and  YY' 
are  drawn  at  right  angles  on 
squared  paper,  the  position 
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of  any  popt  P  on  the  paper  is  detenatDed  by  its  directioDB  and 
distances  from  these  lines.  The  line  XX'  is  called  the  jr-«xis, 
YY'  the  y-udt,  and  their  point  of  intersection  the  origin.  The 
distance  x  (measured  parallel  to  XX')  of  P  from  the  y-axis  and 
the  distance  y  (measured  parallel  to  TY')  of  P  from  the  ataxia 
are  called  the  coordinates  of  P.  Distances  measured  to  the  right 
of  YY'  are  positive,  and  to  the  left  negative;  and  distances 
measured  upward  from  XX'  are  positive,  and  downward  n 


Thus,  the  coSrdtnates  of  P  are  x  =  +  8  and  y=+6;of§,  a;  =  —  6 
1=  +7;  of  B,  a;  =  —  8  and  y  =  -  6  i  and  of  S,x=  +i  ,and  y  -  —  12. 


To  draw  the  graph  of  a  linear  equation  in  x  and  y,  a  number  of 
sets  of  values  of  x  and  y  that  satisfy  the  equation  are  found  as  in 
§  50.  Axes  are  drawn,  and  points  are  located,  the  coordinates  of 
each  of  which  correspond  to  one  of  the  sets  of  values  found 
for  X  and  y.  A  smooth  line  is  drawn  connecting  these  points. 
This  line  is  the  graph  of  the  equation. 

Ex  AMPLE.  —  Draw  tbe  grapli  of  x^Sy  =  12. 

Assigning  values  to  y  and  solving  lor  x.  the  following  seta  of  values  of  z 
and  y  are  found : 


X 

12 

>5 

18 

S 

0 

8 

0 

-3 

-6 

V 

0 

1 

2 

-I 

-2 

-3 

-i 

-6 

-8 

Locating  tbe  points  whose  coQrdinates  correspoad  to  these  sets  of  values  of 
t  and  y,  and  connecting  them,  gives  the  straight  line  AB  shown  in  the  flj"*^^ 
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It  may  be  shown  that, 

The  graph  of  every  linear  equation  in  two  unknovm  numbers  is  a 
straight  line. 

Hence,  to  draw  the  graph  of  such  an  equation  it  is  sufficient  to 
locate  only  two  points  of  it,  and  draw  the  straight  line  through 
them  with  a  ruler.  The  two  points  should  be  taken  a  good  dis- 
tance apart  for  accuracy  in  drawing. 

EXERCI  £S 

1.  By  assigning  values  to  y  and  computing  the  corresponding 
values  of  «,  find  ten  sets  of  values  of  x  and  y  that  satisfy 
Sx  +  2y  =  24:.  Locate  the  ten  points  whose  coordinates  corre- 
spond to  these  values.     Join  the  points. 

By  locating  two  points  of  each,  and  drawing  the  straight  line 
through  them  with  a  ruler,  construct  the  graphs  of  the  following: 

2.  a?  — 2i/  =  8.         5.   2x  +  5y  =  15.  8.    10a?4-i/  =  30. 

3.  4:X  +  y  =  12.       6.   8a:-3y  =  32.  9.   4a?-.7t^  =  20. 

4.  5a?  — 1/  =  20.       7.   x  +  6y=zlS.  10.   3a?4-24=y. 

11.  If  (7  is  the  temperature  as  indicated  on  a  Centigrade 
thermometer,  and  F  the  temperature  as  indicated  on  a  Fahrenheit 
thermometer,  then  C  =  ^(F  —  32),  Draw  the  graph  of  this 
equation. 

12.  By  using  the  graph  in  Ex.  11,  give  at  sight  the  Centigrade 
readings  corresponding  to  the  following  Fahrenheit  readings: 
40<^  F.;  12^  F.;  18°  F.;  -  10°  F.;   -  20°  F.;   -  5°  F. 

Give  at  sight  the  Fahrenheit  readings  corresponding  to  the 
Centigrade  readings :  34°  C;     15°  C;  40°  C;  8°C.;  -  10°  C. 

52.   Systems  of  Equations  in  Two  Unknown  Numbers.  —  Two  or 

more  equations  containing  the  same  unknown  numbers  are  called 
a  system  of  equations.  As  shown  in  the  First  Course  (§  131), 
in  a  system  of  two  linear  equations  in  two  unknown  numbers 
there  is,  in  general,  one  and  only  one  set  of  values  of  the  unknown 
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numbers  that  satisfy  both  equations.     Such  a  set  of  values  is 
called  the  solution  of  the  system. 

Thug,  in  tlie  aysiem  \^         **  ~  rii   '^*  values  i  =  4  niid  y  =  2  Eftlisfy  both 
eqaatioDS.     Hence,  tbe  solution  of  the  system  mx  =  i,y  =  2. 

53.  Systems  BOlved  Graphically.  — The  solution  of  a  system  of 
two  linear  equations  io  two  unknown  numbers  may  be  found  by 
drawing  the  graphs  of  the 
equations,  and  observing 
the  coSrdinates  of  the  point 
where  tlie  graphs  meet. 
Since  this  point  is  on  both 
graphs,  its  coordinates  must 
satisfy  both  equations. 

EsAHFLE. — Solve 

[32+4j,=36,         (1) 
U-V=5.  (2) 

The  graphs  of  equations  (1) 
aud  (2)  are  lines  (1)  nnd  (2), 

TespecUvelf.      They  meet  at  a  point  whose  coordinates  are  x  =  8,^  =  3. 
Hence,  the  solution  is  x  —  8,  y  =  3. 


EXERCISES 


Solve  graphically : 


Ja:-y  =  4,  r53!  +  4y  =  22,  f2a;+5y=28, 

'    U  +  y  =  8.  ■    \Zx  +  y=Q.  '     l5a;-8y=29. 

\x+iy=\<i,  jra!-2y=31,  r7a:+y=:42, 

'    \Zx-y=X2.  ■    l4»+3i/+3=0.  "    \Zx-y=^. 

'    l2ar+3;/=12.         '    [4  a;-3;/+l=.0.  '     \Zx-2y=^. 

10.    By  drawing    the    graphs   of    the    equations,    show    that 

ix-2y  =  % 

12  a;- 4^  =  40, 
las  no  solution.     What  kind  of  lines  are  the  graphs? 
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94.  Systems  solved  by  Elimination. — A  system  of  equations 
may  be  solved  by  a  process  called  elimination.  This  process, 
applied  to  a  system  of  two  linear  equations  in  two  unknown 
numbers,  consists  of  combining  the  members  of  the  two  equa- 
tions so  as  to  derive  a  new  equation  which  contains  only  one 
unknown  number.  The  new  equation  is  then  solved.  By  sub- 
stituting the  value  of  the  unknown  number  found  in  either  of 
the  original  equations,  and  solving,  the  value  of  the  other  un- 
known number  is  obtained. 

The  three  most  common  methods  of  elimination,  as  shown  in 
the  First  Course,  are  as  follows : 

« 

ELIMINATION  BY  ADDITION  OR  SUBTRACTION 

To  eliminate  one  of  the  unknoimi  numberSy  midtiply  the  members 
of  each  equatioriy  if  necessary,  by  such  a  number  as  toill  make  the 
numerical  coefficients  of  that  unknown  nximber  the  same  in  both  of 
the  resulting  equations.  Add  or  subtract  (according  to  signs)  the 
corresponding  members  oftJie  resulting  equations. 


Example. — Solve 

2ilf + 

6  ^  =  16, 

ci; 

3J!f- 

4iV=ll. 

(2) 

Let  us  eliminate  N". 

Multiplying  (1)  by  4 

» 

SM+20N=60. 

(8) 

Multiplying  (2)  by  6 

» 

16ilf-20iV^=65. 

(4) 

Adding  (3)  and  (4), 

23  3f=115. 

Solving, 

M=5. 

Substituting  5  for  M 

in  (1), 

10  +  5iV^=16.       ' 

Solving, 

jvr=i. 

• 

ELIMINATION  BY  COMPARISON 

Solve  each  of  the  equations  for  the  value  of  either  one  of  the  un* 
known  numbers,  expressed  in  terms  of  the  other,  and  write  one  of 
the  values  equal  to  the  other.     Solve  the  resulting  equation. 

6  V  -  6  «  =  1,  (1) 

9t?  +  10«  =  12,  (2) 

Let  us  eliminate  v. 

Solving  (1)  for  v,  »  =  ^^^^  (3) 

6 


Example.  —  Solve 
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Solving  (2)  for  », 

V 

From  (8)  and  (4), 

6 

Solving, 

Substituting  {  for  t  in  (1), 

Solving, 

1 

V 

9 
12-101 


w 


9 


=  1. 

=  f. 


ELIMINATION  BY  SUBSTITUTION 

Solve  one  of  the  equations  for  the  value  of  either  unknown  num- 
ber y  eacpressed  in  terms  of  the  other ,  and  substitute  this  value  in  place 
of  that  number  in  the  other  equation.    Solve  the  resulting  equxUion. 

(1) 
(2) 
Let  us  eliminate  a. 

26 +  6  & 


_,  f4a-66  =  26, 

Example. — Solve      {^        m      ^c 

1 3  a  —  6  6  =  15. 


Solving  (1)  for  a, 


a  = 


Substituting  the  value  of  a  in  (8)  for  a  in  (2), 

4 

Solving  (4),  6=2. 

Substituting  2  for  6  in  (1),  4  a  —  10  =  26. 
Solving,  a  =  9. 

EXERCISES 

Eliminate  by  addition  or  subtraction,  and  solve : 


(3) 


(4) 


1. 


I3m-n  =  8.  *    l3a;-4v  =  ll. 


5. 


f4i?-3r  =  l, 
3i2-4r=6. 


|2^-JB  =  5,  foi;-2«  =  35,  r8F=«  +  34, 

{5A-2B  =  U.        '   U  +  4'y  =  25.  *  {v+St  =  5S. 


Eliminate  by  comparison  and  solve : 


I5p-3g  =  14. 


9. 


f3aj-y  =  l, 


11. 


2^-2^=5, 
^+22^=25. 


[2x-{-5y  =  41. 

g     r3J»f+2-y=2,    -       f  9  a- 5  6=13,  f  10m-f3n=174, 

'    lJf-JV^=9.  "   Ua  +  6  =  11  '  Um+10n=125. 
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Eliminate  by  substitution  and  solve : 


13. 


14 


3a-2b  =  25, 

'4:W  =  5v-{-26, 
3w  —  6v  =  15, 


15. 


3r  +  Tr'  =  16, 
,2r  +  5r'  =  13. 


17. 


18. 


f  8^  +  2JB=90, 
{3^-5^=51. 

\5y+llz==102, 
y-32+16=0. 


Eliminate  by  any  method  and  solve : 


19. 


7i)-9T=13, 
5Z)+2r=10. 


20.    |18/:-20.=l, 
[15k-{-16s=9, 


21. 


22. 


8aj  +  6y=10, 
5  a;  +  2  y  =  1. 

f7a-46  =  12, 


23. 


24. 


fia-^i6  =  2, 
-im  +  in  =  13, 


25. 


26. 


27. 


Solve  for  x  and  y : 

ax--by  =  a^  —  b% 
hx  —  ay  =  a^  —  Ir, 

ax-^by  =  a^-]-  h\ 
bx-{-ay  =  2  ab. 

X—  ay  =  a'{-bf 
ax—ay  =  a^-\-  b. 


28. 


28. 


30. 


x-^-ny^m, 
.2x  —  my  =  n. 

f  X  -i-p^y  =  0, 
\x  —  q^y  =  l. 

\  ax-\-by  =  Cy 
[dx-\-ey  =/. 


Eliminate  before  clearing  of  fractions,  and  solve : 


31. 


32. 


2_ 

J^__ 

9, 

X 

2/ 

5 

3_ 

14. 

X 

y 

4_ 
a 

3_ 

"6 

1, 

3 

a 

4_ 

b 

6. 

33. 


34. 


5       2_^ 
1     B~   ' 

^  +  11=^. 
A  B 

m      n 


35. 


36. 


55.   Systems  in  Three  or  More  Unknown  Numbers.  —  The  process 
of  elimination  described  in  §  54  may  be  applied  in  the  solution  of 


Example.  — Solve 
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a  system  of  three  equations  in  three  unknown  numbers,  a  system 

of  four  equations  in  four  unknown  numbers,  etc.     In  any  case, 

the  equations  of  the  system  are  combined  so  as  to  derive  a  new 

system  in  which  the  number  of  equations  is  one  less  than  the 

number  in  the  given  system,  and  in  which  one  of  the  unknown 

numbers   does   not   appear.     By   repeating  the   process,   a  new 

system  is  obtained  in  which  the  number  of  equations  and  the 

number  of    unknown    numbers    is    one    less   than   before,   etc. 

Finally  a  single  equation  is  obtained  which  contains  only  one 

unknown  number. 

2a4-6  — c  +2d=  11,  (1; 

2a-b-{-2c-\-d  =  2,  (2) 

a  +  6  +  c  4-  3  d  =  5,  (3) 

6  a  -  2  5  -h  c  -  (?  =  10.  (4) 

EllmiDating  d  between  (1)  and  (2)  gives 

2a-36  +  6c=—  7.  (6) 

Eliminating  d  between  (1)  and  (3)  gives 

4  a  +  6  _  5  c  =  23.  (6) 

Eliminating  d  between  (1)  and  (4)  gives 

12  a  -  3  6  +  c  =  31.  (7) 

Now  (6),  (6),  and  (7)  form  a  new  system  free  of  d» 

Eliminating  c  between  (6)  and  (6)  gives 

6  a  -  2  6  =  16.  (8) 

Eliminating  c  between  (5)  and  (7)  gives 

58  a  -  12  6  =  162.  (9) 

Now  (8)  and  (9)  form  a  new  system  free  of  c  and  d. 

Eliminating  b  between  (8)  and  (9)  gives 

22  a  =  66.  (10) 

Solving  (10),  a  =  3. 

Substituting  3  for  a  in  (8),  6  =  1. 

Substituting  3  for  a  and  1  frr  b  in  (5),  c  =  —  2. 

Substituting  3  for  a,  1  for  6,  and  —  2  for  c  in  (1),  d  =  1, 
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BXERCISES 


Solve : 

1.     3a-6  +  2c  =  7, 
^2a  +  36--c  =  5. 


2. 


8. 


4. 


5. 


6. 


7. 


27  aj  +  9  y  4-  3  «  =  93, 
8aj  +  4y  +  2«  =  36. 

2Jtf^-3:\r-7P  =  19, 

5J»f-8^+llP  =  24, 

.7Jf-ll^+4P=43. 

7r  +  s+3<  =  54, 
4r-5»  +  6«  =  12, 
.r  +  15«-9f  =  58. 

3^  +  2(7=6-25, 
^-5jB  4-6(7=2, 
6^-8(7=12. 

aj+2/  =  l> 
?/  +  2  =  9, 

[aj+2?  +  6  =  0. 


2a-f6-c 
6  —  a  =  1, 

.0-6  =  1. 


=  7, 


Solve  for  x,  y,  and  z : 

«  +  y +2;  =  4a, 

x-'y  +  2z  —  4:a  +  2b, 

2x-{-y-'Z=za-\-b, 


13. 


8. 


9. 


10. 


11. 


12. 


14. 


'»  +  y  +  2f  +  tO  =  10, 
«— y  —  2-ft(;  =  0, 
2aj+3^  +  32;- w  =  9, 

,3a;-y +  2  — 2  m;  +4=0. 

2i?  — g  — r  +  s  =  13, 
i>  +  Q'  —  r  —  «=  —  1, 
/>—  g  +  r  — 5  +  5  =  0, 

l3i)  +  2g-r  +  2s=17. 

[4JE?-(?+^=0, 
7(?+2/r+JJ=0, 
4^+JJ+8^  =  0, 
5G^  +  16^-JJ=4 

a     0     c 

5-^  +  ^=16, 

a     6     c 

la     0     c 

f  1      9 

'i  +  -  =  26, 

5  +  1  =  66,    • 
a;      2; 

5  +  §  =  65. 


ax+by  +c»=/), 
c/a;  +  ey  +fz  =  g, 
gx-^-hy-^-  iz  =  r. 


56.   Number  of  Equations  and  Unknown  Numbers  in  a  System.  — 

If  a  system  of  linear  equations  contains  just  as  many  equations 
as  there  are  unknown  numbers,  in  general  one  and  only  one  aolvr 
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tion  of  the  system  can  be  found.  Such  a  system  is  called  a 
determinate  system.  The  systems  solved  in  §  55  were  determinate 
systems. 

If  there  are  more  unknown  numbers  than  equations  in  a  system, 
in  general  the  number  of  solutions  of  the  system  is  indefinitely 
great     Hence,  such  a  system  is  called  an  indeterminate  system. 

Thus,  'is  indeterminate.    Some  of  its  many  solations  are 

\Jix  —  y  •\-  z  ^o^ 

a;  =  l,  y  =  2,  5f  =  3;  a  =  8,  y  =  8,  ar  =  0;  a;  =  —  1,  y  =  l,  2f  =  6;  etc. 

If  there  are  more  equations  than  unknown  numbers  in  a  system, 
in  general  no  set  of  values  of  the  unknown  numbers  exists  which 
will  satisfy  all  equations  of  the  system.  Hence,  such  a  system  is 
called  an  impossible  system. 

'  m  —  n  =  5, 
Thus,  in     m  +  2  n  =  14,  the  only  values  of  m  and  n  that  satisfy  the  first 
2  w  -  3  n  =  4, 
two  equations  are  m  =  8  and  n  =  8.    But  these  values  do  not  satisfy  the 
third  equation. 

There  are  exceptions  to  some  of  the  above  principles  in  cases 
in  which  special  relations  exist  between  the  equations  of  a 
system. 


Thus,  the  system 


2  a; t/  =  8 

\       '     is  not  determinate.    Any  values  of  z 
4x  =  6  +  2y 

and  y  that  satisfy  either  of  the  equations  satisfy  the  other  also.     The  equa* 

tions  are  not  independent.    The  second  may  be  derived  from  the  first  by 

multiplying  by  2  and  transposing  a  term. 

Two  equations  in  which  all  values  of  the  unknown  numbers  that 
satisfy  one  satisfy  the  other  also  are  called  equivalent  equations. 

2  a;  +  8  y  =  14, 
The  system     8a;  —  2y  =  8,     is  not  impossible^  for  each  equation  is  satis- 

l  5  a;  4-    y  =  22, 
lied  when  x  =  4  and  y  =  2.    The  equations  are  not  independent,  for  the  third 
is  derived  from  the  other  two  by  addition. 

x-\-by  =  S, 


The  system 


^^    has  no  solution.    If  the  first  is  multiplied 
2x-f-10y  =  15,  ^ 


by  2  and  subtracted  from  the  second,  it  gives  0  =  0,  which  is  absurd.    Hence, 
the  system  is  not  determinate. 
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Two  equations  which  are  not  satisfied  by  any  set  of  values  of 
the  unknown  numbers  are  called  inconsistent  equations. 

EXERCISES 

1.  Show  that  the  equations  x-{-y=7,  2a:  — y  =  8,  x  —  2y  =  l 
do  not  form  an  impossible  system.     What  is  the  solution? 

2.  Draw  the  graphs  of  the  three  equations  in  Ex.  1  upon  the 
same  set  of  axes.  What  do  you  observe  about  the  points  where 
they  meet? 

3.  Show  that  3  ?n  -f- «  —  2  =  0  and  3  n  =  6  —  9  m  are  equivalent. 
How  may  the  second  be  obtained  from  the  first? 

4.  Draw  the  graphs  of  the  two  equations  in  Ex.  3.  What  do 
you  observe  about  them  ? 

6.  Show  that  the  system  x  —  2y  =  7  and  3  a?  =  36  +  6  y  has  no 
solution. 

6.  Draw  the  graphs  of  the  equations  in  Ex.  5.  What  do  you 
observe  about  them  ? 

57.    Problems  solved  by  Systems   of  Linear  Equations.  —  If  a 

problem  contains  more  than  one  unknown  number,  each  of  these 
may  be  represented  by  some  letter,  and  from  relations  given  in 
the  problem,  as  many  equations  containing  these  letters  may  be 
formed  as  there  are  unknown  numbers.  By  solving  the  system 
of  equations  thus  obtained,  the  values  of  all  unknown  numbers  in 
the  problem  are  found  directly. 

EXERCISES 

1.  Of  two  partners,  A  and  B,  A  has  twice  as  much  invested  in 
a  business  as  B.  If  the  profits  from  the  business  are  $  3600,  how 
much  should  each  receive? 

2.  A  man  invested  part  of  $10,000  at  5  %  and  the  rest  at  8  %. 
His  annual  income  from  both  investments  was  $  608.  Find  the 
amount  of  each  investment. 

3.  A  man  invested  $24,000,  part  in  municipal  4%  bonds,  and 
the  rest  in  railroad   stock  that  yielded  him  7%.     His   annual 
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income  from  the  entire  investment  was  $  1230.    Find  the  amount 
invested  in  bonds  and  the  amount  invested  in  stocks. 

4.  A  dealer  wishes  to  mix  coffee  costing  him  20  cents  a  pound 
with  coffee  costing  30  cents  a  pound  so  as  to  make  a  blend  that 
will  9ost  him  24  cents  a  pound.  How  many  pounds  of  each  grade 
must  he  use  to  make  50  pounds  of  the  blend  ? 

5.  A  tea  merchant  has  one  grade  of  tea  costing  40  cents  a 
pound  and  another  grade  costing  65  cents  a  pound.  How  many- 
pounds  of  each  grade  must  he  use  to  make  20  pounds  of  a  mixture 
costing  him  50  cents  a  pound  ? 

6.  How  much  cream  containing  22  %  butter  fat  and  milk  con- 
taining 4  %  butter  fat  must  be  mixed  to  make  40  gallons  of 
cream  containing  20  %  butter  fat  ? 

7.  How  much  milk  testing  3^  %  butter  fat  and  cream  testing 
24  %  butter  fat  must  be  mixed  to  make  100  gallons  of  milk 
testing  4  %  butter  fat  ? 

8.  A  certain  mixture  contains  30  %  alcohol.  Commercial 
alcohol  is  95%  pure.  How  many  gallons  each  of  the  mixture 
and  commercial  alcohol  must  be  taken  to  make  60  quarts  of  a 
mixture  which  contains  45  %  alcohol  ? 

9.  A  chemist  has  in  his  laboratory  the  same  acid  in  two 
strengths.  Six  parts  of  one  mixed  with  4  parts  of  the  other 
gives  a  mixture  86  %  pure,  and  4  parts  of  the  first  mixed  with 
6  parts  of  the  second  gives  a  mixture  84  %  pure.  What  is  the 
per  cent  of  purity  of  each  acid?  - 

10.  When  weighed  in  water,  gold  appears  to  lose  y\  of  its 
weight  in  air.  Silver  appears  to  lose  t^j  of  its  weight  in  air  when 
weighed  in  water.  An  alloy  of  gold  and  silver  that  weighs  18 
ounces  in  air  appears  to  weigh  only  16^  ounces  in  water.  How 
much  gold  and  how  much  silver  in  the  alloy? 

11.  Hieron,  king  of  Syracuse,  had  a  crown  that  weighed  20 
pounds.  The  workman  who  made  it  claimed  that  it  was  of  pure 
gold,  but  King  Hieron  suspected  that  it  was  an  alloy  of  gold  and 
silver.     His  friend  Archimedes,  the  greatest  mathematician  oi 
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antiquity,  weighed  it  in  water  and  found  that  it  appeared  to 
weigh  only  18f  pounds.  How  much  gold  and  how  much  silver 
did  it  contain  ?     (Use  the  data  of  Problem  10.) 

12.  When  weighed  in  water  tin  appears  to  lose  ^  of  its  weight 
in  air,  and  zinc  ^  of  its  weight  in  air.  An  alloy  of  tin  and  zinc 
that  weighed  45  pounds  in  air  appeared  to  weigh  only  39^  pounds 
in  water.    Find  the  amount  of  each  metal  in  the  alloy. 

13.  The  relation  between  the  readings  on  the  Centigrade  and 
th^  Fahrenheit  thermometeris  is  expressed  by  0  =  ^(2^—32), 
where  C  and  F  are  the  temperatures  indicated  on  the  Centigrade 
and  Fahrenheit  thermometers,  respectively.     Alcohol  boils  at  a 

* 

temperature  that  is  96°  lower  on  the  Centigrade  than  on  the 
Fahrenheit  thermometer  scale.  Find  the  boiling  points  of  alco- 
hol on  both  the  Centigrade  and  Fahrenheit  thermometers. 

14.  The  temperature  of  boiling  mercury  is  312°  higher  when 
read  upon  the  Fahrenheit  thermometer  than  when  read  upon  the 
Centigrade.     Find  the  boiling  point  of  mercury  on  each  scale. 

16.  Two  men  lift  a  weight  of  216  pounds  which  is  suspended 
from  a  6-foot  pole  carried  between  them.  If  the  weight  is  2^ 
feet  from  one  man  and  3^  feet  from  the  other,  how  much  does 
each  man  lift  ? 

Note.  —  The  equations  for  Problems  15  and  16  depend  upon  the  principle 
that  the  amount  lifted  by  one  multiplied  by  the  distance  to  the  weight  equalB 
the  amount  lifted  by  the  other  multiplied  by  the  distance  to  the  weight. 

16.  Two  boys  carry  a  basket  of  groceries  suspended  on  a  stick 
between  them.  If  the  basket  weighs  60  pounds,  and  is  placed 
24  inches  from  one  end  and  30  inches  from  the  other  end  of  the 
stick,  how  much  does  each  boy  carry  if  one  grasps  each  end  of  the 
stick  ? 

17.  An  aviator  flew  to  a  point  30  miles  away  in  40  minutes, 
with  the  wind.  It  took  2  hours  for  him  to  make  the  return  trip 
against  the  wind.  Find  the  speQd  of  the  wind  and  what  his 
8iy»^d  would  have  been  if  there  had  been  no  wind. 
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]  8.  A  freight  train  is  715  feet  long,  and  a  passenger  train  275 
feet  long.  They  pass  each  other  on  parallel  tracks.  When  going 
in  opposite  directions,  it  takes  them  just  9  seconds  to  pass ;  but 
when  going  in  the  same  direction,  it  takes  them  45  seconds  to 
pass.     Find  the  speed  of  each  train. 

19.  A  man  said  to  his  son  ;  ^'  I  am  now  4  times  as  old  as  you ; 
but  in  20  years  I  will  be  only  twice  as  old  as  you."  Find  the  age 
of  each. 

20.  A  pumping  station  contains  two  steam  pumps.  If  both 
pumps  are  driven  at  once,  they  will  fill  the  reservoir  in  8f  hours. 
If  one  is  driven  10  hours  and  the  other  8  hours,  the  reservoir  will 
be  filled.     In  what  time  can  each  pump  alone  fill  the  reservoir  ? 

21.  Two  machines  operated  together  can  turn  out  a  piece  of 
work  in  13  hours  20  minutes.  After  both  have  been  operated  for 
6  hours,  one  machine  is  stopped,  and  the  other  finishes  the  work 
in  16 J  hours  more.  In  how  many  hours  could  each  machine 
alone  turn  out  the  work  ? 

22.  The  perimeter  (sum  of  the  sides)  of  a  triangle  is  36  inches. 
One  side  is  3  inches  longer  than  another,  and  the  third  side  is  3 
inches  longer  than  the  longer  of  the  other  two.  Find  the  length 
of  each  side. 

23.  The  sum  of  the  two  sides  of  a  triangle  which  meet  at  one 
vertex  is  28  inches,  at  another  vertex  34  inches,  and  at  the  third 
vertex  38  inches.     Find  the  length  of  each  side. 

24.  Three  circles  are  drawn  tangent  to  (touching)  each  other, 
and  with  their  centers  at  the  points  P,  Q,  and  B,  respectively. 
The  distance  between  F  and  Q  is  12  inches,  between  F  and  R 
16  inches,  and  between  Q  and  E  20  inches.  Find  the  radii  of 
the  circles. 

Note.  —  The  lines  PQ,  QM,  and  PB  pass  through  the  points  at  which 
the  circles  touch. 

25.  The  sides  of  a  triangle  are  all  tangent  to  a  circle.  The 
sides  of  the  triangle  are  28  inches,  36  inches,  and  40  inches  re* 
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spectively.     Find  tbe  points  of  the  sides  at  which  they  touch  the 
circle. 

Note.  — Use  the  fact  from  geometry  that  the  distances  from  any  vertex 
of  the  triangle  to  the  two  points  where  the  sides  from  that  vertex  touch  the 
circle  are  equal. 

26.  Three  pumps  together  can  fill  a  reservoir  in  3^  hours,  the 
two  larger  can  fill  it  in  4^  hours,  and  the  largest  and  smallest 
together  can  fill  it  in  4|^  hours.  In  what  time  could  each  pump 
alone  fill  it  ? 

58.*  Determinants.  —  If  we  solve  the  system 

ax-{-hy  =  c, 
dx  +  ey  =/, 


the  solution  is 


ce  —  bf  af—cd 

ae  —  bd  ae  —  bd 


It  is  seen  that  the  fractions  expressing  the  values  of  x  and  y 

have  the  same  denominator,  ae  —  bd.     This  denominator  may  b^ 

written  in  the  form  _ 

(jf 

d     e 

This  symbol  is  called  a  determinant. 

Its  value  is  found  by  subtracting  from  the  product  of  the  upper 
left-hand  and  lower  right-hand  numbers  the  product  of  the  upper  right- 
hand  and  lower  left-hand  numbers. 


Thus, 


6 
5 


2 

7 


=  6x7-5x2=32.  And 


-8 
4 


3 
1 


=:__8-12=-20. 


Since  the  above  determinant  contains  two  rows  and  two  columns 
of  numbers,  it  is  called  a  determinant  of  the  second  order. 


Find  the  value  of : 
5    7 


1. 


2    8 


2. 


EXERCISES 


1     6 
6     1 


3. 


4    3 

3    2 


4. 


10    3 
8    6 


*  This  and  the  following  starred  sections  may  be  omitted  without  interfer- 
ing with  the  subsequent  work,  if  desired. 
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5. 


6. 


-2 

3 

.  7. 

8 

0 

• 

9. 

12 

-2 

.     11. 

X 

X 

• 

4 

-1 

3 

2 

• 

-9 

-1 

1 

3 

12 

-2 

• 

8. 

0 

-2 

.     10. 

a 

b 

12. 

a« 

1 

1 

~1 

5 

4 

c 

d 

1 

1 

59.^   Systems    of    Two    Linear    Equations   solved  by  Determi- 
nants-t  — It  follows  from  the  definition  of  a  determinant  in  §  58 

that  the  solution  of  the  system  ^   ^         may  be   written  in 

[dx-\-eu=f 

the  form 


aj  = 


c 

6 

/ 

e 

a 

6 

d 

e 

2^  = 


a 

c 

d 

f 

a 

b 

d 

e 

Observe  that  the  numerator  of  x  is  obtained  from  the  denominor 
tor  by  replacing  the  coefficients  of  x  that  form  the  first  column  by  the 
knoion  terms  in  the  eqvMions,  and  that  the  numerator  ofy  is  obtained 
by  replacing  the  coefficients  ofy  that  form  the  second  column  by  the 
known  terms  in  the  equations. 

Hence,  instead  of  solving  by  the  process  of  elimination,  the 
solution  of  any  system  of  two  linear  equations  in  two  unknown 
numbers  may  be  wntten  down  by  determinants. 

^  oil  4^-35=1, 

Example.  —  Solve  j  _  ^      .  ^     ^ 

[3-4  —  4  B  =  G. 

1     ~3| 

6-4         14 


A  = 


4     -3 
3     -4 


-7 


=  -2, 


B  = 


4 

1 

3 

6 

4 

-3 

3 

-4 

21 

-7 


=  -3. 


t  The  determinant  notation  is  an  invention  of  modern  times.  It  has  been 
in  use  in  solving  systems  of  equations  since  about  1760.  Leibnitz,  a  great 
German  mathematician,  first  discovered  the  notation  and  wrote  about  it  to 
a  friend  in  1693,  but  its  general  use  did  not  come  until  much  later.  To-day 
determinants  are  extensively  used  in  all  fields  of  advanced  mathematics.  For 
a  fuller  treatment  of  determinants,  see  the  chapter  on  determinants  in  the 
Stone-Millis  Higher  Algebra. 
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EXERCISES 


Solve  by  determinants : 


1     ^4aj4-y  =  6, 


I 

*    l23f-f-3JVr=13.      ' 


2^+r=14. 

12v-«  =  10, 
5i;-f-7«=16. 


f2P^l  =  Q, 

j^     f9w-4n=20, 
1 5  m  —  n  =  16. 


3. 


/)  +  5g  =  8,  f-2a:  +  5y  =  4,  f2F+l  =  5a, 

I2p-g  =  5.  '    l7«-i-y  =  5.  '    I3a-4  =  6F. 


y 

8a-6  =  4,  f4;^  =  5-A:, 

6a  +  26  =  14.       '    U4-3  =  2A:. 


12. 


( 


3  —  n  =  2  m, 

4  m  4"  2  =  w. 


60.*  Determinants  of  the  Third  Order.  —  Solving  the  system 

GKC  +  6y  -f  C2!  =Pf 

dx  4-  ey  -{-fz  =  g, 
,  ^a?  +  %  +  «  =  ^, 

_  j>ei  +  qhc  4-  r/6  —  cer  —  fhp  —  iqb 
aei  +  dhc  -f  ^/6  —  ceg  —  /^a  —  td6 

aqi-^drc  -\- gfp  —  egg  -- fra  —  idp 

y  _^^  __^_^_^^_^^_^-^^^_^_^^— ^_^^^__^^_^^^_^^^— — ^^— — 

aei  +  d^c  4-  g/6  -—  ceg  —  /Aa  —  idh 

_  aei*  4-  cg^p  4-  gqb  —  peg  —  qha  —  rdb 
aei  4-  dAc  +  g/6  —  ceg  —  fha  —  idb 


The  denominator  oei  +  dhc  4-  g/^  —  ce^ 
tion  may  be  written  in  the  form 


fha — idb  of  each  f rac- 


a 

b 

c 

d 

e 

f 

9 

h 

This  symbol  is  called  a  determinant  of  the  third  order. 
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.  It  is  seen  that  each  term  of  the  denominator  is  the  product  of 
three  numbers,  and  that  these  three  numbers  are  chosen  so  that 
one  and  only  one  is  taken  from  each  row  and  one  and  only  one  from 
each  column  of  the  determinant.  It  is  seen  also  that  if  the  num- 
bers of  the  determinant  are  connected  by  lines,  as  in  the  accom- 
panying figure,  the  three  numbers  on  each  of  the  three  continuous 
lines  form  one  of  the  positive 
terms,  and  the  three  numbers 
on  each  of  the  dotted  lines 
form  one  of  the  negative 
terms. 

These  facts  will  enable 
one  to  write  down  the  value 
of  any  given  determinant  of 
the  third  order. 


^--•^' 


Example.  — 


2  6  5 
14  3 
8    17 


=2x4x7+1x1x5+8x6x3- 


8x4x6-lx3x2-7x 1x6=- a 


EXERCISES 


Find  the  value  of : 


1. 


2. 


3. 


4. 


2 

3 

5 

1 

2 

1 

4 

1 

3 

1 

6 

2 

7 

8 

1 

1 

3 

4 

4 

8 

1 

3 

1 

5 

6 

1 

2 

1 

2 

3 

2 

1 

1 

3 

2 

1 

5. 


6. 


7. 


8. 


Ill 

10 

0 

4 

4    4    4 

9. 

3 

6 

-2 

16    2 

0    - 

-1 

5 

8        2 

-3 

a    b 

c 

1     -1 

4 

10. 

1     1 

1 

• 

2     -2 

1 

1    2 

3 

3     -5 

-1 

X    y 

z 

4     -2 

3 

11. 

y    « 

z 

• 

1     -1 

1 

T    1 

1 

12        1 

-1 

1    0 

n 

2     -4 

8 

•       12. 

0    1 

0 

• 

1     -2 

-1 

n    1 

1 

/ 
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61.*    Systems  of  Three  Linear  Equations  Solved  by  Determinants. 

—  It  follows  from  the  definition  of  a  determinant  of  the  third 
order  in  §  60  that  the  solution  of  the  system 


ax  -{-by  -{-  ez 

dx  +  ey  +fz 

.  gx  -h  hy  -f-  iz 


may  be  written  in  the  form 


x  = 


p    b    c 

ape 

a    b    p 

q    e    f 

d    q    f 

d    e     q 

r    h     i 

1  y- 

9     r     i 

y    2^  = 

g    h     r 

a    b    c 

a     b    ,c 

a     b     c 

d     e    f 

d    e    f 

d     e    f 

g    h    i 

g    h     i 

g    h     i 

It  is  seen  that  the  numerator  of  x  is  obtained  from  the  denomina- 
tor by  replacing  the  coefficients  of  x  that  form  the  first  column  by  the 
known  terms  of  the  equations,  and  that  the  numerators  of  y  and  z 
are  obtained  in  a  similar  manner. 

Hence,  any  system  of  three  linear  equations  in  three  unknown 
numbers  may  be  solved  by  merely  writing  down  the  solution  in 
the  form  of  determinants,  and  simplifying. 


EXAl 

UPLB.  —  Sob 

6     -2     1 
13         3    2 
13    -1     1 

/e 

«-2y +  «  =  6, 
a;  +  3  y  -f-  2  «  =  13, 
2  «  —  y -h  a?  =  13. 

18  -  13  -  52  -  39  +  26  +  12  _  -  48 

1     -2     1 
1         3    2 
2-11 

3-1-8-6+2+2      -8 

=  6. 


Similarly,  y  =  1,  and  «  =  2. 
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Solve  by  determinants: 

1.  2aj4-y  —  21  =  7, 
*dx—y-\-2z  =  \^. 

A-2B-\'C=:2, 

2.  4^  +  5-2(7=20, 

3p4-2g4-r  =  5, 

3.  2p'-3q—  r=  1, 
5p  —  g  +  2r=cl4. 

f3f4-2JV^-P=.o, 
6  3f4-5iV^4-P=2, 
2J»f-JV^-8P=l. 

3a  +  56+c  =  l, 
6.      a-46-2c  =  32, 
.7a  +  56-4c  =  36. 


EXERCISES 


6. 


7. 


8. 


9. 


10. 


f9r-s+2«  =  8, 
r  +  3s-t=5y 
4r-5-3^  =  l. 

aj  — 2  =  2/4- «, 
3a;  +  !/  =  «— 1, 

x+z  =  4:—y, 

fl2m-3n=4-2A:, 

m  4-  A;  =  2  —  w, 

5A;  — 4  71=  2  m  4-1. 

^  +  5=10, 

54-0=6, 
[A+C=S. 

x-y=:2, 
y  —  zt^S, 
x  —  z  =  5. 


Solve: 


1. 


2. 


3. 


4. 


1   +X  =  A, 


SUPPLEMENTARY  EXERCISES 

8 


8  a     4  6     16^ 


4  a     2  6  •  65 


5  771        271 


2m     71 

1  +  1 


aj4-l  y4-l      12' 

J 1_^J^ 

'x  +  1  2^4-1      12' 

f_2_  _1_^13 

a-2  &-2     15/ 

1  2    ^11 

a-2  &-2     15' 


5. 


6. 


7. 


2m4-3     271-3 


o  + 


l2m  +  3     271-3 


=  5, 


4-2  =  0 


1     +^  +  ^.  =  2, 


A-5     B^5      C-5 

'        ^   4-X  =  a 


A-5     B-5      C-5 

3 1 1_^1 

1^-5      5-5      0-5     4 

^25    ■  1_Q5 
3x^2y^;.""^^' 

X     3y     z        ^' 
12        1       _11 

12' 


2x     3y     2z 
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8.  In  the  equations  -^  =  —f  and  —=—,  eliminate  B  by  multi* 

plication. 

9.  In  the  formula  V=^  i H(B+b -{- 4:M)  and  4:M  =  B-\'b 

-I-  2^Eby  eliminate  Jf,  and  thus  derive  a  formula  between  F,  H, 
By  and  b. 

10.  In    the  formula    Pidx  =  P^  and  Py  +  Pi=w  solve  for 
PjandPf 

Solve  each  of  the  following  systems  for  jc,  y,  and  « : 


11. 


13. 


x-\-y  +  z  = 

a, 

ax-{-by=p, 

aJ  +  y  — «  = 

&, 

12. 

cy-\-dz  =  q, 

,aJ-y-f-2  = 

:C. 

ex-\'fz  =  r. 

x     y 

X       z 

14. 

a;      2; 

• 

12^      2 

CHAPTER  VI 
ROOTS,  SURDS,  AND  IMAGINARY  NUMBERS 

62.  Koota.  —  The  numbers  whose  square,  cube,  fourth  power, 
fifth  power,  etc.,  are  a  given  number  are  called  the  square  root, 
cube  root,  fourth  root,  fifth  root,  etc.,  respectively,  of  the  given 
number.  In  general,  the  number  whose  nth  power  is  a  given 
number  is  the  nth  root  of  that  number. 

Thus,  since  C4  x^y  =  64  ic*,  4  as^  jg  the  cube  root  of  64  ofi, 

A  root  of  a  number  is  indicated  by  placing  before  it  the  sign 
■y/,  called  the  radical  sign.  Usually  a  vinculum  is  placed  over 
the  number  to  show  how  far  the  effect  of  the  radical  sign  is  to 
extend.  Except  in  case  of  a  square  root,  a  little  number  called 
the  index  of  the  root  is  written  above  the  radical  sign  to  indicate 
what  root  it  is.  In  the  case  of  square  root  the  index  2  is  under- 
stood. 

Thus,  the  square  root  of  x  is  written  Vx;  the  cube  root  of  n^+1  is  written 
Vni^  +  1 ;  the  fourth  root  of  a^  —  b^  is  written  Va'^  —  b^ ;  etc. 

63.  Number  of  Roots  of  a  Number.  —  Since  (-[-  2)^=  4  and  (—2)2 
=  4,  V4  is  either  -f-  2  or  —  2,  usually  written  Vi  =  ±  2.  Sim- 
ilarly, since  (4- 3)*  =  81,  and  (-3)*  =  81,  a/ST  may  be  either 
4-  3  or   —  3.     In  general, 

Every  positive  number  has  two  even  roots  that  may  he  expressed 
as  positive  or  negative  numbers,  these  roots  having  the  same  absolute 
value,  but  opposite  signs. 

Since  no  positive  or  negative  number  raised  to  an  even  powei 
can  give  a  negative  number, 

85 
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A  negative  number  Jias  no  e'ven  root  that  can  be  expressed  as  a 
positive  or  negative  number. 

Since  (+  2)8  =  8  and  (-  2/  =  -  8,  ^8  =  +  2  and\/^^=  -  2. 
Similarly,  since  (+2)^  =  32  and  (-2)«  =  -32,  \^  =  -{-2  and 
\/—  32  =  —  2.     In  general, 

Any  given  number  has  one  odd  root  that  has  the  same  sign  as  the 
given  number. 

The  indicated  even  root  of  a  negative  number  is  called  an  imag- 
inary number.  All  other  numbers  are  called  real  numbers,  for 
distinction. 

Thus,  V—  9  and  V—  1  are  imaginary  numbers^  and  3  and  \/6  are  real 
numbers. 

It  can  be  shown  that  every  number  lias  two  square  roots,  three 
cube  roots,  four  fourth  roots,  etc.,  expressed  in  terms  of  real  and 
imaginary  numbers. 

Thus,  the  three  cube  roots  of  8  are  2,  —  1  +  V—  3,  and  —  1  — 

V--3.     For  the  cube  of  each  of  these  is  8.     The  four  fourth  roots 

of  81  are  3,  —  3,  V— 9,  and  —  V— 9.     For  the  fourth  power  of 
each  of  these  is  81.     The  six  sixth  roots  of  64  are  2,  —  2, 1  -f- 

V^  1-V^  -1  +  V^and -1-V^^^ 

64.  The  Principal  Root.  —  The  positive  real  even  root  of  a  posi- 
tive number,  or  the  real  odd  root  of  a  positive  or  negative  number, 
is  called  the  principal  root. 

Thus,  the  principal  square  root  of  9  is  3,  the  principal  cube  root  of  64  is  4^ 
the  principal  cube  root  of  —  27,  is  —  3,  etc. 

Unless  otherwise  stated,  only  the  principal  root  of  a  number  is  to  hd 
understood  as  indicated  in  an  expression. 

Thus,  in  1  H-  VS  only  the  principal  square  root  of  3  is  understood.     Sim^ 

ilarly,  in  finding  the  values  of  m  and  n  that  satisfy  the  equation  Vm  ^  y/n 
=  1,  only  the  principal  square  roots  of  m  and  n  are  allowed  to  be  used. 
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65.  Root  of  a  Monomial.  — As  shown  in  the  First  Course, 

To  find  the  principal  square  root  of  a  monomial  take  the  square 
root  of  the  numerical  coefficient,  and  divide  the  exponent  of  each  lit- 
eral factor  by  2. 

To  find  the  principal  cube  root  of  a  monomial,  take  the  cube  root 
of  the  numerical  coefficient,  and  divide  the  eocponent  of  each  literal 
factor  by  3. 

Thus,  since  (3  m*M3)2=9  m^n^,  the  principal  square  root  of  9  m^n^  is  3  m*n', 
which  may  be  obtained  by  the  above  rule. 

Since  (2  x2y4)'  =  8  jfiy^^,  the  principal  cube  root  of  8  j^y^^  is  2  x^y*,  which 
may  be  obtained  by  the  above  rule. 

Similarly,  in  general, 

To  find  the  principal  nth  root  of  a  monomial,  take  the  nth  root  of 
the  numerical  coefficient,  and  divide  the  exponent  of  each  literal  factor 
by  n. 

EXERCISES 

Find  the  principal  square  roots  of : 

1.  25.       3.   n«.        5.    IBa^ft*.         7.    100  mV.         9.  4 />V»-*. 

2.  81.       4.    Pi^      6.   36  V'tf.       8.   121  A^B"^.     10.  9  aJ*2/V. 

Find  the  principal  cube  roots  of : 

11.  27.     13.   A\     15.   8a^/.        17.    125  a"6^*.       19.  ScxPi/zK 

12.  64.     14.    s"',      16.    27P«Q«.    18.   64  T^F^.     20.  27  m'Vp^i. 

Find  the  principal  fourth  roots  of : 
21.    16.     22.   81.      23.    a^ft".       24.    256  a?*y^      25.    625  M^N^P\ 

Find  the  principal  fifth  roots  of : 
26.   32.        27.  243.         28.  a^y^"^.      29.  32A^E^.       30.  p^q^r^s^. 

66.  Square  Root  of  a  Polynomial.  —  As  shown  in  the  First 
Course  (see  §  135^,  to  find  the  principal  square  root  of  a  poly- 
nomial : 
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(1)  Write  the  given  polynomial  in  descending  or  ascending  powers 
of  some  letter, 

(2)  Take  the  square  root  of  the  first  term  for  the  first  term  of  the 
rooty  and  subtract  the  first  term  from  the  polynomial, 

(3)  Double  the  root  found  for  the  first  trial  divisor,  divide  the  first 
term  of  the  remainder  by  this,  and  write  the  quotient  as  the  second 
term  of  the  root. 

(4)  Add  this  quotient  to  the  trial  divisor  to  obtain  the  true  divisor, 
multiply  the  true  divisor  by  the  second  term  of  the  root,  and  subtract 
the  product  from  the  preceding  remainder. 

(5)  If  there  is  still  a  remainder,  double  all  of  the  root  already 
found,  for  a  new  trial  divisor,  and  proceed  as  before.  Continue  this 
process  until  oM  terms  of  the  root  are  found. 

Example.  — Find  the  square  root  of  a*  —  10  a^  +  29  a^  —  20  a  +  4. 

o*-  10  gs  +  29  gg  -  20  g  +  4  I  gg  ~  5  q  +  2 
g* 


2g2 

2g2-6g 
2g2-10g 
2  g2  -  10  g  +  2 

The  square  root  is  g^  —  6  g  +  2. 


-  10  g3  4-  29  g2  -  20  g  +  4 

-  10  g3  +  25  g2 


4  g2  —  20  g  +  4 
4  g2  —  20  g  +  4 


EXERCISES 


I 


Find  the  square  root  of : 

1.  A^-6A  +  9.  4.   49m*  +  28my4-4/«. 

2.  4^  +  12«  +  9.  6.   36a2-48a54-166*. 

3.  l-10F-f25F^  6.   16 a«/ 4- y' +  64 a?«. 

7.  7i*-6n3  +  13n2-i2n4-4. 

8.  l-\-10k-{-29k^-\-201(^  +  4:k\ 

9.  <«_4^  +  25^^4-44-20«-10^*. 

10.  16i?*  +  30  223-24jB^4-94-25  2?«-40  2?. 

11.  a*-2a36  +  3a262-2a63  +  6*. 

12.  36a^  +  12ab  +  b'-24cac-4.bc  +  4Q\ 
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18.  a^  +  25f  +  6xz-Wxy'-30yz-\-9z\ 
14.  a;«-4v*-24iy»4-33v2^14^4_20t;4-4. 

Find  the  first  four  terms  of  the  square  root  of: 
16.  l-4aj.  16.  l+8.y.  17.   1  — a. 

Find  the  fourth  root  of: 

18.  a;*-12a^4-54ar'-108aj  +  81. 

SuooBSTioN.  —  Find  the  square  root  of  the  square  root. 

19.  m*-8m«n  +  24mV-32mn*-|-16n*. 

67.  Square  Root  of  an  Arithmetical  Number.  —  An  arithmetical 
number  is  in  nature  a  polynomial.  Hence  a  process  similar  to 
that  in  §  66  may  be  used  for  finding  the  square  root  of  an  arith- 
metical number. 

It  is  easily  seen  that,  if  the  figures  of  an  integer  are  marked  off 
from  right  to  left  into  g^roups  of  two,  the  number  of  figures  in  the 
integral  part  Of  the  square  root  will  be  equal  to  the  number  of 
groups,  any  one  figure  that  remains  on  the  left  being  counted  as 
a  whole  group. 

ThuSf  marked  oft  into  gi*oup8f  42579  becomes  4'2579'.  Hence  the  integral 
part  of  the  square  root  will  contain  three  figures. 

The  similarity  of  the  process  of  finding  the  square  root  of  an 
integer  to  that  of  §  66  is  shown  in  the  following  example : 

Example.  —  Find  the  square  root  of  119,716. 

Pointing  off  gives  11'97'16.    Hence  the  square  root  has  three  figures  — 

hundreds,  tens,  and  ones.    The  root  lies  between  300  and  400,  because  SOO^ 

is  less  and  400^  more  than  119,716.    That  is,  the  value  of  the  hundreds  ir 

the  root  is  300. 

The  worlt  is  as  follows  : 

ll'97a6'    [  300  +  40  +  6  =  346 

90000 

2  X  300  =  600 


600  +  40  =  640 
2  X  340  =  680 
680 +  6  35  686 


2  97  16 
2  66  00 


41  16 
4116 
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Explanation.  —300^  =  00000.  Subtracting  this  leaves  20716.  Doubling 
300  gives  600  for  the  first  trial  divisor.  Dividing  20716  by  600  gives  approxi- 
mately 40,  the  value  of  the  tens  in  the  root.  Adding  40  to  600  gives  640, 
the  first  true  divisor.  Multiplying  640  by  40  gives  26600.  Subtracting  this 
leaves  4116.  Doubling  340,  the  value  of  the  part  of  the  root  found,  givea  680 
for  the  second  trial  divisor.  Dividing  4116  by  680  gives  approximately  6. 
Adding  6  to  680  gives  686,  the  second  true  divisor.  Multiplying  686  by  6 
gives  4116.     Subtracting  this  leaves  no  remainder. 

lience  the  exact  root  is  300  +  40  +  6  or  346. 

If  a  number  that  contains  a  decimal  is  marked  off  into  groups 
of  two  figures  each,  beginning  at  the  decimal  point  and  marking 
both  to  the  left  and  right,  the  number  of  figures  in  the  integral 
and  decimal  parts  of  the  square  root  will  equal  the  number  of 
periods  in  the  integral  and  decimal  parts,  respectively,  of  the 
given  number.  If  the  decimal  part  has  an  odd  number  of  figures, 
add  a  zero  to  make  it  even. 

To  find  the  approximate  value,  to  any  number  of  decimal 
places,  of  the  square  root  of  a  number  that  is  not  a  perfect  square, 
mark  the  decimal  point,  annex  zeros,  and  proceed  as  with  a 
decimal. 

Example.  —  Find  to  two  decimal  places  the  square  root  of  8. 
We  annex  4  zeros  after  the  decimal  point. 


S.'OO'OC 

4. 

00  00 

4. 

00  00 

3. 

84  00 

16  00 

1124 

2  4-  .8  +  .02  =  2.82 


2x2  =  4 

4+  .8=4.8 
2  X  2.8  =  5.6 
6.6  +  .02  =  5.62 


EXERCISES 

Find  the  square  root  of : 

1.  2209.  4.  649636.  7.   1.6129. 

2.  8464.  5.   2673225  8.   0.1849. 

3.  131044  6.   68.89.  9.   0.007396. 
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Find  to  three  decimal  places  the  square  root  of : 

10.  12.  12.   20.  14.    1.61. 

11.  7.  13.   0.2.  15.   0.05. 

16.  The  legs  of  a  fight  triangle  are  48  inches  and  64  inches. 
Find  the  hypotenuse. 

17.  The  hypotenuse  of  a  right  triangle  is  14  inches  and  one 
leg  8  inches.     Find  the  length  of  the  other  leg. 

18.  A  rectangle  is  19  inches  long  and  11  inches  wide.  What 
is  the  length  of  the  diagonal  ? 

19.  Find  the  radius  of  a  circle  whose  area  is  60  square  inches. 

20.  The  boiler  of  an  engine  contains  96  flues  or  pipes,  each 
3  inches  in  diameter.  If  the  area  of  the  cross  section  of  the  smoke- 
stack equals  the  combined  areas  of  the  cross  sections  of  all  of  the 
flues,  what  must  be  the  diameter  of  the  smokestack  ? 

21.  Three  drainage  pipes,  each  6  inches  in  diameter,  empty  into 
one  larger  pipe.  If  the  carrying  capacity  of  the  larger  pipe  is 
equal  to  the  sum  of  the  carrying  capacities  of  the  smaller  pipes, 
what  must  be  its  diameter  ? 

Suggestion.  —  Consider  that  the  area  of  a  cross  section  of  the  larger  pipe 
must  equal  the  sum  of  the  cross  sectional  areas  of  the  three  smaller  pipes. 

22.  The  area  of  a  triangle  whose  sides  are  a,  6,  and  c  equals 

V«(«  — a)(s  —h)(s  —  c),  where  s  is  one  half  of  the  sum  of  the 
three  sides.  Find  the  area  of  a  triangle  whose  sides  are  12  inches, 
16  inches,  and  18  inches. 

23.  Find  the  area  of  a  triangle  whose  sides  are  46  feet,  30 
feet,  and  24  feet. 

68.  Roots  of  Numbers  found  Graphically.  —  If  y  represents  any 
number  and  x  the  square  root  of  that  number,  then  a?  =  Vy.  By 
assigning  values  to  y  and  computing  the  corresponding  values  of 
X,  we  get  the  following  sets  of  values  of  x  and  y  that  satisfy  this 
equation : 
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y 

0 

I 

4 

» 

16 

25 

36 

40 

C4 

7. 

0 

1 

2 

3 

4 

6 

0 

7 

8 

Locating  tbe  points  correBponding  to  these 

sets  of  values  of  x  and  y,  we  get  the  graph  in 
the  margin. 

By  means  of  this  graph  we  can  read  off  the 
square  root  of  any  number  between  0  and  64, 
approximated  to  tenths. 

Note.  —  If  desired,  the  Btadent  maf  mahe  such  a 
graph  on  a  lai^er  piece  of  squared  paper  and  with 
a  larger  scale,  sa;  1  space  to  tbe  unit  aJoag  the  ji-azis 
and  6  spaces  to  the  unit  along  the  x-axla.  The  larger 
graph  could  be  used  for  getting  the  roots  of  larger 
numbers,  and  for  getting  the  tooIh  with  greater  pro- 
Similar  graphs  may  be  constructed  for  finding  the 
cube  roots,  fourth  roots,  etc.,  of  numbeiB, 


Find  to  tenths,  l}y  use  of  the  above  graph, 
the  square  roots  of :    . 

1.  10.     3.  20.      5.  40.      7.  60.         9.     2.5. 

2,  15.     4.  28.     6.  62.-    8.  6.5.     10.  12.6. 
11.    By  constructing  the  graph  of  a;  =  Vy, 

a  curve  is  obtained  for  finding  the  culje  roots 
of  numbers  graphically.     By  assigning  to  y 
the  values  0,  1,  8,  27,  64,  125,  216,  get  the 
corresponding  values  of  x,  and  draw  the  graph. 

12.    Use  the  graph  in  Ex.  11  for  finding  to  tenths  the  cube  roots 
of  12,  20,  45, 100,  and  150. 

69.   Surds.  —  An  indicated  root  of  any  number  is  called  a  rcdlcaL 

Thus,  \/i,  \/iO,  Vji  -  y',  are  radicals. 
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Any  expression  containing  one  or  more  radicals  is  called  a 
radical  expression. 

If  the  exact  value  of  a  radical  which  is  real  cannot  be  com- 
puted, that  is,  cannot  be  exactly  expressed  by  a  whole  number  or 
common  fraction,  it  is  called  a  surd. 

Thus,  V3,  \^  Vl  -  x^  are  surds. 

,  The  index  of  a  surd  indicates  the  order  of  the  surd.  A  surd 
whose  index  is  2  is  a  surd  of  the  second  order,  or  a  quadratic  surd. 
A  surd  whose  index  is  3  is  of  the  third  order.  In  general,  a  surd 
whose  index  is  n  is  of  the  nth  order. 

Thus,  Vb  is  of  the  second  order;  v^2x^of  the  third  order;  y/a-j-b  of  the 
fourth  order  ;  etc. 

Note.  —  Although  the  exact  value  of  a  quadratic  surd  cannot  be  computed, 
it  can  be  represented  graphically  by  a  Ime  of  definite  length.    See  Fibst 
I  Course,  §  143. 


70.  Simplest  Form  of  a  Surd.  —  The  form  of  a  surd  may  some- 
times be  changed  without  altering  its  value. 

If  a  surd  contains  under  the  radical  sign  a  factor  of  which  the 
indicated  root  can  be  extracted,  this  factor  may  be  removed  from 
under  the  radical. 

Thus,  V¥b  =  a^y/b,  and  ^48  =4\/5". 

If  a  surd  contains  a  fraction  under  the  radical  sign,  this  frac- 
tion may  be  removed. 


Thus,  J^    1 V6,  and  ^^  =  1  ^^SJJT 
^3     3  ^n8      w 


If  the  index  of  a  surd  and  the  exponents  of  all  factors  under 
the  radical  sign  have  a  common  divisor,  the  surd  may  be  changed 
to  lower  order. 

Thus,  \/^^b*=  v^,  and  v^=  V3. 

Kemoving  a  factor  or  fraction  from  under  the  radical  sign,  or 
reducing  the  order  of  a  surd,  is  called  simplifying  the  surd. 
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A  surd  is  in  its  simplest  form  when  the  expression  under  the 
radical  sign  is  integral,  contains  no  factor  of  which  the  indicated 
root  can  be  extracted,  and  the  exponents  of  its  factors  and  the 
index  have  no  common  divisor. 

71.  Simplifying  a  Surd. — .To  simplify  a  surd  by  removing  from 
under  the  radical  sign  a  factor  of  which  the  indicated  root  can  be 
extracted,  use  is  made  of  the  following  principle : 

The  nth  root  of  a  product  equals  the  product  of  the  nth  roots  of  its 
factors;  that  is: 

This  principle  is  true  because  (-\/a  -y/iy  =  (Vdf{-\/by  =  ab. 

Example.— Simplify  y/32a*¥d^. 

Separating  32  a^b^c^  into  two  factors  so  that  the  fourth  root  of  one  can  be 
extracted, 

y/'S2  a*6«c7  =  y/{Wa^b^c*)(2c^)  =  y/Wa*^\^2~^=  2 ab^cy/2^. 

To  simplify  a  surd  containing  a  fraction  under  the  radical  sign, 
first  multiply  both  terms  of  the  fraction  by  such  an  expression  as 
will  give  a  new  denominator  of  which  the  indicated  root  can  be 
extracted,  then  write  the  new  fraction  as  the  product  of  two  fac- 
tors, and  apply  the  above  principle. 

Example  1.  —  Simplify  -v — 

Multiplying  both  terms  of  the  fraction  by  5, 

aI  =  a/I = A8g^=  >S  ^ = «^- 

Example  2.  —Simplify  -v/— * 

^2  n 
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To  simplify  a  surd  by  reducing  it  to  lower  order,  use  is  made  of 
the  following  principle: 

The  value  of  a  surd  is  not  changed  by  dividing  tJie  index  &f  the 
surd  and  the  exponents  of  all  factors  under  the  radical  sigh  dy  the 
same  number.     Thai  is, 


-v/a^^6^=  Va"bP. 


To  prove  this  principle,  let  'S/a'^b^  =  r. 
Then  a^b^  =  r"**,  by  definition  of  a  root. 

Hence,  ■\/a'*'b^  =  Vr"**,  or,  a^b^  =  r"*(§  65). 

Hence,    Va^ft"  =  Vr^  =  r. 

Therefore,  *Va"*&»^  =  Va*^,  because  each  equals  r. 

Example  1.  — Simplify  y/a*b^. 
Dividing  index  and  exponents  by  4, 

ExAMPLB  2.  —Simplify  vl26l 

4/125=  v^=  V6. 

A  surd  sometimes  may  be  simplified!  by  applying  both  of  the 
above  principles. 

Example. — Simplify  Vl44  yfiy^. 

v'144 a«y8  =  \/W^  =  Vl2  x^y*  =  V(^x^)(Sx)  =  2 xy^VSx. 

EXERCISES 

Keduce  to  the  simplest  form  ; 

1.  V8.  6.  \/l6.  9.  \/32.  13.  V|.  17.  VI. 

2.  V27.  6.  \/24.  10.  ^/I62.  14.  Vf.  18.  -v/f. 
a(.  VT2.  7.  -v/T^.  11.  ^64.  16.  V^.  19.  ^|. 
4.  V72.  8.  a/250.  12.  \/224.  16.  ^|.  20.  \/^. 


96  ELEMENTARY  ALGEBRA 

21.    Vc?bK  31.    \/27l?^.  41.   \/^55. 


10  > 


«a.   V3^i^  32.    V32P^Q". 


42.    V^^. 


_        ,  43.   J^^£. 

34.    ^«.  ^^  ^'       ^ 


24.    V6ti^. 


4^»     ^ 


36.  -y/J.  >'y»    a- 


26.  VieiJ^r*.  ""•    \««'  , 

27.  V80^.  87.    yj-^.  ••     2   >  27  ■  . 

28.  -i/^.  38.    ^.  *^-   i»\5^^' 

29.  ^^.  39     .'/MZ"  '  48-    ^4-8V3. 

\27  7/2'  

., R^.  49.    ViJ«_3fl«VF. 

30.  ^16aPf.  40     V/?^  '  ;: 

■     >/49««"  60.    V(a-6)(a«-6»). 

72.  Addition  and  Subtraction  of  Surds.  —  Two  terms  containing 
the  same  surd  factor  may  be  added  or  subtracted  by  adding  or 
subtracting  the  coefficients  of  the  surd  factor. 

Example.  —  4  V2  +  3  V2  =  7  \/2. 

Terms  containing  surd  factors  that  are  not  of  the  same  form 
may  sometimes  be  added  or  subtracted'  by  first  reducing  the  surd 
factors  to  the  same  form.  In  such  cases,  all  of  the  surds  should 
be  reduced  to  the  simplest  form. 

Example.  — Simplify  \/32  +  VEO—  VS. 

V§2+  \/60-  V8  =  4V2  +  5V2-2V^  =  7v^. 
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EXERCISES 
Simplify : 

1.  VI8-V8+V32,  7.   Vi+Vf. 

2.  V76-V3-V12.  8.   V|-V|. 

3.  V20+Vi6-V86.  .  9.   4-^-^ 

4.  V294  +  V486 - V24.  10.   9-v^+-v^. 

6.  V^-</U-\-2V2.  11.    V32+</324 

6.  2\/^+ -^24  +  5^192.        12.    V75  - -^mS: 

13.  V4n'4-  V9n"+  V16  n  —  y/Wn. 

14.  \/8F-^/i26?--v/?  +  6\/64?. 
16.  Vc^-2aVv?  +  Sa-s/a^--Va^. 

16.  5 w» v'(m  —  «)'  +  V(m— n)'4- m v'Cm  —  n)*. 

17.  3 V4 m*  —  4 m*»i  —  Vwin*  —  w'  +  V(»7i'  —  n^{m  +  n). 

18.  •v'PTbP  +  (^-5)-^Z+s"+^-C/3m^2abT^    • 

73.  Ctan^ng  Surds  to  the  Same  Order. — It  follows  from  the 
second  principle  in  §  71  that 

The  value  of  a  surd  is  not  changed  by  multiplying  the  index  of  the 
surd  and  the  exponents  of  the  factors  under  the  radical  sign  by  the 
9ame  number.     That  is. 


By  use  of  this  principle  surds  of  different  orders  may  be 
changed  to  surds  of  the  same  order,  without  altering  their  values. 
The  lowest  order  to  which  two  or  more  surds  may  be  changed  is 
the  least  common  multiple  of  their  given  orders. 
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Example  1.  — Reduce  to  the  same  order  Vr^f*  and  Vv*^. 

The  1.  c.  m.  of  the  indices  is  12.     Multiplying  index  and  exponents  of  y/^fi 
by  3  and  index  and  exponents  of  y/vH^  by  2, 

Example  2.  — Reduce  to  the  same,  order  \/2  and  v^. 

V5=  'V¥=  'W2,  and  n=.V¥=  V9. 

EXERCISES 

Keduce  to  the  same  order : 

1.  -s/A  ^n\  V^^-  6-    V2,  ^. 

2.  Vf;  Ws  VW.  7.  -v/i,  ^6,  V2. 

3.  V2l^,  V^a^,  a/2^.  8.    ^3:^,  V2N'\ 
.      4.    V3?;  -V^f,  </l                       9.    VJ,  ^,  -\/J. 

6.    Vo^,  ^o^   V^o^.  10.    Wfz,  Vi2^,  ^v^. 

Determine  which  is  the  greater : 

11.  ^/l6orV6. 

SuGOESTioN.  —  Change  them  to  the  same  order. 

12.  Vn  or  V5.         13.    V3  or  <^.         14.   ^48  or  \fU. 

74.  Multiplication  of  Surds.  —  It  follows  from  the  first  principle 
in  §  71  that 

The  product  of  two  sxirds  of  the  same  order  is  equal  to  the  surd  of 
that  order  of  which  the  number  under  the  radical  sign  equals  the 
product  of  the  numbers  under  the  radical  signs  in  the  given  surds. 
That  is, 

a/a  ^/i  =  ^yoB. 
Example.  —  v^  \/6  =  v^20;  and  y/a^W  =  \^  =  (v^. 
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The  product  of  two  surds  of  different  orders  may  be  obtained 
by  first  changing  them  to  surds  of  the  same  order  as  in  §  73,  then 
applying  the  above  principle. 

Example.  —  Find  the  product  of  V2»,  V8n*,  and  v^ 

y 

Hence,  V2li  y/S^  \/n*  =  y/Sn^  Wn^  y/nT 

=  y/72  w",  or  w V72n^. 

To  multiply  two  polynomials  involving  surds,  proceed  as  in 
multiplication  of  polynomials  in  Chapter  I. 

Example.  —  Multiply  2  a/5  +  5  V^  by  3  V5  —  4\/2. 

2VE  +    5v^ 

SVE   -    4V2        , 
6\/25  +  16VlO 

-    8\/lO-20V4 
80+    7VI0-40,  or7VIO-10 

A  term  consisting  of  a  surd  factor  with  a  coef&cient  may  be 
expressed  as  an  entire  surd  by  changing  the  coefficient  to  the  form 
of  a  surd  and  then  multiplying. 

Example.  —  Write  as  an  entire  surd  3  v^. 

We  may  write  3  =  \^=  -y/W. 

Hence,  8\^  =  V27  v^4  =  \/l08. 

EXERCISES 

Find  the  product  of : 

1.  V5  V7.  3.  V8  V2  V8.  6.  -?/2i  ^/49. 

2.  V2  V3  V6.  4.  ^'9  -v^g.  6.  </2^^. 
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7.  -^9  v^JO.  12.  V2  -Vs.  17.  </5p  V2^ ^^/W^. 

8.  VJ  VJ.  13.  </^  <^.  18.  ^/2T^V3V^/V. 
9'  Vi  V|.            ,  14.  V2n  4^^!?.  19.  Va  Va^-b. 

10.  V|  V|  V|.       16.  \^*  V27  -v^.      20.  y/m—n  Vm+n. 

11.  VJ  Vi  Vi-       16.  V2  -v^  \/4.  21.  V^Ty  VaJ»-y». 

22.    (V3  +  V2)(VS- V2). 
2S.  (5V2  +  2V3)(V2  +  3V5). 

24.  (V84.  V6)(V2-V5). 

25.  (1+ V2  + V3)(l-V2+V3). 

26.  (V2  +  V3+V5)(V2  +  V3-V5). 

27.  (Va  +  VF)(Va  H- 2 V6). 

28.  (m Vn  —  Vmn  +  n y/m){->/m  —  Vw). 

29.  (VflB— ^^4- V^)(V«+'V^^  + Vy). 
80.   (ViT^  4.3)(Vn^^  +  5). 

31.  (^^- %6  4- -V^^X-v/S  + -V^. 

32.  (Vp+Vg+Vr)'. 

Simplify : 

33.  (i  i? V2+V2)  (i  -RV2-V2).     34.  V^'- (i  ■«  ^2-V2)« 

Express  as  entire  surds : 

36.    2V3.  37.    ^V2.  39.    i\/3.  41.    f^V^l 

36.   5V7.  38.   2V2.  40.   aVab.  42.   4mnVw*. 

"'•   ftVa-  **•  2?V27l^-  «•  tVj 


T(^ 


16  c« 
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75.  Division  of  Surds.  —  The  division  of  two  surds^  or  of  two 
expressions  involving  surds,  is  most  easily  performed  by  first  in- 
dicating the  division  in  the  form  of  a  fraction,  and  then  multiply- 
ing both  dividend  and  divisor  by  such  an  expression  as  will  frge 
the  divisor  of  surds. 

This  process  is  called  rationalizing  the  divisor.  The  multiplier 
used  is  called  the  rationalizing  factor. 

When  the  divisor  is  a  monon^ial,  the  rationalizing  factor  is  a 
monomial. 

Example.  —Divide  24 V2  by  Vl2. 
Multiplying  both  dividend  and  divisor  by  VS, 

\/i2        V36  ""     ^ 

When  the  divisor  is  a  binomial  of  the  form  Va  +  VF,  the 

rationalizing  factor  is  Va  —  VS.     And  when  the  divisor  is  of  the 

form  Va  —  VF,  the  rationalizing  factor  is  Va  +  Vft.    The  product 

of  Va  4-  y/h  and  Va  —  V6  is  a  —  6. 

Two  expressions  of  the.  forms  Va+  V6  and  -y/a^-y/b  are 
called  conjugate  ezpressiond. 

Example.  —  Divide  2\/6  +  3v^byV6+  VI. 
Multiplying  by  \/6  —  \/2,  conjugate  ot  VB  +  v^, 

2V5+3\^_(2\/5  +  3v^)(\/5-  \/2)_4+  vl0_4  .  1  ^/jg 
V6+V2         (V6+ V^)(\/6- \/2)  3  S     S        ' 

When  the  divisor  is  a  trinomial  of  the  form  Va  ±  V&  ±  a/^ 
although  it  may  be  rationalized  by  a  single  multiplication,  it  is 
easier  to  perform  two  multiplications  in  succession.  By  multiply- 
ing by  the  trinomial  obtained  by  changing  the  sign  of  one  term  of 
the  divisor,  a  new  divisor  is  obtained  that  contains  one  less  surd 
than  before. 
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BxAMPLB.  —Divide  2  by  >/5  +  V2  -  VS. 
Multiplying  by  \/5  +  \^  +  V3, 

2 2(V6  4-  V2+  V3) 


V6  +  x/2  -  V3      ( V5  +  \/2  -  \/3)(V6  +  v^  +  V3) 

2(V5  +  V2+  V3)    _  V5+  V2+  V5 

=  — ^ y    or   ■■    ' 

4  +  2V10  2+VlO 

Now  multiplying  by  2  —  VIO,      ^ 

V5+ V2+  V3^-8V2  +  2V3->^/30_^^/g      ,^^  ^  ^^^ 
2+  VIO  -6 

Evidently,  a  similar  process  may  be  used  when  the  divisor  is  a 
polynomial  of  more  than  three  terras,  if  the  surds  are  of  the 
second  order.    More  complicated  problems  are  not  given  here. 


EXERCISES 

Perform  the  indicated  divisions : 

1.    J_.  4.    -1?=.       7.    ^-     10-  J^.  13.    Jt^ 

V3  Vl8  V24  ■    ^/I8  VTF 


8 


2.  Vf.          6.  4=.       8.    A.        n  A^.            14.    ^ 

3.  — — •          6.  -—=•       9.    -J— •       12.  — -^.          16.    -J—. 

16.  _36      .  19.    V3+1.  22.   -^1 

n/S  + 1                          VS  —  1  Vm  —  V« 

17.  ^^.                 20.    V2  +  VB.  23        a-fe_. 

1  -  V6                          2 V2  +  V3  Va  +  V6 

18.  -VH.                 21.   6V7,l5V6.          24.       '^-^_. 
1  +  V2                         2V7+3V6  V^-V/ 
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25.  ^-^^      .  27.    V2 -  V3  +  yg 

1  +  V2+V3  V2+V3  +  V6 

26     -= ^ -  28. ^ 

V7-V5H-V3  Vp+Vg  +  Vr 

29.   The  volume  of  a  frustum  of  a  pyramid  whose  altitude  is  JBf 
lower  base  JB,  and  upper  base  b  is 

Show  that  this  may  be  written  in  the  simpler  form 

iH(B-{-b+VBb). 

76.  Powers  of  Surds.  —  Powers  of  surds  are  obtained  by  used 
the  principle 

This  principle  follows  from  §  74,  thus : 

(Va)**  =  V«  Va  y/a  •••  to  n  factors 


=  Va  •  a  •  a  •••  to  n  factors 

Example.  — Raise  2  a\^2a*'^6  to  the  fourth  power. 

(2  ay/2~^y  =  16  o*\/(2  a^ft)*  =  16  a*v^l6a86*  =  32  a»6v'2a26. 

77.   Roots  of  Surds.  —  Boots  of  surds  are  obtained  by  use  of  the 
principle 

mint-       tnn/— 

-yj  va  =    Va. 

This  principle  follows  from  the  fact  that  the  with  root  of  the 
nth  root  of  a  number  is  one  of  the  m  equal  factors  of  one  of  the  n 
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equal  factors  of  the  number^  which  is  one  of  the  mn  equal  factors 
of  the  number. 

Example.  —Find  the  fifth  root  of  y/Zofiy^ 


Simplify : 

1.  (V3)». 

2.  (VSy. 

3.  (2V2)». 

4.  (4</2)2. 
6.  (3\/5)*. 

6.  (^2. 

7.  (v^«)». 

8.  (tVty. 


EXERCISES 

9.  {2ahVc^)\ 

10.  (6a^-V?)^ 

11.  (lOm^A/mi?/. 


12.  (3pVvy^)'. 


13.  (2Va*--6^*. 

14.  ^^vf. 

16.  ^v^vi. 


16.   V^v^. 


17.  Va^. 

18.  ^^^32. 

19.  V^^^- 

20.  ■V-^625n«. 

21.  •v'-v/S^. 


22.  VioTvW^l 

23.  V^(a2-52^«. 

24.  \  V</5^. 


78.  Imaginary  Numbers.  —  Imaginary  numbers  have  been  de- 
fined (see  §  63)  as  the  indicated  even  roots,  of  negative  numbers. 
By  means  of  more  advanced  mathematics,  any  imaginary  num- 
ber^may  be  expressed  in  terms  of  imaginary  numbers  of  the 
second  order.  Hence  the  discussion  is  limited  to  the  latter. 
Imaginary  numbers  will  be  involved  in  the  roots  of  equations  in 
the  next  and  succeeding  chapters. 

A  binomial  consisting  of  a  real  and  an  imaginary  term  is  called 
a  complex  expression. 


Thus,  2  —  V  —  6  is  a  complex  expression. 


79.  Typical  Form  of  Imaginary  Numbers.  —  By  applying  the 
same  process  as  that  of  simplifying  a  surd  by  removing  a  tactoi 
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from   Tinder  the  radical   sigBi  any  imaginary  number  may  be 
reduced  to  the  form  t^  V  —  1. 

Thus,  yT^  =  Vi  y/'^^=  2  v^^  ;  >/^^T0  =  ViO  V^^. 

When  an  imaginary  number  is  expressed  in  the  form  nV  —  1, 
it  is  said  to  be  in  the  typical  form. 

The  factor  V  —  1  of  any  imaginary  number  expressed  in  the 
typical  form  is  called  the  imaginary  unit.  It  is  represented 
usually  by  the  more  convenient  symbol  i, 

80.  Addition  and  Subtraction  of  Imaginary  Numbers. —  Imaginary 
numbers  to  be  added  or  subtracted  must  first  be  reduced  to  the 
typical  form,  and  then  combined  as  in  the  addition  and  subtrac- 
tion of  surds. 

ExAMPLB.  —Simplify  V  -  16  +  V^  —  V— 26. 

Viri6  +  V^^  -  V^^;^26  =  4  i  +  3  «  -  5  < 

=  2i,  or2V^^. 

To  add  or  subtract  two  complex  expressions,  combine  their 
real  terms  and  combine  their  imaginary  terms. 

EXERCISES 

Keduce  to  the  typical  form : 
1.    V^=^.       4.    V^^IOO.  7.    V^=^l2.         10.    V^. 


2.  V^Tef.       6.    V-626.  8.    ■yf-26,         11.    -V-a^bK 

3.  V^=^.       6.    V^.  9.    V^.  12.    V-16mV 
13.    V-a«-2a6-6«.  14.    V24 ajy  —  9 a?" - 16 y«. 

Simplify : 

16.  V^r9_v^^+ V^^^^      18.  V^=^-2V^+V^^32l. 


16.  V-81+V^^^lOO-V-l.     19.   V^+V-f+-NA^. 

17.  V"^^^  -  V^=^  -  V^=l6.     20.  aV^^^^oM^V^^+aV^. 
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21.  Add  a;  +  2  y  V^n^  and  2  a?  —  y  V  —  1. 

22.  Add  10-3i  and  6  +  6t. 

23.  From  3  m  —  2  wi  take  m  +  3  ni. 

24.  Simplify  (8  -  5 V^  -  (12  +  2 V^^H^). 

26.  Write  in  the  form  of  a  complex  expression  (a  —  W)  —  (c  -f-  di) 

81.  Powers  of  i.  —  The  successive  powers  of  i  are : 
%  =  V— 1  =5  * 


t«=(V-ri)2=:_i 


t«  =  (V^«  =  txi»  =  -t 


i*  =  (V^'  =  ix?:*  =  i 

!<=  (Viri)«= t  X  i'  =  i*= - 1 

etc. 

Hence,  the  successive  powers  of  i  have  only  the  four  different  values, 
iy  —  1,  —  if  4- 1>  repeating  in  regular  order. 

It  follows  that  the  value  of  any  power  of  i  may  be  determined 
by  expressing  it  in  terms  of  the  four  lowest  powers. 

Thus,  ill  =  (t8)(i-»)  =  (i*)2(i8)  =  (+  1)2(-  0  =-  »; 

l16  =  (l4)4  =  (+  1)*=+1. 

82.   Multiplication    of     Imaginary     Numbers.  —  The     principle 

-y/a  ^'b  =  Va6,  used  in  the  multiplication  of  surds,  does  not  hold 
for  the  multiplication  of  imaginary  numbers. 

Thus,  by  that  principle,  V^^  V^^  =  V36  =  6. 


But,  V-  W-  9  =  2 1  X  3  i  =  6 12  =  -  6. 
Hence,  use  of  the  principle  gives  the  wrong  value. 
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Imaginary  numbers  to  he  multiplied  should  first  he  reduced  to  the 
typical  form,  and  then  the  product  formed  hy  vsing  the  values  of  the 
powers  of  i  in  §  81. 


Example  1.  —  Simplify  V—  16  V-  9  V-  25. 


=  60  18 

=  -  60 1,  or  -  60\/^. 


Example  2.  —  Multiply  V-  16-  1  by  V-  9  +  2. 


V^n6-l=4i-l;  V^ITg^  2  =  3*  +  2. 

4i-l 
3  I  +  2 


12  i2  -  3  i 

4-  8  t  -  2 

-  12  +  6 1  -  2,  or  6  V^^-  14. 


EXERCISES 

Find  the  value  of : 


1. 

t». 

3. 

J". 

6. 

»•». 

7. 

»•» 

2. 

i". 

4. 

»•«'. 

6. 

f*". 

8. 

{?>. 

Simplify : 

9.  VT25  v^=i.  11.  v^==^  v^=^i9.  13.  v-100  v^n: 


10.    V^Tg  V^Tie.     12.  V-81  V-64.     14.  V-a^  V^^. 


16.    VirioV-6.  18.    V-4  V^=^8l  V-36. 


16.  V  +  4V^^V^^.  19.    V35V37V^^. 

17.  V=l^  V"=^  V^.  20.    V^=ni  V-r?  V-»*. 
21.   V^=^26  V^=lt  V^Tse  V^=49  A/^=3, 


22.    V^=a6  V^  V=^  V-  81  V^==^  V^^. 


23.  (1  +  V-2)(1-V^^). 

24.  (Vi:4  +  3)(V-^-3). 
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85.  (vn^  -^  v^T6)( v^ + v"^). 

26.  (V^=^4- V^)(V=^-V=^. 

27.  (2  V^^  +  3V=^)(2V^;^4-3V^=^). 

28.  (V^^H-  V^)(  V"^^—  V  -  by 

29-    {x^/^^  —  y V"^)(ajV  —  a?  —  2^  V^). 

30.  Show  that  the  product  of  two  complex  expressions  of  the 
forms  a  +  hi  and  a  —  hi  is  real. 

83.  Division  of  Imaginary  Numbers. — In  division  involving 
imaginary  numbers  it  is  best  to  first  reduce  each  imaginary  num- 
ber to  the  typical  form,  then  multiply  both  dividend  and  divisor 
by  such  an  expression  as  will  make  the  divisor  real  and  free  of 
radicals.     The  process  is  similar  to  that  in  the  division  of  surds. 

Example  1.  — Divide  6  by  V— 4. 

-l_  =  A=«<=i4  =  ^3f,or-8V-i. 
VITl     2»      2t«      -2 


Example  2.  —  Divide  2  —  V—  9  by  3  +  V— 16. 


2  -  V^^TQ^^  2  -  3  i  _  (2  -  3  0(3  -  4  0  ^  -  6  -  17  <  _       6      17. 
S+V^nS     3+4i    ■(3  +  4t)(3-4i)  26  26     26  * 


EXERCISES 


Simplify : 

1.      ■  5.      "                  "  «  9.                           m  13*                                ■  ■". 

2.    _L_.  ,6.  t^  10.   2^^\  14.   1±V3. 

2VI3              V-4                3V-16a*  1-V^r2 


V        10  -    V-16         11    V-25i;»       ,.    S-V-S 

V-4  V-9  V-49t;«  3  +  V^ 

V^-9  V-26  V^^^  1-V^^ 
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20.   Show  that  tbe  quotient  of  two  complex  expressions  of  the 

forms  a-{-bi  and  a  —  6!  is  a  complex  expression. 

/f  84.  Graphical  Representation  of  Imagiinary  Numbers.  —  Imagi- 
nary numbers  were  so  named  centuries  ago  because  when  first 
discovered  they  had  no  meaning,  and  were  for  centuries  unin- 
terpreted. It  is  now  seen  that  they  are  truly  numbers,  and  that 
they  may  be  represented  graphically. 

All  positive  and  negative  real  numberi  may  be  repreaeoted,  aa  we  have 
seen  before,  by  meanR  of  distances  measured  to  the  right  or  left  of  a  starting 
point  0  on  a  line  XX'. 

If  the  line  OA,  which  represents  -)-  7,  is 
revolved  coanterclockwise  about  0,  It  may 
b«  made  to  take  the  position  of  OB,  OC, 
ODf  or  any  other  line  through  0. 

Now,  mulliplying  -|-  T  by  i  iivw  +7  i. 
Multiplying  again  by  i  gives  —  7,  which  is 
represented  by  OC.  Hence  multiplying  +  7 
twice  by  i  gives  the  same  result  as  revolving 
OA  into  the  position  OC.  Therefore,  mul- 
tiplying +  7  once  hy  (  may  be  Interpreted  as 
revolving  OA  only  half  as  far,  i.e.  into  the 

position  OB.  Hence,  +  7  i  is  represented  graphically  by  OB.  Similarly, 
mnltlplying  +  7  three  times  by  i  would  revolve  it  into  the  position  02). 
Hence,  —  7  f  is  reprewnled  grapbioally  by  OD.  The  same  interpretation 
would  hold  in  case  of  any  other  real  number  that  might  be  chosen  in  place 
of  +  T.    Hence,  ibe  following  principle  : 

If  all  real  numbers  are  represented  by  distances  measured  along 
the  line  XX'  from  0,  positive  numbers  to  the  right  and  negative 
iwmfters  to  the  left,  then  all  Imaginarf/  iiumbers  will  be  represented 
by  di$lCince$  measured  from  0  olonq  the  line  YT'  perpendiciUar  to 
XX*,  those  with  positive  coefficients  above  0,  and  those  with  negative 
coefficients  below. 

ESAUPLB.  —  V— 9  =  8i.  Hence  V— 9  is  represented  by  a  dlBtance  of  8 
spaces  measured  upward  on  ¥T'  from  O.  ^^ 
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Graphical  Representation  of  Complex  Expreaslona.  —  Since  a 

complex  expreaaioE  is  composed  of  a  real 
term  and  an  imaginary  term,  it  may  be 
represented  graphically. 

Thus,  to  represent  5  +  \/—  i\>,  or  5  +  7  i,  we 
measure  tlie  6  real  units  along  OX  and  tbe  T 
imaginary  units  along  0  T.  As  in  other  graphical 
work,  ihis  locates  the  point  P.  The  point  P 
represents  grapbicall;  the  complex  eipressioa 
6  +  \/^^». 


Represent  graphically : 


10.  —  6  +  V-25. 
riti.  11.  _4-V^8i. 
IIOO.    12.  -12-V^=36. 


SUPPLEHEnTAST  EXERCISES 
e  decimal  places  the  square  root  of : 


Find  to  tl 

SoQGEaTiOH.  —  Either  change  a  common  fraction 
ize  the  denominator,  hefore  extracting  the  square  rt 


a  decimal,  or  rational- 


3.   A-        *■   A-        "■   I-        6-   A-        ''■   it- 


Simplify: 

8.  Vo^^. 

9.  V^V"- 


10.  '^-i/A'-^'B-^l        12.  -Cif-S  s-VS. 

11.  xV^.  13.    (V^_  ^ftji. 
14,    Does  ~3+Vri  satisfy  3!'  + 6  a:-2  =  0? 

IB.   Does  4  -VTf  satisfy  n'-8n- 1  =  0? 
18.    la  -  ^  +  i  V^^  a  cube  root  of  1  ? 
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17.  Is  —  ^  —  ^V—  3  a  cube  root  of  1  ? 

18.  Find  the  square  root  of  7  +  2  VlO. 

Solution.  —  Since  (\/a  ±  V6)2  =  a  ±  2Vab  +  6,  the  square  root  of  any 

expression  of  the  form  x  ±  2Vy  may  be  found,  if  it  can  be  written  in  the 

form  a  ±  2Vab  +  6,  by  taking  the  sum,  or  difference,  of  the  square  roots  of 
the  terms  a  and  b. 


Now,  7  +  2  VlO  may  be  written  6 -f  2  V6  x  2  +  2.     Hence  its  square  root 
is  V6  +  \/2 . 

Find  the  square  root  of : 

19.  10-V84. 

Suggestion.  —  This  may  be  written  10  —  2V^,  or  7  —  2V7  x  3  4-  3. 

20.  ll4-2V3iO.  22.   13-V48.  24.   26  -  V64a 

21.  14  4-2V45.  23.   6  4-V32.  25.   IS+VSOS^ 

Rationalize  the  denominators  of  : 


26. *  29. 


2-V-3  V-3-V2 


27.   ? 30.    ^±1^ 

V3  +  V^^  x-y^/-l 


28.   ^-^-^  31.   ^  +  ^^-^ 

Simplify : 

32.  (-^-|V^)(-i-iV:r5)» 

33.    (2V3  +  3v^(5V3-4V^. 


CHAPTER  VII 

QUADRATIC  EQUATIONS 

86.  Quadratic  Equations.  —  Every  quadratic  equation  (see  |  42 
for  definition)  in  one  unknown  number  whose  unknown  number 
is  denoted  by  x  can  be  written  in  the  form  Aj3i^  +  Bx  +  (7=0,  by 
simplifying,  transposing,  and  combining  similar  terms. 

Thus,  (6x-2)(2x  +  l)  =  7a;2  — 4xmay  be  written  3  x^  +  5  x  -  2  =  0. 

If  a  quadratic  equation,  when  reduced  to  the  above  form,  con- 
tains a  term  involving  the  first  power  of  the  unknown  number, 
it  is  called  a  complete  quadratic  equation.  One  that  does  not  con- 
tain a  term  involving  the  first  power  of  the  unknown  number  is 
called  a  pure  quadratic  equation. 

Thus,  5  x2  —  7  a;  4-  2  =  0  is  a  complete  quadratic  equation.  And  2  iV*+9  =  0 
is  a  pure  quadratic  equation. 

EXERCISES 

Express  each  of  the  following  equations  in  the  form  Aa^  +  Bx 
4-  (7  =  0,  and  determine  whether  it  is  a  complete  or  pure 
quadratic : 

1.  ic(2a;-«3)  =  10-3a?.  4.   10(F- 1)«3  F'  +  2. 

2.  5  w(n. -f  2)  =  ?i2 -f  2.  5.    (2a- 1)^  =  3  a- 5. 

3.  12^2^7(^-3).  6.    (y-\-2y  =  {y--iy. 

7.  (6r-.5)(r  +  2)  =  (2r-|-7)(2r-l). 

8.  (2P+l)(2P-l)  =  (3P-2)(3P-{-.2). 

9.  (a-l)(a-  2)(a  -  3)-(a  +  l)(a  +  2)  (a  +  3)  =  0. 

10,   r^±r±l_^^r^^r4-l      n.  2  ^+1+ (^  ^+AXf-^)  ==0. 
r-1  r  +  1  T+2 
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87.  Quadratici  solved  by  Factoring.  —  Some  quadratic  equations 
may  be  solved  by  factoring,  as  illustrated  in  the  following 
example. 

ExAMPL*.  —  Solve  2fi+tzxlO. 

Tratispoaing,  2  «2  +  «  - 10  =s  0. 

Factoring,  (2 «  +  5)  (« —  2)  =  0. 

Now,  this  equation  is  satisfied  by  any  value  of  t  that  will  make  eithet  oi 
the  factors  2t  +  5  or  e  —  2  :^ero,  since  then  their  product  would  be  zero. 
Such  values  of  t  may  be  found  by  setting  each  factor  equal  to  zero,  and  solv- 
ing the  reiUlting  lindk^  equations.    Betting  each  factor  equal  to  zero, 

2t  +  6  =  0;  whence  <  =  -2}. 

«— 2  =  0 ;  whence  t  =  2. 

To  solve  a  quadratic  equation  by  factoring : 

(1)  Write  the  equation  in  the  form  Aa^  +  5aj  +  (7=  0. 

(2)  Fador  the  resulting  first  member, 

(3)  Set  each  of  the  factots  equal  to  zero,  and  solve  the  resulting 
linear  equations. 

Since  a  quadratic  equation  that  can  be  solved  by  factoring  is 
equivalent  to  the  two  linear  equations  to  which  it  leads,  and  each 
of  these  has  always  one  root,  the  quadratic  equation  has  two 
roots.     It  can  be  shown  that  in  general, 

Every  quadratic  equation  has  two  roots. 

EXERCISES 

Solve  by  factoring : 

1.  n«-5n-f-4  =  0.  7.  10 Ar*  =  31  A;  + 14. 

2.  A:»  =  12A;-32.  8.  %1  N-{-24.  =  m  N\ 

3.  P2_^6P=16.  9.  ar(ajH-2)=4aj  +  15. 

4.  2A^  =  A  +  3.  10.  5(^  +  25)=  6  jp«. 

6.   ov  +  6  =  4v*.  11.    (4c?-l)2=10(!»  +  31. 

6.   18««  +  61«-7.  12.   (aj-h6)2=(3i«-2)«. 


1 

_a-7, 

24  +  a 
6-5a' 

2a- 

-2     a  +  1 

»• 

«?  + 

«+l_a!*  — 

«  +  ! 

2 

«  +  l                  X- 

-1 

3 

5 

2 

6 
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18.   (w  -  l)(n -M)(n  -  2)  =w*(n-f  2) -103. 

14.    (2/2-3)(^  +  4)  =  (3^-14)(2^  +  3)  +  JfP-.6. 

16.  6-i  =  ??.  18. 

f    y 

A4-15     A4-8 

17.  2  2>  +  l  =  ^f^"^.  20. 

2>  +  2  g  +  b     g  +  2     gf  +  23 

88.  Quadratics  solved    by  Square  Root^Any  pure  quadratic 
equation  may  be  solved  by  square  root. 

Example  1.  —  Solve  4  n*  —  1  =  0. 
Transposing,  4  n^  =  1. 

Dividing  by  4,  n^  =  J. 

« 

Now  since  n^  =  ^,  n  must  be  the  square  root  of  }• 
Hence,  n  =  ±  }. 

Example  2.  —Solve  2  r*  +  3  =  0. 

Transposing,  2  F^  =  —  8. 

Dividing  by  2,  F2=-|. 

Taking  square  root,  F  =  ±  V^,  or  i  JV- 6,  imaginary  roots. 

To  solve  a  pure  quadratic  equation  by  square  root : 

(1)  By  transposing,  etc.,  solve  for  the  sq^iare  of  the  unknown 
number, 

(2)  Find  the  square  roots  of  the  value  obtained. 

EXERCISES 

Solve : 

1.  5/-20  =  0.  4.   16A*=:9. 

2.  12F2-125  =  7i^^  6.   3p*-7=r0. 

3   v^es-^ek".  6.  8r«4.i=o. 
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8.  12(^  +  3  =  0.  '  n^-4      n  +  2      n-2* 

9.  762-21  =  0.  j^  ^  +  9       9^  +  1^^ 

10.  16  +  5i22  =  0.  "  9^  +  1       ^  +  9 

11.  a:(a:-2)=9-2a^.  ^g^  3a  |  2      (^+4)(4a-3)  _q^ 

12.  (J^+3)(2i\r4.5)=ll(J\r+4).  2«  +  ^ 

13.  -i-=?iIL2.  19.  ^±1-^  =  1. 


14. 


a  +  2~    12    •  5         ir-2 

?^±^  =  3.  20.    i2Mi3     4m-3^ 

9  4m-3     4mH-3       ^ 


_     ^  +  lj^-l      ^^  _     12/ 


=  lf  21.    1(5-1  +  ^)  = 


Find  approximate  to  hundredths  the  roots  of  : 

22.  a^=6.  26.   31)2  =  28. 

23.  4Jf2-7  =  0.  27.   8s2_-16  =  0. 

24.  15<2-9  =  0.  gg     g+5         7-    ^j^ 

25.  l-5«2^0.  '        6  JI  +  1 

89.   Complete  Quadratics  solved  by  Completing  the  Square.  —  A 

trinomial  that  is  a  perfect  square  of  a  binomial  can  be  written 
in  either  the  form  a^  +  2  a6  +  6^  or  a*  -  2  a6  +  h\  (See  §  15.) 
Hence,  if  we  have  given  either  a^  -{-2ab  or  a^  —  2  a6,  it  is  made 
a  perfect  square  by  adding  6-,  i.e.  the  square  of  one  half  of  the 
coefficient  of  a  in  the  term  2  a6. 

This  process  is  called  completing  the  square. 

Thus,  to  complete  the  square  of  k^  —  12  k,  we  add  the  square  of  J  of  12, 
or  36.    This  gives  A;2  -  12  A;  +  36,  which  is  the  square  of  A;  -  6. 

By  use  of  this  process  of  completing  the  square,  any  complete 
quadratic  equation  can  be  solved. 

Example.  —  Solve  4y^  =  6y  —  S. 
Transposing,  4  y^  _  6  y  =  —  3. 

Dividing  by  4,  ys  _  j  ^  —  _  |. 

Adding  square  of  J  of  -  f,  y2  _  j  y  j-  ^^  =-  ^. 
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Taking  square  root,  y  —  1  =  ±  J  V— 8. 

Transposing,  y  =  f  db  JV— 8. 

To  solve  a  complete  quadratic  by  completing  the  square  i 

(1)  Reduce  the  eqiLcUiori  to  the  form  a^  -{'  px  =  q,  where  x  is  the 
unknovon  number. 

(2)  Add  to  each  member  the  square  of  one  half  the  coefficient  of 
the  term  in  the  first  power  of  the  unknown  number. 

(3)  Take  the  square  rooty  attaching  the  double  sign  to  the  second 
member. 

(4)  Solve  the  resulting  linear  equations. 


EXERCISBS 


Solve  by  completing  the  square : 


1.  n*  +  10w  =  24. 

2.  4^«  +  ll^«3. 

3.  3a^  =  20-7a?. 

4.  6v*  =  49v~8. 

5.  12  7^2^31  T-15^0. 

6.  32^  +  82^  +  4  =  0. 

7.  6N^-^2  =  N. 

8.  7k  =  10k^-^12. 

9.  72>«=il2i>  +  3. 

10.  45*-3  =  lla. 

11.  102*-29«  +  10  =  0. 

12.  12  ^2_  14  2r 4- 3«0. 

13.  6<*+6  =  13<. 

14.  2i?  +  ^  =  l. 

15.  3F*  =  17F+28. 

16.  9  m^- 26  =  6  m. 

17.  5  +  G  =  6G\ 

18.  2^-7  =  3^. 


19.   (3a?-4)«-(ic-2)«=:l. 


20.    -+     ■'^ 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


^?=.o. 


n     2  +  n     4 
3v-l     4v-l 


i;  +  2 
a-^B 


+ 


v  +  3 

3        1 
3 


«1. 


2a-l     a-4 
1         2m 


^  +  1  =  0. 


m+2     4m+3     8 
4         o  d  +  3 


d-4 


-2 


ef-.6(l  +  4* 


y  +  5       22^   ^8-32^ 
3>_y"^2^2/  y 


+ 


^^--2  '  i\r-4     6-JV 
2.8.7 


+ 


+ 


2«-6     S-St     f  +  3 

fl^-7a?  +  2^a?  +  12 
ic2  +  9a?  +  8      oj-l* 


=  0. 


QUADRATIC  EQUATIONS  U1 

Find  approximate  to  hundredths  the  roots  of : 

29.  a^  +  Sa-f 4  =  0.  31.   271^  — n-2=s0. 

30.  F2+3F+1«=0.  32.   62?'  +  3Z>=5. 

90.  Quadratics  solved  by  Formula.  —  Any  quadratic  equation 
whose  unknown  number  is  a?  may  be  written  in  the  form 

If  this  general  equation  is  solved  by  Qompleting  the  square, 
the  roots  obtained  are 

-B±^B'-^AC 

' 2~A 

Now,  the  roots  of  any  given  particular  quadratic  equation  may 
be  written  down  at  once,  without  performing  all  of  the  steps 
in  the  solution  by  completing  the  square,  by  substituting  for 
A^  B,  and  C,  in  the  above  formula  for  the  roots  of  the  general 
equation  Aa^  +  Bx  +  (7,  the  particular  values  which  they  have  in 
the  given  equation. 

^Example.  —  Solve  2  ar^  =  1  —  6  x. 
Transposing,  ^x^  +  6X''1=0, 

Now,  comparing  this  equation  to  Ax^  +  -B«  +  0  =  0,  it  is  seen  that  -4  =  2, 
^  =  6,  and  (7  =  —  1.  Substituting  these  values  for  A,  B,  and  C  in  tlie 
formula  for  the  roo1«,  we  get 

^^-6±V25T8 
4 

=-{±iV83: 

The  student  should  master  this  formula  as  thoroughly  as  the 
multiplication  table,  because  by  it  the  roots  of  complete  quadrat- 
ics can  be  obtained  much  more  quickly  than  by  completing  the 
square. 
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EXERCISES 

Solve  by  formula : 

1.   Q^-8Q-hl5  =  0.  22  y-i^y  +  1     J 

3.  a2+l6a  +  48  =  0.  23.  -4-^=H. 

4.  2a^-3aj-6  =  0.  ^ 

5.  6iy»  +  37v  +  6  =  0.  24.  i?-i==3-|. 


6.  6J^4-17J^=14. 


25. 


i?  3 


7.  156^  =  8-26.  *    i?'-4     F+3 

8.  212/^  =  43^-20.  ^^    5  +  2  =  ^^!^^. 

9.  <2-.7<  +  2  =  0.  26  +  1 

10.  85«+5  =  5.  27.  ^=1-1. 

11.  12w-7  =  2n». 

Oft     n-2  .  2+n_2(5n-4) 

12.  20T^=F-13.  28.    ^_  +  -— ^--Vp-^. 

13.  3P^-8  =  2P.  ^^          2       ^1-c      0  +  1 

14.  llA:  +  3A:2-4  =  0.  '    5(c-2)      2  +  c     c*-4' 

15.  9i22-i2-6=0.  ^^    27-4-3       7-r      7-3r 

16.  (a.-5)(..  +  2)=6.  4^-^     2+2r     4-3r 

17.  a:(flj  +  8)  +  8(aj-8)  =  0.  31.    i+Z+izzAZ^?. 

^         ^                  ^  8-F     4  +  2F     3 

18.  (p-4)^=(3-p)(l  +  2p).  ^           ^                 ^ 

19.  7i2-f-nH-l  =  0.  32.    -  + 


8^4(n  +  l)      2n*-2' 

20.  n^-n  +  l  =  0.  ^^      ^4-3 ^^1 

21.  t;*  =  2u  '2^  +  8     1+^     18* 

34.  5Q-^5^=2Q  +  ^^. 

g-5        80    ^1      3-8 
•    ^4.3     s2_9     2     3-a' 
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Find  approximate  to  hundredths  the  roots  of: 

36.  /2+ 6/4- 5  =  0.  39.    67i2-f5n  =  2. 

37.  2S'-S-2=iO.  40.    -a^  +  4aj  +  6  =  0. 

38.  5v2  =  2v  +  2.  41.    -2r2~!r+4  =  0. 

91.  Literal  Equations :  Formulas.  —  If  a  literal  equation,  or 
formula,  is  of  the  second  degree  in  the  number  solved  for,  it  may 
be  solved  by  one  of  the  foregoing  methods 

Example.  —Solve  V^  ■¥  2  aV  =  h^ -\- 2  ah  for  V, 
Transposing  and  grouping,  V^  -{'2aV—  (6^  +  2  a6)  =  0. 
Using  the  formula,  A  =  1,3  =  2a,  and  C  =  -  (b^  +  2  a6). 


Hence,  ^^  .,2  g  ±  V4  g^  +  4(6^ +2a6) 

2 

_.-2aj:(2a+2  6) 
2 

=  6,  or  —  2  a  —  6. 

EXERCISES 

1.  Solve  av*  —  a*  =  0  for  v. 

2.  Solve  a?^  —  wx  =  2  w^  for  x ;  for  n. 

3.  Solve  a:^  —  ax-\-b  =0  foT  X. 

4.  Solve  v^ -f  2  sy  4- « =  0  for  V. 

5.  Solve  m^  —  am  —  bm  -\-ab  =  0  for  m. 

6.  Solve  t^—(2m  —  n)t  =  2  w.n  for  ^ 

7.  Solve /4-2  6-1- 62=2  6yH-2  2^  for  y. 

8.  SolveP2-f  2P+l=7iP2^wPforP. 

9.  Solve  -^  -f  '-^— -?  =  2  for  n. 

a  — n         a 

10.   Solve  J^  +  ^-raR^m^R^  ^^^  ^ 

m  —n  n      2n 
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11.  Solve  ?^±^-5L^  =  0  for*. 

ht-\-a     dt  —  c 

12.  Solve -^?5i_  +  _!L- +_£_  =  0  for  r. 

r-^-m     r-\-n     r-j-p 

13.  Solve  f-^  4-  nY  -  T-^  -  nV  =  0  for  V. 

\n-\-l       J      \?i  — 1        ) 

15.  The  formula  jE7^= is  used  in  electrical  work.    Solve 

t 

for  E. 

16.  ^=  0.24  (7^i?<  expresses  a  law  of  heat.     Solve  for  (7. 

17.  E  = expresses  a  law  of  sound.     Solve  for  L, 

9 

18.  —  =  ---  expresses  a  law  of  attraction  between  two  bodies. 

Solve  for  D. 

19.  The  horse  power  of  automobile  engines  is  computed  by 
the  formula  H=  KND{D  -  1){R  +  2).     Solve  for  D, 

20.  The  elevation  of  a  point  above  sea  level  is  obtained  by  use 
of  the  formula  H=  513  t  -f- 1\     Solve  for  t. 

21.  The  area  of  a  ring  is  computed  by  the  formula 

Solve  for  r;  for  r . 

22.  The  volume  of  a  frustum  of  af  cone  is  computed  by  the 
formula  F=  |  H{IP  +  r*  +  JRr).     Solve  for  iJ;  for  r. 

92.  Problems  solved  by  Quadratics. — In  solving  problems  by 
means  of  quadratic  equations,  since  the  roots  of  such  equations 
may  be  fractions,  negative  numbers,  surds,  or  even  Imaginary 
numbers,  the  nature  of  the  roots  obtained  must  be  observed,  and 
roots  that  do  not  conform  to  the  requirements  of  the  problems 
must  be  discarded. 
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EXERCISES 

1.  Separate  30  into  two  parts  so  that  the  square  of  one  part 
exceeds  the  square  of  the  other  part  by  160. 

2.  The  hypotenuse  and  longer  leg  of  a  right  triangle  are  to- 
gether 18  inches  long.  The  shorter  leg  is  6  inches  long.  Find 
the  hypotenuse  and  longer  leg. 

3.  The  area  of  a  rectangle  is  192  square  inches.  The  length 
is  4  inches  more  than  the  width.     Find  the  length  and  width. 

4.  The  area  of  a  triangle  is  240  square  inches.  The  altitude  is 
4  inches  less  than  the  base.     Find  the  altitude  and  base. 

6.  One  side  of  a  rectangle  is  8  inches  longer  than  the  other. 
The  diagonal  is  40  inches.     Find  the  area. 

6.  When  the  sides  of  a  square  are  increased  4  inches,  the  area 
is  increased  176  square  inches.  Find  the  side  of  the  square  be- 
fore it  is  increased. 

7.  A  rectangular  piece  of  tin  was  twice  as  long  as  it  was  wide. 
A  4-inch  square  was  cut  from  each  corner  and  the  sides  and  ends 
were  turned  up  so  as  to  make  a  box  containing  1536  cubic  inches. 
Find  the  dimensions  of  the  piece  of  tin. 

8.  The  length  of  a  rectangular  prism  containing  240  cubic 
inches  is  10  inches.  Its  entire  surface  is  248  square  inches. 
Find  the  other  two  dimensions. 

9.  Jt  is  180  rods  around  a  rectangular  field  containing  llj 
acres.     Find  the  dimensions. 

10.  A  room  is  6  feet  longer  than  it  is  wide.    If  the  diagonal  is 
30  feet,  find  the  length  and  width  of  the  floor, 

11.  It  is  shown  in  geometry  that  if  from  a 
point  P  without  a  circle  a  tangent  PA  and  a 


secant  PO  be  drawn  as  in  the  margin,  PA*  =s 
PB  X  PG.      If  PA  =  10  and  BO  =  4,  find 

pa 

12n   Using  4000  miles  for  the  radius  of  the  earth,  and  making 
use  of  the  principle  stated  in  Problem  11,  find  how  far  a  man  can 
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c 


see  over  a  smooth  body  of  water  when  standing  in  a  boat  so  that 
his  eye  is  10  feet  above  the  level  of  the  water. 

13.  It  is  shown  in  geometry  that  if  two  chords, 
AB  and  CD,  intersect  at  0,  0^  x  OB^OCx 
OD.      If   OC  =  2   inches,    0Z>  =  7  inches,  and 
AB  =  8  inches,  find  the  lengths 
of  OA  and  OB. 

14.  A  window  5  feet  wide  is 
to  be  surmounted  by  a  circular  stone  arch,  cut 
to  an  arc  of  a  12-foot  circle.  Find  the  rise  by  use 
of  the  principle  stated  in  Problem  13. 

Suggestion.  —  OD^^  rise.     AO  =  OB,     DC  =  12  feet. 

15.  A  farmer  has  a  field  of  wheat  40  rods  wide  and  80  rods 
long.  How  wide  a  strip  must  be  cut  around  the  field  in  order  to 
have  one  half  of  it  cut  ? 

16.  A  tree  100  feet  high  is  broken  off  by  a  storm  so  that  the 
top  reaches  the  ground  30  feet  from  the  foot  of  the  tree.  Find 
the  height  of  the  part  standing. 

17.  By  increasing  the  edges  of  a  cube  each  2  inches,  the  volume 
was  increased  1016  cubic  inches.  What  was  the  length  of  the  cube 
before  it  was  increased  ? 

18.  A  rectangular  field  is  3  times  as  long  as  it  is  wide.  If  its 
width  is  increased  by  20  rods,  its  area  is  doubled.  Find  the  area 
of  the  field. 

19.  A  farmer  sold  his  crop  of  oats  for  $600.  If  he  had  held 
them  for  4  months,  he  could  have  gotten  10  cents  per  bushel  more 
for  them,  in  which  case  he  could  have  received  as  much  for  them 
and  have  had  300  bushels  left.     How  many  bushels  had  he  ? 

20.  A  man  bought  a  farm  for  $12,600.  He  then  ,sold  all  but 
40  acres  of  it  at  a  gain  of  $20  per  acre  over  cost,  receiving  the 
entire  cost  of  the  farm.     How  many  acres  did  he  sell  ? 

21.  A  party  engaged  a  yacht  for  two  weeks  for  $168.  Had 
there  been  two  less,  the  cost  to  each  would  have  been  $2  more. 
How  many  were  there  ? 
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22.  A  tree  was  broken  over  by  a  storm  so  that  the  top  touched 
the  ground  50  feet  from  the  foot  of  the  stump.  The  stump  was 
I  of  the  height  of  the  tree.     What  was  the  height  of  the  tree  ? 

23.  A  tree  which  stood  at  the  edge  of  the  bank  of  a  stream  fell 
with  its  top  in  the  water.  The  tree  was  60  feet  high,  the  bank 
on  which  it  stood  was  15  feet  above  the  water  level,  and  the  body 
of  the  tree  passed  under  the  surface  of  the  water  at  a  point  20 
feet  from  the  bank.    What  portion  of  the  tree  was  under  water  ? 

24.  The  hypotenuse  of  a  right  triangle  is  4  inches  longer  than 
one  leg  and  2  inches  longer  than  the  other.  Find  the  sides  of 
the  triangle. 

25.  One  pipe  can  fill  a  cistern  in  6  minutes  less  time  than  is 
required  for  another  pipe  to  fill  it.  The  two  together  can  fill  it 
in  10^  minutes.  Find  the  time  required  for  each  pipe  alone  to 
fill  the  cistern. 

26.  One  of  two  pipes  can  fill  a  tank  in  28  minutes,  and  the 
time  required  for  the  other  pipe  to  fill  it  is  19|^  minutes  longer 
than  is  required  for  the  two  pipes  together  to  fill  it.  Find  the 
time  required  for  the  two  pipes  together  to  fill  the  tank. 

27.  Two  trains  on  the  same  road  start  at  the  same  time  from 
stations  225  miles  apart.  One  takes  ^  minute  'longer  than  the 
other  to  run  a  mile,  and  they  meet  in  3  hours.  Find  the  speed  of 
each  train. 

28.  A  teamster  having  12  miles  to  drive  increased  his  speed 
one  mile  an  hour  after  he  had  traveled  2  miles.  He  thus 
finished  the  distance  in  half  an  hour  less  time  than  it  would  have 
taken  had  he  not  increased  his  speed.  How  long  did  it  take  to 
drive  the  12  miles  ? 

Suggestion.  —  Let  his  first  rate  be  x  miles  an  hour. 

29.  A  merchant  bought  a  certain  number  of  mirrors  for  $36, 
and,  after  breaking  one,  sold  the  rest  for  50  cents  apiece  more 
than  they  cost  him,  thus  making  $2.50  by  the  transaction.  How 
many  did  he  buy  ? 
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30.  The  rate  at  which  a  man  can  row  in  still  water  is  twice 
the  rate  of  the  current  of  a  river.  He  rows  6  miles  down  the 
river  and  back  in  4  times  as  many  hours  as  he  could  row  miles 
per  hour  in  still  water.  Find  the  rate  of  the  current  and  the 
rate  of  his  rowing  in  still  water. 

31.  The  number  of  square  inches  in  the  area  of  a  square  ex- 
ceeds the  number  of  inches  in  its  perimeter  by  32.  What  is  its 
area? 

32.  The  side  of  a  square  is  the  same  as  the  diameter  of  a  circle. 
The  area  of  the  square  exceeds  that  of  the  circle  by  approximately 
3.4336  square  inches.     Find  the  diameter  of  the  circle. 

38.  The  base  of  a  triangle  exceeds  its  altitude  by  2  inches,  smd 
its  area  is  112  square  inches.     Find  its  altitude. 

34.  What  is  the  area  of  a  square  field  whose  diagonal  is  10 
rods  longer  than. one  of  its  sides? 

36.  By  adding  a  border  to  a  rug  6  feet  by  9  feet  its  area  is  in- 
creased 34  square  feet.     Find  the  width  of  the  border. 

93.  Character  of  the  Roots  of  a  Quadratic.  —  In  the  use  of  the 
formula 

-JB±V^-4^0 
2A 

in  §  90,  it  was  observed  that  the  character  of  the  roots  depended 
upon  the  expression  under  the  radical  sign.  This  expression, 
^  —  4  AC,  for  that  reason,  is  caUed  the  discriminant  of  the  oquar 
Hon  Ax^ -^ Bx+  C=0. 

A  study  of  the  formula  shows  that : 

(1)  When  the  discriminant  is  positive  and  not  a  perfect  sqyuvrej 
the  roots  are  real,  unequal,  and  involve  surds. 

(2)  When  the  discriminant  is  positive  and  a  perfect  square,  the 
roots  are  real,  unequal,  and  free  of  surds. 

(3)  When  the  discriminant  is  zero,  the  wots  are  real  and  equal, 

(4)  When  the  discriminant  is  negative,  the  roots  are  imaginary. 
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From  these  observations  we  can  determine  the  character  of  the 
roots  of  any  given  quadratic  equation,  when  desired,  without  solv- 
ing the  equation. 

Example.  —  Determine  the,nature  of  the  roots  of  P^  _j_  2  p  4.  5  =  Q. 

Here  ^  =  1,  ^  =  2,  C7  =  6.  Hence,  B^-^AC  =—  16.  Hence,  the  roots 
are  imaginary. 

EXERCISES 

By  use  of  the  discriminant,  determine  the  character  of  the  roots 
of  the  following : 

1.  w2-5n-f4=0.  8.  9r*  =  4r+5. 

2.  a* +  6 a- 1=0.  9.  4aj*=12aj-9. 

3.  ^  +  ^  +  3  =  0.  10.  7aj-ll=:4ic*. 

4.  3ar^-h2a;-l  =  0.  11.  2J5r«  +  9^=r4. 

5.  2^«-7^  +  8  =  0.  12.  1662  +  25  =  406. 

6.  12j9*-|-5j9  +  2  =  0.  13.  ^-6^-1-6  =  0. 

7.  3F2  =  4F-2.  14.  n(n-4)  =  n-2. 

For  what  values  of  c  will  the  following  have  equal  roots  ? 

15.  caj2  +  3aj  — 5ai0. 

Solution.  —  The  discriminant  is  9  4-  20  c.  For  equal  roots,  9  4-  20  c  =  0. 
Solving,  c=- A. 

16.  ca^-6a;=4.  19.   3^2_2^4-c  =  0. 

17.  4aj2  4.caj+25  =  0.  20.   2n'  +  8?i-f  c  =  0. 

18.  2^*-f-c<  +  32  =  0.  21.   3  F'  +  10F  +  c4-3«0. 

Determine  the  relation  between  m  and  n  for  which  the  follow- 
ing will  have  equal  roots : 

22.  maj2  +  5aj  +  n  =  0.  24.   t^4-m«-hn  =  0. 

23.  my2— 7iy  +  4  =  0.  25.   nP*  —  2mP  4-8  =  0. 

94.  Relation  between  the  Roots  and  Coefficients. — By  dividing 
both  members  of  the  general  quadratic  Aj^  4-  Bx  4-  (7=  0  by  ^,  it 
may  be  written  in  the  form  a?*  4-i>a?  4-  5*  =  0« 
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Solving  this  equation  by  the  formula,  and  calling  the  roots  r^ 
and  r^  we  get 

^  2  *        .  2 

Adding  these  roots,  ^i  +  ^2  =  —  P- 

Multiplying  them,  riV^  =  q. 

Hence,  if  an  equation  is  written  in  the  form  ar'  4- j^a;  -f  g  =  0, 

(1)  The  sum  of  the  roots  is  the  coefficient  of  x  with  its  sign 
changed; 

(2)  The  product  of  the  roots  is  the  term  free  of  x. 

The  principles  (1)  and  (2)  enable  one  to  write  down  the  quad- 
ratic equation  whose  roots  are  given. 

Example.  —  Form  the  equation  whose  roots  are  7  and  —  3. 
The  sum  of  the  roots  is  7  —  3,  or  4,  and  their  product  is  —  21, 
Hence,  the  equation  is  a:^  ^  4  a; »»  2I  =  0. 

In  testing  the  roots  of  an  equation  to  see  if  the  solutioii  is 
correct,  especially  in  case  the  roots  obtained  are  imaginary  or  in- 
volve surds,  so  that  substitution  of  the  roots  in  the  original  equa- 
tion is  not  convenient,  it  is  advantageous  to  use  principles  (1) 
and  (2). 

Example.  —  Solve  and  check  7y2_2y+3=0. 

By  the  formula,  y  =  \±  fV— 20. 

The  sum  of  these  roots  is  ^.  Their  product  is  (f)2— (|V— 20)2,  or  f. 
Hence,  since  the  equation  may  be  written  in  the  form  y^  —  ^  ^  -|-  ^  =  Q,  the 
roots  check. 

EXERCISES 

Form  the  equations  whose  roots  are  the  following : 

1.  6,  2.  3.    _  5,  -  3.  5.    —  7,  6. 

2.  9,1  .  4.    8,  -2.  6.    -12,  -2. 
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7.  10,  --5.  10.   \,\.  \3.    -i,  -f 

8.  -  3,  -  20.  11.    I,  -  f  14.   a,  3  a. 

9.  9,-11.  12.    I,  -\.  15.    -2n,  5wi. 

16.  1+Vfi,  1-V6.  18.    1+V^,  1-V^6. 

17.  _4+V3, -4-V3.  19.    -3  +  V^-3-V^. 

Solve  and  check  by  use  of  principles  (1)  and  (2) : 

20.  w'  +  n~6  =  0.  24.    N{]>r-Z)  =  L 

21.  C-5(  +  7  =  0.  25.   2r»-5(r-6)=0. 

22.  3a'-2a-5  =  0.  26.    (A  +  3)(^-2)  =  3. 

23.  5F»=F-1.  27.  a:'-aiC  +  36  =  0. 

95.   Graphical  InterpreUtion  of  Koots.  —  Any  value  of  x  which 

satisfies  both  equations  of  the  system 

[y  =  A^+Bx+C,        (1) 
U  =  0  (2) 

satisfies    the    equation   An?  -^-Bx+O 
=  0. 

The  graph  of  (1)  is  some  kind  of 
curve,  and  the  graph  of  (2)  is  the 
ar-axis  (see  §  51).  Hence,  since  the 
coordinates  of  the  points  where  tlie 
graphs  of  (1)  and  (2)  cross  must 
satisfy  both  (1)  and  (2)  (see  §  53),  the 
roots  of  A3?  +  J3j!  +  C  =  0  may  be  ob- 
tained by  observing  the  avdistances  of 
the  points  where  the  graph  of  (1) 
crosses  the  avaxis.* 
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EzAUPLi.  —  Solvs  grapbicallj  t^-Ux  +  HbO. 
Let  1/  =  **-!!*  + 34. 

By  assigning  values  to  x,  and  computing  the  corresponding  values  of  j/, 
the  following  sets  of  values  are  ohtained ; 


the 


X 

0 

1 

2 

3 

6 

7 

10 

U 

V 

24 

14 

a 

0 

-e 

-4 

14 

24 

Locating  the  points  whose  coordinates  are  these  sets  of  values  of  x  and  y, 

and  connecting  them  by  a  smooth  line,  gives  the  curve  on  the  preceding  page. 

It   is  seen   that   this   curvf 

X-axis  at  two  points,  A  and  B,  whose  x^is- 

tances  are  8  and  8,  respectively.     Hence, 

the  roots  of  x*  -  11  x  +  24  =  0  ai«  S  and  8. 

If  the  roots  of  a  quadratic  are 
equal,  the  graph  of  (1)  will  just  touch 
the  ataxia  at  one  point. 

EzAUPLE.— The  roots  of  x*  — 14x+49 
=  0  are  each  +  7.  The  graph  of  y  =  x'  — 
14  z  +  4B  is  the  curve  (a)  in  the  figure, 
which  just  touches  the  x-aiis  at  a  point 

whose  z-distance  is  the  root  +  7. 

If  the  roots  of  a  quadratic  are  im- 
aginary, the  graph  of  (1)  will  not 
cross  or  toiich  the  at-axis  at  all. 

aorx«-4x  +  e  =  0are2±2(.    The  graph  of  y  = 
ve  (b)  in  the  figure.  Which  lies  entirely  above  the 


EzAHPLE.  — Then 

3l'  —  ix  +  8  Is  the  c 


Solve  graphically ; 

1.  !c'-12a:  +  35  =  0. 

2.  !r'  +  3!-72  =  0. 

8.   a:* +  14  a: +  48  =  0. 


4.   2a*~23a!  +  66  =  0. 
6.    33:'  +  14a;  =  40. 
6.  Sas'  +  Sai- 110  =  0. 
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Find,  by  the  discriminant,  the  nature  of  the  rootg  of  the  follow- 
ing, and  give  their  graphical  interpretation : 

7.  4aj«-33a?4-8  =  0.  10.  ^4-a?  +  6  =  0. 

8.  2a^  +  3a;  =  64.  11.   9a^-a:  +  2  =  0. 

9.  a^  +  16a:  +  64  =  0.  12.   4a^  +  26  =  20as. 


SUPPLEMEIfTARY  EXERCISES 

If  ri  and  r^  are  the  roots  of  Ax^  ■\-  Bx-\-  (7=0,  then 

x2  +  :?x  +  ^  =  a;2  ^  (n  +  r2)«  +  rir2  =  («  —  ri)(a5  -  rO» 

by  §  94.    Hence, 

Ax^  +  ^  +  <7  =  -4(«-  ri)(x  —  ra). 

Therefore,  the  three  factors  of  an  expression  of  the  form  Ax^  +  Bx+  C 
are  <4,  as  —  ri,  and  a;  —  r2,  where  ri  and  Vz  are  the  roots  of  the  equation 
formed  by  putting  Ax^  +  5x  +  C  equal  to  zero. 

Hence  any  trinomial  of  the  form  Ax^  -Y  Bx-\-C  may  be  factored,  if  factors 
containing  surds  or  imaginary  numbers  are  accepted.  It  sometimes  is  desir- 
able to  find  such  factors  of  a  trinomial. 

Evidently,  by  use  of  the  discriminant  5^  —  4  ^(7  we  can  tell  whether  the 
factors  of  such  a  trinomial  are  real  or  imaginary^  or  free  of  surds. 

Find  the  nature  of  the  factors  of : 

1.  aj2-15a?  +  54.  6.  aj*  — 9a?  +  3. 

2.  24«*-f-10.  7.  4a^  +  2a;  +  l. 

3.  3n*-9ri  +  28.  8.  6a*  +  lla-40. 

4.  2y24-^  +  3.                            9.  lOiP-^  +  2. 
6.  2F^  +  5F-7.                   10.  eE'^E-SS. 

Factor : 

11.   2a?+2x-B. 


k.j 
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Solution.  —  Let  2  a;^  +  2  x  -  6  =  0. 

Solving,  a;  =  -  1  ±  i  vTT. 

Hence,  2  x^  +  2  ar -  6  =  2(x  +  J  +  iy/TT){x  +  }  -  jVlT) 

12.  2«2_-s  +  2.  16.  n^  +  2n-143. 

13.  5P2  +  8P+4  17.  102/2  +  lly~8. 

14.  36»-6-l.  18.  7^2-^+16. 

15.  9d*  +  4c?4-l.  19.  2r  +  15+2'^ 


CHAPTER  VIII 

HIGHER    EQUATIONS 

96.  Higher  Equations. —  In  preceding  chapters  we  have  worked 
out  general  methods  of  solving  any  linear  or  any  quadratic 
equation  in  one  unknown  number.  General  algebraic  methods  of 
solving  any  equation  of  the  third  or  of  the  fourth  degree  also 
have  been  worked  out  by  mathematicians.  But  in  elementary 
algebra  we  shall  undertake  to  solve  only  two  special  kinds  of 
equations  of  degree  higher  than  the  second. 

97.  Higher  Equations  solved  by  Factoring.  —  Some  equations  of 
higher  degree  than  the  second  may  be  solved  by  factoring.  The 
method  is  the  same  as  that  of  solving  quadratics  by  factoring. 

Example  1.  — Solve  n*  +  1  =  0. 

Factoring,  (n  +  l)(n2  —  n  +  1)  =  0. 

This  equation  is  satisfied  by  any  values  of  n  that  will  make  either  of  the 
factors  n  +  lorn^— n  +  l  equal  to  zero,  for  then  their  product  would  be 
zero.     Hence,  equating  each  factor  to  zero,  we  get 

»  +  1  =  0  and  n2  —  n  4- 1  =  0. 


Solving, 

n+l  = 

:0,  n 

=  -1. 

Solving, 

n2. 

-n+l  = 

0,  n 

=i±iV-3 

Example  2.  — 

-  Solve  «s  = 

:64. 

/ 

Transposing, 

««- 

-64  = 

0. 

Factoring,       (t  +  2)  («  -  2)  («2  4. 2 «  +  4)  («2  _  2  «  ■{-  4)  =  0. 
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Patting  each  factor  equal  to  zero, 

«4.2  =  0,  «-2  =  0,  «2+2«  +  4  =  0,  «2  — 2«+4  =  a 

Solving  each  of  these, 

«  =  -  2,  2,  —  1  ±  V^^,  or  1  ±  yf^^ 

Example  3.  —  Solve  -4»  +  6  ^=6  -4«  —  12. 
Transposing,  ^»-  6  a«  +  6  -4  +  151  =  0. 

Factoring  by  remainder  theorem, 

(.4  4-l)(^-3)(.4-4)=:0. 

Patting  each  factor  equal  to  zero,  and  solving, 

-4=— 1,8,  or  4. 

As  appears  in  each  of  the  above  examples,  so  it  may  be  shown 
in  general  that 

The  number  of  roots  of  an  equation  is  equal  to  the  degree  of  the 
equation. 

To  solve  any  equation  in  one  unknown  number  by  factoring, 

(1)  Transpose  all  terms  to  the  left  member,  mxiking  the  right  mem- 
ber zero. 

(2)  Fact(yr  the  resulting  left  member ,  and  equate  ea/^h  fcictor  to 
zero. 

(3)  Solve  the  resulting  equations. 

EXERCISES 

Solve : 

1.  n8-l=0.  8.    F»  =  27.  6.  y*-81=0. 

2.  a«-l  =  0.  4.   a?*-l=0.  6.   <*~6<«-f4  =  0. 

7.  fc*-16  =  0.  9.   853-27  =  0. 

8.  N*-2IP  =  15.  10.   64^8  +  126=0. 
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11.  2^*  =  5^2^12.  17.  7^+T=3r«4-3. 

12.  m«  +  7??i^  =  8.  18.  a«+5a«=4a  +  20. 

13.  4^=20-E;2_21.  19.  i?*  +  47?3  +  i?  +  4  =  0. 

14.  9c*+18c^  +  8=«0.  20.  7i*  +  /i'  =  ^*4-l. 

15.  a^  +  2aj2  =  a?  +  2.  21.  3P*+P«+2P-+24P=0. 

16.  2;8_2j2_4^^4^()  22.  n*-3  n»4  3n« Ww«0. 

23.   Find  the  three  cube  roots  of  64. 

SuooESTioir.  — Let  n  be  the  cube  root  of  64. 
Then  n^  =  64. 

24.  Find  the  four  fourth  roots  of  81. 

25.  Find  the  six  sixth  roots  of  1. 

26.  Find  the  six  sixth  roots  of  64. 

98.  Higher  Equations  written  in  the  Form  of  Quadratics.  —  Some 
equations  of  higher  degree  than  the  second  may  be  written  in 
the  form  of  quadratics,  and  solved  by  the  methods  of  solving 
quadratics. 

Example  1.  —Solve  r*  -  13  r^  +  36  =  0. 

This  has  the  form  of  a  quadratic  in  r^.    Solving  for  9^  by  the  formula, 


„      13±V169-144 
^= 2 

=s  0  or  4. 
Now,  solving,  r^  =  9,  r  =  ±  8. 

Solving,  r*  =  4,  r  =  ±  2. 

Hence,  the  four  roots  are  2,  ^  2,  3,  —  3. 

Example  2.  —  Solve  -^  -f  ^(^  +  ^)  =  3. 

*  +  1  A;2 

Putting  n  for  -^ — ,  the  equation  may  be  written 

»  +  -  =  8. 
n 
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Solving,  n  =  1  or  2, 

Hence,  the  given  equation  is  equivalent  to  the  equations 

^      =1,  and  -JL^=2. 


*+l  k+l 


ifc2 


Solving  5-^  =  1,  A  =  i  ±  i  VS, 

Solving  -^  =2,  A;  =  1  ±  v^. 

A;+  1 

Example  3.  —  Solve  2t?2  +  2t?+l=     ^^ 


This  may  be  written  2{v^  +  v)-h  1=:     ^^ 


Putting  nfoTv^  +  v^ 

n 
Solving,  n  =  2  or  —  J. 

Hence,  the  given  equation  is  equivalent  to  the  equations 

v^  -\-v  =  2  and  v^  -{-v  =—  ^, 

Solving  these,     v  =  1,  -  2,  -  J  +  i  V^^,  —  i  -  |V-l"- 

EXERCISES 

Solve : 

1.  a;* -f- 2  2^=  48.  5.  8j9«  =  37p«H-216. 

2.  6a*  +  a2  =  15.  6.  y«-2y*  4-1  =  0. 

3.  24  V*=V^  + 10.  7.  (aj2  - 1)^  +  24  =  ll(aj2  - 1). 

4.  n<*  +  9n8  +  8  =  0.  8.  (^^  ^2  «)2- 2(^^  +  2  0  =  3. 

9.    (7i'^-n)2-8(w*-n)+12  =  0. 
10.    (2P«  +  7P)2-3(2P2  +  7P)=10. 
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12-    ,-^rT  +  ^-^^^^  =  2.  16.  0^  +  0-1=    2 

13.    ?^l4.^_  =  2.  16.   ^8^3ir=l-— — ^— — . 


17.  4n^->10yi4-3=r^   ,     \ -. 

2n*  — 5n  +  l 

18.  (2'y«  +  6v)2  =  l-(v«4-3i;-2). 

19.  (i?^_i?-|.4)2+(i?2_7j)=,2. 

20.  '(62--36  +  l)(62-36  +  2)=12. 

21.  (Tr«4-5Tr-l)(Tr»  +  5  Tr-fl)  +  l«0. 

22.  /'aj  +  ?Y  +  /'a;  +  ?'\=42. 


24.   a2  +  a  +  i  +  i  =  4. 

a     or 


Suggestion.  —  a^  4-  2  + 


^'(^a* 


26.  3^4-3y«-2y2-3y4-l=0. 


Suggestion.  —  Divide  by  y^^  and  arrange  as  in  Ex.  24. 


26.   D*-3i)3H-4Z>2_3p4.i^0, 
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SUPPLBHEnTARY  EXERCISES 

The  method  of  §  95  may  be  uaed  to  represent  graphically  the 
toots  of  an  equation  of  any  d^iee  in  one  unknown  number. 

Represent  graphically  the  roots  of: 

1.   jj"- 153!*  4- 66 10-80  =  0. 

SoLBTioN.  —  Let  p  =  K»—  ISx'  +  eei  —  80, 
By  utlgning  values  to  x,  oomputing  tlie  cor- 
responding values  of  y,  locattog  the  polnis 
whose  coiJrdlnal«s  are  the  sets  of  values  thus 
foaod,  and  jotniDg  the  consaeative  poiots  by  a 
smootli  line,  the  carve  shown  Id  the  fgure 
1h  obtained. 

This  curve  cuts  the  x-ails  at  three  points, 
whose  x-dlstanccB  are  the  roots  2,  S,  aad  ft, 
respectively. 

a.  3?~\se+nx^m=ii. 

3.  r»-31ir-30  =  0. 

4.  iC'-29ir»  +  100.=  0. 

5.  ir*-2a!'-723!"  +  128x  +  512  =  0. 

Determine  graphically  the  nature  of  the  roote  ot: 

6.  ai»-6a:'  +  16a;-96  =  0. 

7-   fl!»-22a:»+145a;-300  =  0. 


CHAPTER  IX 
lEQUATIONS  INVOLVING  SURDS 

99.  Equations  inroMng  Surda.  —  To  solve  an  equation  in  which 
the  unknown  number  is  involved  in  one  or  more  surds,  it  is  neces- 
sary first  to  free  the  unknown  number  of  radical  signs.  To  do 
this,  both  members  of  the  equation  must  be  raised  to  the  same 
power. 

Example.  —  Solve      Vn  +2  +  V3  —  n  =  8. 


Transposing,  vn  +  2  =  3  —  VS  —  n. 

Squaring  both  members,  n  +  2  =  9  —  6>/8  —  n  -f-  3  —  n. 


Tnngposing  and  combining,     2  n  — 10  =  —  6  V3  —  n. 

Dividing  by  —  2,  6-n  =  3V3^;^. 

Squaring  both  membezB,  25  -  10  n  +  n^  ^  27  —  9  n. 
Transposing  and  combining,  n*  —  n  —  2  =  0. 
Solving,  n  =  2  or  —  1. 

The  above  example  illustrates  the  following  general  rule  for 
freeing  an  equation  of  radical  signs : 

(1)  By  transposing,  if  necessary y  change  the  equation  into  an  equiv- 
alent one  of  which  one  member  consists  of  a  single  surd. 

This  is  called  isolating  the  sard. 

(2)  Raise  both  members  to  such  a  power  as  will  free  this  isolated 
surd  of  the  radical  sign. 

(3)  ZjT  8urd.s  stiU  remain,  repeat  the  operation. 
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In  checking  the  solution  of  an  equation  involving  surds  by  sub- 
stituting the  values  of  the  roots  found,  it  must  be  remembered 
that  only  the  principal  roots  of  the  radicals  involved  may  be  uMd. 
(See  §  64.) 


Thus,  5  is  not  a  root  of  VS « -f  1  +  V^  —  1  =2,  although  when  «  =  6,  it 
would  become  4  —  2  =  2  if  the  negative  square  root  of  <  —  1  were  taken  for 

the  second  term.    The  equation  of  which  5  is  a  true  root  is  V3 «  +  1  —  Vt—l 
=  2. 

100.  Extraneous  Roots.  —  When  both  members  of  an  equation 
are  raised  to  the  same  power,  roots  may  be  introduced  (extraneous 
roots)  that  will  not  satisfy  the  given  equation. 

For,  let  any  equation  be  represented  by     ^  =  JB. 

Squaring  both  members,  A^  =  B*. 

Transposing  and  factoring,  (A  —  B)(A  +  B)^  0. 

This  equation  is  equivalent  to  A  —  B  =  0  and  A-^B  =  0, 

Of  these  two  equations,  A  —  B  =  0  alone  is  equivalent  (see  §  44) 
to  the  given  equation.  Hence,  all  of  the  roots  of  A  +  B  =  0  are 
introduced  by  squaring. 

Hence,  in  solving  an  equation  which  involves  surds,  it  is  necessary 
to  test  all  roots  obtained  and  to  discard  those  which  do  not  satisfy  the 
equation  in  its  original  form. 


Example.  —  Solve  Va  +  1  —  V8a;  +  5=0.  (1) 

Isolating  a  surd,  Va;  +  1  =  v^8lc  —  6. 

Squaring,  x  +  1  =  8  a  -  10>/8x"+  26.  (2) 

Isolating  the  surd,  10  V8x  =  7  a:  +  24. 

Squaring,  800  x  =  49  x^  +  336  x  +  576.  (3) 

Solving,  X  =  Iff  or  8. 
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By  Hubstituiiuu  it  is  seen.tliat  6  satisfies  (I),  liaC  lj{  does  uot.    Th 
iraneoafl  root  IjJ  was  irtrodiiced  by  squaring. 

What  took  pi&ce  in  tiie  preced- 
ing Boluttou  is  lihonn  graphicBtly 
In  the  accompanying  figure.  The 
graphs  of  equations  (1),  (2),  and 
(3)  are  the  curves  (1),  (2),  and 
(3),  respectively  (the  two  lines 
marked  (3)  are  parts  of  one  con- 
tinuous curve  that  turns  upward 
at  a  point  6S2+  spaces  beloV  the 
z-axis).  Squaring  equation  (1) 
changed  the  curve  (1)  into  curve 
(2),  and  squaring  equation  (2) 
clianged  the  curve  (2)  into  curve 
(3).  Curve  (1)  shows  tliat  equa- 
tion (i)  has  only  one  root,  8. 
Curve  (2)  shows  lliat  equation  (2) 
lias,  in  addition  to  the  root  8,  an- 
other root  between  1  and  2.  And 
curve  (3)  shows  that  equation  (3) 
has  the  same  roots  aa  equation  (2). 

An  equation  involving  anrda  may  not  be  satisfied  by  any  value 
of  the  unknovm  number.  Such  an  equation  is  called  an  impoBsi' 
ble  equation. 

Example.  —  Solve  v'2s-f  8-|-2  -|-2v's-h5  =  0. 

Isolating  a  surd,  V2T+8 -I- 2  =  — 2v'»-l-5. 

Squaring,  2g +S  +  4^2$ +  »  +  *  =  *  »  +  W. 

Hence,  2v'2«-h8  =  8-1-4. 

Squaring  again,  8  «  +  32  =  8^  -H  8  s  -H  10- 

Solving,  g  =  4  or  —  4. 

Neither  of  tbeee  roots  satisfies  the  given  equation.  _^ 
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EXERCISES 

Solve : 

1.  VxTl-2.  3.    V^-h3=8.  6.   6  +  Vn  +  7  =  n. 

2.  8-V2r^=6.        4.    V2aj-.3  =  5.         6.    ■v^l3  4-a  =  2. 

7.  \/2v-l  =  3.  26.  l+ViT2=V2. 

8.  4Vm  +  6  =  3 V3m  +  4  27.  V22)  -  7  +  V2p  +  9  =  8. 

9.  6V;RT2-3V4i?~3  =  0.  28.  </a2~-5a  +  6=  VaH-4. 
10.  VFHr2 - 1  =  V)k"^=^.  2^-  V2  a;- 5  =  </aj?- 7  a?H- 12. 
U.  Vl6  +  3i>  +  2=V23-Z>.  30.  -J/e  +  l  =  VMn;. 

12.  2 V9T^=  3V^T24 - 10.     ^^-  ^2?Ti  =  </fTi. 

13.  VJtf2+4JJf+9=Jlf+7.        32.  Vx-Vx^^=^-^. 

14.  V57  +  4=Vl2«4-2i.  _        ^ 

15.  VZ=V3T25-i.  ^^-  ^=^^^'^^''"^- 

16.  V5^:^=.V5-2.  ^.     /-^  / — ^        3 

.  34.  Vw+Vn  — 6  =  — 

17.  Vs-7  +  VF+7=0.  Vn-6 

18.  2Vn  +  2=A/w.  36.  Va  +  Vl-fa=       ^      . 

, Vl  +  a 

19.  w-^3  =  V2m;2-w  +  10-5.  _         ' 

/ 7         / K      ^  36..Vs-Vs-8=— -4=. 

20.  Vn  +  l+V/i-2«0.  V«":^ 

21.  VF^r7  =  7-A.  3^    — ^-g Vfc=V15Tfc, 

22.  V?  +  V32T^-h  16  =  0.  ^^^^  ^ 

23.  V^^-M  + V^  +  2  =  0.  ^®-  -^==  =  Vi?  +  8  +  i?. 

24.  v^rT2-V3^^=3.  vr+ij+vinr 

o".    — nzmzi as  ^, 

25.  Va-1+V3a  +  1  =  2.  Vl+n-Vl— w 

40.    — 1 ^ ^  =  0. 

1— Vo     1+Va     1  — o 
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41.    V^  +  16^  V4-4^^^^ 

V4^=^       V^  +  16 


42.  V5i\r4.2VJV^'-iV+7-4«0. 

43.  ^13  +  3Vr  +  5  +  4VrTi-5  =  0. 


44.   3a^-4a:H- V3aj2_-4aj-6  =  18. 


Suggestion.  — Let  \/3  x*  —  4  x  —  6  =  y. 
Then  y2  +  6  +  y  =  18. 

46.   Vn2  +  3n-|-l  =  l-2n*-6». 


46.  2 V4F--107-2  =  10 « -f  10 - 4 «». 

47.  r+22  =  3r»-6V3r2-r--6. 


48.  V2a-4-f  V3a-h4-\/10a-4  =  0. 

49.  V2a-4  +  V3a-f  4  +  Vl0a~4  =  0. 

»   «  =  7r\/-  expresses  a  law  of  the  vibration  of  pendulums. 


50 

^  g 

Solve  for  L 


51.  v  =  a/2^  gives  the  velocity  acquired  by  a  falling  body. 
Solve  for  s. 

N     -yJT 
62.  ~  =  —=-  expresses  a  law  of  vibration  of  strings,  in  musical 

instruments.     Solve  fori;  for  T. 


53.  t  = ^  expresses  a  law  of  motion  of  projec- 

9 
tiles  fired  vertically.    Solve  for  «, 
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SUPPLEMENTARY  EXERCISES 

Solve  the  following,  and  show  graphically  the  introduction  of 
extraneous  roots,  as  in  the  first  example  of  §  100: 


1.  V«-l  +V3a;  +  1  =  2.  3.    \/2 a:  +  4  —  Va; -f  3  =  1. 

2.  V3a:  +  1  + Vaj-1  =  6.  4.    V4x- V2«'-f  1  =  1. 


CHAPTER  X 

SYSTEMS   INVOLVING    QUADRATIC    OR    HIGHER 

EQUATIONS 

101.  Systems  involving  Quadratic  or  Higher  Equations.  —  The 

solution  of  a  system  of  two  equations  in  two  unknown  numbers 
in  which  one  or  both  of  the  equations  is  of  the  second  or  higher 
degree  cannot  always  be  obtained  by  the  methods  of  elementary 
algebra.  Consequently  in  this  chapter  we  shall  only  undertake 
to  solve  certain  special  types  of  systems. 

As  in  the  case  of  a  system  of  two  linear  equations,  to  solve  a 
system  involving  higher  equations  requires  first  the  elimination 
of  one  of  the  unknown  numbers.  The  method  of  elimination 
adapted  to  any  given  system  depends  upon  the  character  of  the 
equations  in  the  system. 

102.  One  Equation  Linear  and  One  Quadratic.  —  If  one  equation 
of  a  system  is  linear  and  the  other  quadratic,  either  unknown 
number  may  be  eliminated  by  substitution. 

Example. -Solve  |  »»*  "  2  n  =  6,  (1) 

[  w2  +  »^  =  17.  (2) 

Solving  (1).  for  m,  w  =  6  +  2  n. 

Substituting  8  +  2  n  for  w  in  (2),  36  +  24  n  +  5  n^  =  17. 

Solving  this  quadratic,  n  =  —  1  or  —  J^. 

Substituting  —  1  for  »  in  (1),  w»  +  2  =  6. 

Hence,  wi  =  4. 

Substituting  -  ^  for  w  in  (1),  w  +  ^3^  =  6. 

Hence,  m  =  —  |. 

143 


144 


ELEMENTARY  ALGEBRA 


Therefore  there  are  two  solutions : 

m  =  4,  n  =  —  1 ;  and  m  =  —  f ,  n  =  —  Jjf . 

To  solve  a  system  containing  one  linear  and  one  quadratic 
equation : 

(1)  Solve  the  linear  equation  for  one  unknown  number j  expressed 
in  terms  of  the  other, 

(2)  Substitute  the  value  found  in  the  quadratic  equation,  and 
solve  the  resulting  quadratic  in  one  unknown  number. 

(3)  Substitute  each  value  found  for  the  one  unknown  number  in 
the  linear  equution,  and  solve  for  the  corresponding  value  of  the 
other. 

It  is  evident  that  : 

Any  system  of  one  linear  and  one  quadratic  equation  has  two 
solutions. 


EXERCISES 


Solve : 


1. 


2. 


3. 


4. 


5. 


6. 


7. 


r  — 5  =  1, 

'  h^  +  k^  =  20. 

'a-26  =  3, 
a2_j2^24. 

2a^  +  xy=:5. 

m-{-n  =  9, 

m*  +  mn  +  n^  =  67. 

'x^—xy  +  y^  =  12, 
Sxzzzy  +  lO. 

7?r  4- 10  =  0, 
r-|-4i?  =  6. 


8.     ^ 


10. 


'Vt  +  4:0  =  0, 

2v  =  3t-i-S. 


9. 


'2P  +  2]Sr=5PN, 
2N+2F=5. 


'a2-|.62^4a  +  66  =  40,  . 
a  =  10  +  b. 


^^      (3V^2T, 

{3  FT4-2F+r=486. 

j2      r2aJ»+.32^  =  ll+4«y, 
[x-5  =  3y. 

13.    |(6-m)(7-n)  =  80, 
{m-{'n  =  5. 
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14. 


15. 


16. 


17. 


18. 


k^  +  19  +  n^  =  SJcn. 
Ix     y 

fi>*+pg  + 9^  =  97, 

1~5»1?. 
P      P' 

w      t       * 
3<-2u  +  12  =  0. 


19. 


^_P    P«^21 
1+:?=! 


Solve  for  x  and  y : 

20.   f''-2'7°' 

[  icy  =  a*  +  y . 


21. 


22. 


23. 


1 4  a^  =  wi'  —  w*. 

[xy  =  f, 

'x  +  y  =  a, 
y  +  f^h. 


24.  In  any  circle  whose  radius  is  r,  circumference  c,  and  area 
Sy  c  =  2  Trr  and  /S  =  irr^.  By  eliminating  r  between  these  two 
equations^  find  the  equation  between  8  and  c. 

103.  Two  Quadratic  Equations,  each  of  the  Form  ox^  +  ^  =  c.  — 
If  each  equation  of  a  system  is  a  quadratic  of  the  form 
aa?  -\-by^=:c,  in  which  x  and  y  are  the  unknown  numbers,  either 
unknown  number  may  be  eliminated  by  addition  or  subtraction. 


Example.  -  Solve   I'^'t^K^^l' 

Multiplying  (1)  by  2,  2  x^  +  4  y^  =  44. 

Subtracting  (2)  from  this,  Sy^  =  27. 

Solving,  y  =  ±  3. 

Substituting  3  for  y  in  (1),      x^  +  18  =  22. 

Solving,  X  =  ±  2. 

Substituting  -  3  for  y  in  (1),  x^  +  18  =  22. 

Hence,  x  =  ±  2. 

Therefore  there  are  four  solutions : 

x  =  2,  y  =  3;  x=-2,  y  =  3;  x  =  2,  y  =  -3;  x=-2,  y=-8. 


(1) 
(2) 
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To  solve  a  system  of  two  quadratic  equations,  each  of  the  form 
aa^  -^by'  =  c: 

(1)  Eliminate  one  unknown  number  by  addition  or  subtraction^ 
as  in  a  system  of  linear  equations. 

(2)  Solve  the  resulting  quadratic  in  one  unknown  number, 

(3)  Substitute  each  value  of  the  unknoton  number  thus  found  in 
either  of  the  given  equations^  and  find  the  corresponding  values  of 
the  other  unknown  number. 

It  is  evident  that  for  each  of  the  two  values  found  for  the  first 
unknown  number  there  are  two  corresponding  values  of  the 
other.     Hence : 

Any  system  of  two  quadratic  equations^  each  of  the  form 
aa^  -f  by^  =  c,  has  four  solutions. 

It  has  been  observed  that  in  the  case  of  every  system  solved  in 
this  and  the  preceding  sections, 

The  number  of  solutions  is  equal  to  the  product  of  the  degrees  of 
the  two  equations. 

It  may  be  shown  that  this  rule  is  true  in  general.  If  one 
equation  is  of  the  mth  degree  and  the  other  of  the  nth  degree,  the 
number  of  solutions  will  be  mn.  Exceptions  to  this  rule  in  cer- 
tain peculiar  systems  will  be  noted  later. 


Solve : 
1. 


EXERCISES 


2. 


3.42-252^0,  r3aj2-5y2  =  30, 

5^2_3^2^jL.  '    |aj2H-5y2^70. 
rr2-s2^7^  (^^4.t'  =  A:0, 

'     lr2H-,s2  =  25.  *     I2'y2_9^2^53^ 


4. 


f4m2  +  9n2  =  36, 
m^  -f-  n2  =  26. 


8. 


R'-2iy  =17, 

[2^2^Z>2  =  54. 
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9. 


10. 


11. 


12. 


6a24-6'=3|. 

3P2_Q2^3 

9aj2+y2^29, 

(E^-25IP^  20, 
25  722=88-2^2^ 


13. 


14. 


15. 


'30^  =  ^2  4-27, 
C^-f +  4.0  =  0, 

r2r2-3r'2  =  20, 
jr^  4-5/2  =  36. 


2^      ic     16  a?^ 

v2        3 
a?  — ^  = 


a? 


16  X 


104.  Two  Quadratic  Equations,  One  Homogeneous. — A  homo- 
geneous equation  is  one  all  of  whose  terms  are  of  the  same  degree 
in  the  unknown  numbers. 

Thus,  2  v^^  vt+t'^  =  0  is  homogeneous,  every  term  being  of  the  second 
degree. 

The  process  of  solving  a  system  of  two  quadratic  equations, 
one  of  which  is  homogeneous,  may  be  reduced  to  the  process  of 
§102. 

(1) 
(2) 


Example  1.  ^ Solve  {m' '  ^rnn  + 6n^  =  0, 

m^  —  mn  +  n^  =  12. 


Factoring  (1),  (w  —  2  n)(w  —  3  n)  =0. 

Hence,  (1)  is  equivalent  to  the  two  equations 

m  —  2  »  =  0, 
and  w»  —  3  w  =  0. 

Therefore  the  given  system  is  equivalent  to  the  two  systems 


(3) 
(4) 


w  -  2  «  =  0, 

w2  —  mn  +  w^  =  13  ; 


wi  —  3  n  =  0, 

w2  —  WW  +  n2  =  12. 


The  systems  A  and  B  are  each  solved  by  substitution,  as  in  §  102. 
The  solutions  of  A  are  m  =  4,  n  =  2  and  m  =  —  4,  n  =  —  2. 

The  solutions  of  5  are  m  =  ^V2T,  n  =  jV2T  and  m  =— f  v^,  n=  — jV21. 
Hence,  these  four  solutions  are  the  solutions  of  the  given  system. 


Example  2.  -  Solve    f  \^'  +  4  xj,  -  j,»  =  0, 


0) 
(2) 
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Solving  (1)  for  x  by  the  quadratic  formula, 


10 


=  -yoriy. 
Hence,  the  given  system  is  equivalent  to  the  two  systems 


A 


x2  +  X  +  y  =  5 ; 


1  a:^  +  X  H-  y  =  6. 


Solving  system  A  by  the  method  of  §  102, 

a;=:_3+Vi4,  y  =  -16  +  5\/i4;  x=-3-Vl4,  y=-16-5Vi4. 

Similarly,  the  solutions  of  B  are  found  to  be 

X  =  V5,  y  =  —  VS  ;  x  =  —  VS,  y  =  VB, 
These  four  solutions  are  the  solutions  of  the  given  system. 

The  method  of  Example  1  may  be  used  only  in  case  the  first 
member  of  the  homogeneous  equation  may  be  factored.  The 
method  of  Example  2  may  be  used  in  case  of  any  homogeneous 
equation,  whether  the  first  member  can  be  factored  or  not,  and 
hence  is  the  more  general  method  of  the  two. 

To  solve  a  system  of  two  quadratic  equations,  one  being  homo- 
geneouSy  find  by  factoring  or  by  solving  by  the  quadratic  formula  two 
linear  equations  to  which  the  homx)geneous  equation  is  equivalent. 
Use  each  of  these  with  the  other  given  equation  to  form  a  neio  system. 
Solve  these  two  systems  by  the  method  of  §  102. 

EXERCISES 

Solve : 

^      raj«-3a^-f  2^3  =  0,  ^     |  3  m*- 2mn- w«  =  0, 

|2a^+a^  — /  =  9.  *     I  m -f- n -}-«*  =  32. 

a2- 62  =  27.  '    \v^^Sv  +  vt--4t  =  33. 


2. 
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5. 


6. 


7. 


8. 


105.  Quadratics  with  All  Unknown  Terms  of  Second  Degree.  — 
A  system  of  two  quadratic  equations  of  which  neither  is  homo- 
geneous, but  in  each  of  which  all  unknown  terms  are  of  the 
second  degree,  may  be  solved  by  first  combining  the  given  equa- 
tions so  as  to  obtain  a  homogeneous  equation. 


Example.  — Solve 


|)2  4-  Spq  +  11  g2  =  5. 


(1) 
(2) 


Evidently  we  may  get  a  homogeneous  equation  by  eliminating  the  terms 
free  of  unknown  numbers. 


Multiplying  (1)  by  6, 
Multiplying  (2)  by  9, 
Subtracting  (8)  from  (4), 


or 


5p2-36|)g-46g[2 

9i>a  +  4bpq  +  99  ga 

4pa-|-80pg  +  144ga 

j)2  +  20  pq  +  86  ga 


45. 

(3) 

46. 

W 

0, 

0. 

(6) 

Now  the  given  system  is  equivalent  to  the  new  system  formed  of  (5)  and 
either  (1)  or  (2).    Let  us  form  the  system 

.p2+20p5H-36g2  =  o,  (6) 

.p"  +  5pg+llga  =  6.  (2) 

This  system  is  solved  by  the  method  of  §  104. 

The  solutions  are  :  \ 

|>  =  2,  g=-l;    j)=-2,  g=.l;    |)  =  2^,  g  =  -f;    i)=-2f,  g  =  f. 

By  eliminating  the  known  terms,  derive  from  the  given  equations 
a  homogeneous  equation.  Use  this  homogeneous  equation  with  either 
of  the  given  equations  to  form  a  new  system.  Solve  this  system  by 
the  method  of  §  104. 
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EXERCISES 


Solve : 


1. 


2. 


3. 


4. 


5. 


6. 


120:2^-2^2  =  8. 

'  2  7w^  —  mn  4-  w*  =  16, 
m^  +  mn  -\-2  n^  =  44. 

\2^2^J5«  =  6. 
'h' -^1(^  =  10, 

'  to*  -{-  WV -{-  V^  =  4:y 

w^  —  2iov  =  12. 
^  iP-6«2=l. 


7. 


8. 


9. 


10. 


11. 


12. 


{ 


0^24. 3^-22/2  4-44  =  0, 
a^4.3y2_80  =  0. 
JI/2  +  jjf2V^4.JVr2  =  39^ 
2J[f2+3j|f2v^+jV^2^^, 

'a2-2a6  =  -16, 
2a6  4-462  =  120. 

2i>2  4.  2pg  + (72  =  73. 

2?^_2i^(7Hrl5  =  0, 

(72  __2?^(7^  2^2^21. 

'^2_^^y_12 1/^=8, 
^2^^^  _  10^2=  20. 


{ 


106.  Symmetrical  Equations.  —  A  symmetrical  equation  is  one 
that  is  unchanged  when  the  unknown  numbers  are  interchanged. 

Thus,  m^  +  n2  =  5,  xy  =  2,  and  a  +  6  =  8  are  symmetrical. 

Some  systems  involving  only  symmetrical  equations,  one  linear 
and  one  quadratic,  or  both  quadratic,  may  be  solved  by  the 
methods  of  the  foregoing  sections.  But  another  good  method  of 
solving  such  systems  consists  of  so  combining  the  equations  as 
to  find  the  values  of  the  suvi  and  the  difference  of  the  unknown 
numbers,  and  thus  derive  two  or  more  systems  of  linear  equations 
to  which  the  given  system  is  equivalent. 


Example. —  Solve 


a;2  +  y2  =  4o, 
xy  =  12. 


Multiplying  (2)  by  2,  2  xy 

Adding  (3)  to  (1),  x^-\-2xy  +  i/^ 

Taking  square  root,  x  +  y 

Subtracting  (3)  from  (1),  a;2  -  2  a;y  +  y2 
Taking  square  root,  x  —  y 


24. 
64. 

±8. 
16. 

±4. 


(1) 
(2) 

(3) 
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Hence,  the  given  system  is  equivalent  to  the  four  systems : 

[x  —  y  =  4;         [x  —  y  =  4;  jx  —  y=  —  4;        |x  —  j/=—  4. 

The  solution  of  J.  is  «  =  6,  y  =  2  ;  of  5,  x  =  —  2,  y  =  —  6  ;  of  C,  x  =  2, 
y  =  6  ;  of  2),  X  =  —  6,  y  =  -  2. 

When,  except  for  sign,  the  equations  are  symmetrical,  the 
system  may  be  solved  by  the  same. method. 

T?  «  ,       f  w»  —  n  =  2,  (1) 

Example. — Solve         «  .     «      -^  ;„; 

\m^-\-n^  =  74.  (2) 

Squaring  (1),  m^  -  2  wn  +  n2  =  4.  (3) 

Subtracting  (3)  from  (2),  2mn=  70.  (4) 

Adding  (4)  and  (2),        m«  +  2  mn  +  n^  =  144. 

Taking  square  root,  m  +  w  =  ±  12. 

Hence,  the  given  system  is  equivalent  to  the  two  systems : 

^fw»  —  n  =  2,         „fw  —  n  =  2, 
m  +  n  =  12  :         \  m  -\-  n  =—  12r 

The  solution  of  -4  is  wi  =  7,  n  =  6 ;  of  .B,  m  =  —  6,  n  =—  7. 

Note.  ~  In  this  and  the  preceding  sections  we  have  discussed  methods  of 
solving  systems  containing  linear  and  quadratic  equations  of  a  few  special 
types.  Except  in  special  cases  such  as  those  in  the  foregoing  sections,  to 
solve  a  system  of  two  quadratic  equations  generally  involves  the  solution  of 
an  equation  of  the  fourth  degree  in  one  unknown  number. 


Thus,  consider  the  system 


f  «7  +  2»2=7. 

t02  +  3  17  =  6. 


(1) 

(2) 


Solving  (1)  for  W7,  lo  =  7  —  2  v^. 

Substituting  in  (2),  49  -  28  «2  +  4  v*  +  3  r  =  6, 

an  equation  of  the  fourth  degree. 

Consequently,  we  cannot  undertake  to  solve  all  systems  involving  two 
quadratic  equations. 
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EXERCISES 


1. 


2. 


3. 


4. 


6. 


6. 


7. 


8. 


Solve: 

lj>2  +  g2  =  29. 

a^  4- 62  ^37, 
a6  =  6. 

m  4-  n  =  7, 
.  mn  =  6. 

PQ  =  6. 

tu  —  v  =  4, 
.  w^  4.  ^  =  40. 

a?  —  y  =  8, 
.  fljy  + 15  =  0. 

a^  +  5  =  0, 

V4.y2  =  26. 


9. 


10. 


11. 


12. 


13. 


14. 


16. 


16. 


j^2  +  u4J5  4--B«  =  7, 

vn?  4-  m?i  4-  w^  =  19, 
.  m  —  w  =  1. 

5  4-<=4, 
V-si4-t«  =  7. 

aj*  — a;^4-^=2. 

a4-«&-f  &  =  29, 
.a2  4-a6  4-y'  =  61. 

^-.  TrF4-  F«  =  63, 
TT-  F4-3  =  0. 

r2  4-  rr'  4-  r«  =  31, 

r«  -  77-'  4-  r'*  =  21. 

a^  —  2  jcy  H-  t/^  =  4, 

.aj»4-2a:y4-/=64. 


107.   Systems  involviag  Higher  Equations  solved  by  Division. — 

We  are  able  to  solve  some  special  systems  involving  equations  of 
higher  degree  than  the  second.  If  the  members  of  one  equation 
are  divisible  by  the  members  of  the  other,  one  or  more  simpler 
systems  equivalent  to  the  given  system  may  be  derived. 

If  Af  B,  Jf,  and  N  represent  integral  expressions  involving  two 
unknown  numbers,  then  the  system 


(«) 


• 

[  MA  =  I^B, 
M=N 

(1) 

(2) 

1  the  two  systems 

( A~n, 

g  and  Q>)   ^ 

\M=(i, 

iV=:0. 

(4) 
(6) 
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For,  by  substituting  Jf  for  iTin  (1),  transposing,  and  factoring, 

M(A  -  5)  =  0.  (6) 

Also,  from  (2),  M-  N=0.  (7) 

Now,  the  system  composed  of  equations  (6)  and  (7)  is  equiva- 
lent to  the  two  systems  (a  and  (6),  because  any  solution  of  (a) 
or  (b)  will  satisfy  the  equations  (6)  and  (7),  and  any  values  of 
the  unknown  numbers  satisfying  (6)  and  (7)  will  satisfy  the 
equations  of  (a)  and  (6). 


• 


a;8  +  y8  =  28x-7y-49,  (1) 

x  +  y  =  4x-.y-.7.  (2) 


ExAMPLB.  —  Solve 

Dividing  (1)  by  (2),  x^-zy  +  y^  =  7. 


Hence,  the  given  system  is  equivalent  to  the  two  systems 
A  f«'-a;y  +  y2  =  7,        and5|*  +  2^  =  ^' 


a;  +  y  =  4  X  —  y  -  7, 


4x  — !/  — 7=sO. 


Solving  A  by  the  method  of  §  102, 

X  =  1,  y  =  —  2,  or  X  =  3,  y  =  1. 
Solving  B,  «  =  If  y  =  -  1*. 

If  either  Jf  or  JV  is  an  arithmetical  number  (not  zero),  the 
system  (a)  alone  is  equivalent  to  the  given  system,  because  in 
that  case  either  equation  (4)  or  (5)  of  system  (b)  would  be 
impossible. 

ExAMPLB. -- Solve  1^:-^  =  ^^    ^   ■  W 

[  t?2 -f  t?«  4- ^2 -- 28.  (2) 

Dividing  (1)  by  (2),  v  -  <  =  2. 

Hence,  the  given  system  is  equivalent  to  the  single  system 

v-t  =  2, 

■w^ -f  «^  +  <*  =  28. 

Solving  this  system  by  the  method  of  §  102  or  §  106, 

<^  =  4,  «  =  2,  or  V  =  —  2,  i  =  —  4. 
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Observe  that  the  system  in  the  above  example  has  only  two 
solutions,  whereas  we  expected  three  solutions.  Such  a  system,  in 
which  the  number  of  solutions  is  less  than  the  product  of  the 
degrees  of  the  equations,  is  called  a  defective  system. 


EXERCISES 


Solve : 


1. 


2. 


3. 


4. 


5. 


6. 


7. 


8. 


•  ' 

,m-{-n  =  5. 

U  -  ^  =  3. 

a^~b^  =  133, 
a  — 6  =  7. 

ia^-ab-\-b^  =  7, 
[a^-\-b^  =  2S. 

to^  —  'y^  =  56, 

,w^-^wv  -{-v^=  28. 
M^'+MX+N^  =  19. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


^  +  ar^f +  1^  =  243, 
a^  —  ojy  -f-  y^  =  9. 
r2-|.rs  +  s2  =  l3, 

a^b  4-  ab^  =  30, 
a  -f  6  =  5. 

m*  —  w*  =  6  m, 
m  -—  n  =  3  m. 

l-v3  =  ^^ 
l-v  =  t, 

a^-^f  =  Ux-{-21y-49, 
x^y  =  2x-\-Sy--7. 

m^  —  ri^  =  62  m  —  186  w, 
m— n  =  2m  —  6n. 

a*4-a*^  +  l  =  f  «^', 
a^  -f  a  +  1  =  6. 


108.  Other  Systems  involving  Higher  Equations.  —  Other  sys- 
tems involving  equations  of  higher  degree  than  the  second  may 
be  solved  by  special  devices. 


Example  1. — Solve 


f  x*  +  y*  =  641, 
a;  +  y  =  3. 


(1) 
(2) 


Let  x-=  a  -\-h  and  y  =  a  —  ft. 

Substituting  in  (2),  a  +  6  +  a  —  6  =  3. 

Hence,  a  = 


(3) 
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From  (3)  and  (4), 


Substituting  in  (1),  (a  +  by  +  {a  -  by 

or  2  a*  +  12  a^b'^  +  2  6* 

i^  +  27  62  +  2  6* 

or  .  16  6*  H-  216  b^  -  5047 

Solving  (6)  by  quadratic  formula,  b^ 

Hence,  b 


641, 

:  641.  ♦  (4) 

641, 

0.  (5) 

i^  or  -  J^. 
±ior  db  iV-  103. 


Using  the  value  of  a  and  each  of  the  four  values  of  6,  we  get 


«=:a  +  6  =  6,  -2,  I  +  J>/3l03,  or  j  -  iV^TToS. 


y  =  a  -  6  =-2,  6,   f  -  jV-  103,  or  |  +  jV-  103. 


Example  2.  —  Solve 


a*6*  +  a262  =  20, 
a  +  6  =  3. 


Factoring  (1), 
Hence, 


or 


(a^fta  +  6)  (a26a  -  4)  =  0. 
a262  +  6  =  0, 
a262  -4  =  0. 
Solving  (3),  ab=±  V^.    Solving  (4),  a6  =  ±  2. 

Hence,  the  given  system  is  equivalent  to  the  four  systems : 


(1) 

(2) 
(3) 
(4) 


a  +  6  =  3, 


a  +  6  =  8, 

ab  =  —  yf^b ; 


.  a6  =  V—  6  ; 
These  systems  will  give  in  all  eight  solutions. 


^fa  +  6  =  3,     ^fa  +  6  =  3, 
|a6  =  2;  [a6=— 2. 


Solve : 
1. 


2. 


3. 


m*  +  w*  =  17, 
m  4-  w  =  3. 

w*  4-  V*  =  257, 
M  +  5  =  4. 


EXERCISES 


4. 


5.     ^ 


6. 


»H-y=:5, 

U^  +  y*  =  81. 

n  -f  w  =  5, 
I  n^m*  -  37  n  W  '^  36  =  0. 

(a+6)*-(a-|  6)2  =  12, 
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S11COEST19K.  —  By  factoring  find  the  linear  and  quadratic  eqoatiom  to 

wbich  the  first  equation  is  equivalent.     Use  each  of  these  irtth  the  second 
equation  to  form  a  new  syatem. 


109.  Graphs  of  Quadratic  and  Higher  Equations.  —  The  graph  of 

an  equation  of  the  second  or  higher  degree  is  in  general  some 
kind  of  curve.     See  Fikst  Coubse,  §  153  and  §  154, 

Example  1.—  Draw  the  graph  of  2^  +  ^a  =  100. 

By  assigning  values  toz  and  computing  the  corresponding  values  of  y,  the 
following  sets  of  values  are  ohtained  : 


X 

0 

2 

4 

6 

8 

10 

-2 

-i 

-6 

-8 

-10 

y 

±10 

±0.8 

±9,2 

±8 

±6 

0 

±8.8 

±B.2 

±8 

±6 

0 

If  X  is  given  a  value  greater  than  +  10  or  leas  than  —  10,  the  corresponding 
value  of  y  obtained  is  imaginary.  This  shows  that  the  graph  does  not 
extend  farther  than  10  spaces  to  the  right  or  left  of  the  ^-axia.  Similarly, 
It  does  not  eitfind  farther  than  10  spaces  above  or  below  the  x^-azla. 
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By  locating  the  points  whose  coordinates  are  the  above  sets  of  values,  and 
Joining  the  uonsecutive  points  by  a,  smooth  carve,  we  get  the  circle  in  the 
figure. 

Example  2.  —  Draw  the  graph  of  4  x*  +  9  y^  =  570. 

By  assigning  values  to  x  we  get  the  following  sets  of  values  of  x  and  y  -. 


V 

0 

3 

6 

9 

12 
0 

-3 

-6 

-9 

-12 

±8 

±7.7 

±6.fi 

±6.3 

±7.7 

±6.» 

±5.3 

0 

Marking  the  points  whose  coiirdinates  are  these  sets  ot  values,  and  con- 
necting Ihe  tonsecutive  points  by  a  smooth  line,  gives  the  oval  in  the  figure. 
This  cnrve  is  called  an  ellipse. 


ExAXPLE  8. — Draw  the  graph  of  {»*  =  8j6  +  9. 

Proceeding  as  above,  we  get ; 


y 

0 

8 

e 

9 

12 

15 

-3 

Greater  negative 
values 

±3 

±4.2 

±5.2 

±6 

±6.7 

±7..3 

" 

Imaginary 

By  locating  the  points  whose  coiJrdinates  are  these  sets  of  values,  and 
connecting  the  consecatlvo  poinis  by  a  smooth  line,  we  get  the  cnrre  In  Uw^ 
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This  curve  is  called  &  paraboli 
and  ellipse,  but  its  branches 
from  the  v-axis. 


It  Is  not  a  cbsed  figure  like  the  circle 
farther  and  fuitber  apart  aa  tbey  recede 


EiAHFLB  4.  —  Draw  the  graph  of  a"  —  2  y*  =  16, 
Proceeding  as  above,  we  get ; 


X 

4 

6 

8 

10 

-4 

-0 

-8 

-  10 

y 

0 

±3.2 

±4.9 

±0.6 

0 

±3.2 

±4.9 

±e.5 

It  Ib  seen  that  for  values  of  x  between  —  4  and  +  i,  y  \s  imaginary.  This 
ohows  that  no  part  of  tlie  curve  lies  in  the  strip  extending  4  spaces  to  the 
right  and  4  spiiees  to  tiife  left  of  the  y-axis. 


Drawing  the  curve,  it  is  found  U 
J\aa  curve  is  called  an  hyperbola. 


It  of  two  braoches,  aa  in  the  fij 
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Note.  —  The  cut»e8  obtained  in  the  above  eiamples  play  a  very  important 
part  In  our  everyday  life.  Since  the  time  jf  the  early  Sreeka  it  has  been 
known  Chat  tbey  are  tlie  sections  obtained  by  cutting  a  cone  by  a  plane. 
The  great  astronomer  Kepler  (1571-1030)  showed  that  the  orbit  in  which  the 
earth  moves  about  the  sun  is  an  ellipse.  It  is  now  known  that  the  orbits  ot 
all  the  planets  are  ellipses.  Also,  those  comets  that  reappear  periodically 
move  in  ellipses.  Other  comets  that  make  their  appearance  only  once  move 
in  parabolas.  It  ts  known  also  that  all  projectiles,  such  as  an  abject  thrown 
up  in  the  air,  or  a  shot  fired  from  a  cannon,  move  in  parabolas.  Thns,  s 
knowledge  of  the  parabola  is  used  in  gunnery  in  the  navy,  etc. 

Example  5.  —  Draw  the  graph  of  3^'  +  yS  =  125. 

Proceeding  as  in  the  above  examples,  we  get  the  curve  shown  in  the 
figure. 


It  is  seen  that  a  straight  line  may  be  drawn  cutting  this  curve  in  three 
points.  Likewise,  a  straight  line  may  be  drawn  cutting  either  of  the  above 
graphs  of  equations  of  the  second  degree  in  tieo  points.  Similarly,  in  general 
the  graph  of  an  equation  of  the  fourth  degree  is  such  that  It  may  be  cut  by  a 
straight  line  in /oiir  points  and  only  four,  etc. 

EXERCISES 
Draw  the  graphs  of : 

1.  jc«  +  S''  =  64.  4.    93?-4y'  =  3G.        7.    /  +  43;  =  16. 

2.  3!=  +  4y=  =  64.  5.   i^  =  2y.  8    x'  +  f  =  512. 

3.  9ar'+16/=576.      6.   x>f  =  S.  9.    a^-/  =  216.      ^ 
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110.  Systems  solved  Qraphically.  —  A  Byatem  involving  two 
equations,  of  which  one  or  both  are  of  the  second  or  higher 
degree,  may  be  solved  by  drawing  the  graphs  of  the  equations, 
and  noting  the  coordinates  of  the  points  where  the  graphs  cross. 
These  codrdinates  must  satisfy  both  equations,  and  hence  form 
the  solutions  of  the  system.     See  %  o3. 

Tbe  graph  oC(l)  istbe  ellipse  (I),  and  the  graph  of  (2)  u  the  parabola  (2). 
These  curves  meet  at  four  points,  whose  coOrdmates  are  ap pros! mate  1; 
x  =  l.i,  !/  =  3.7;  x=-l.\,  y  =  Z.l;  a;=4.4,  y  =  ~i3;  x=-iA. 
y  =—  4.2,  the  four  aolucioos  of  the  system. 


What  takes  place  in  solving  a  system   when  a  new  system 
equivalent  to  the  given  one  is  found  and  solved  may  be  shown 

graphically. 

Example.  —  Interpret  graphically  the  solution  of  [*'  —  !''  =  208,         (I) 

\x-y  =  i.  (2) 

Dividing  (1)  by  (2),  i^  +  21/  +  ^  =  52.  (3) 

V  system  whose  solutions  are  found  to  be 
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The  graphs  of  (1),  (2),  and  (3)  ara  the  curve  (1),  Btraight  line  (2),  and 
ellipse  (3J  in  the  figure.     It  is  seen  that  tlie  only  points  where  (1)  and  (2) 


cross  are  poinla  where  (2)  and  (3)  cross,  and  conversely.  Hence,  to  solve 
the  Byalem  (1)  and  (2)  is  equivalent  to  solving  the  nystem  (2)  and  (8), 
which  lias  only  the  two  solutions. 


Solve  graphically : 
,  |*  +  2y  =  12, 
■    \x'  +  f  =  i5. 

'    \f  =  x  +  l&. 
|^-/  =  4, 


fa^  +  4j/»  =  144, 
Ua^  +  /  =  144. 
l^  +  f  =  8l, 

[x'^-y  =  lG. 
lx'  +  y'=lQO, 
I  a:' +  2/ =  144. 


9.   Show  graphically  that  all  solutious  of  the  system 


are  imaginary. 
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10.  Show  graphically  that  the  following  systems  are  equivalent; 

La;  — 1/^2,  [x  —  y=z2. 

11.  Show  graphically  that  the  system 

iB8  +  2^  =  40, 

la?  +  2/  =  8, 

is  equivalent  to  the  two  systems 

U  — j/  =  4,  la  — y=— 4 

1 

12.  Show  graphically  that  the  system 

^  a;5  +  2/3  ^  152, 


is  defective. 


.aj-|-2/  =  8, 


111.  Problems.  —  Some  problems  may  be  solved  by  use  of  sys- 
tems of  equations  in  two  unknown  numbers,  in  which  one  or  both 
equations  are  of  the  second  or  higher  degree. 

EXERCISES 

1.  Find  two  numbers  whose  sum  is  13  and  the  sum  of  whose 
squares  is  97. 

2.  The  area  of  a  right  triangle  is  50  square  feet.  The  hypot- 
enuse is  15  feet.     Find  the  legs. 

3.  A  man  has  two  fields,  each  square.  It  takes  40  rods  more 
to  fence  one  than  the  other.  The  larger  contains  5|  acres  more 
than  the  smaller.     Find  the  length  of  each. 

4.  The  area*- of  a  rectangular  floor  is  1200  square  feet.  The 
diagonal  of  the  floor  is  50  feet.     Find  the  dimensions. 

5.  The  perimeter  of  a  rectangle  is  100  yards.  Its  area  is  600 
square  yard^.     Find  its  dimension^. 
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6.  The  diagonal  of  a  rectangle  is  30  feet.  If  its  length  were 
increased  6  feet,  its  area  would  be  increase^  108  square  feet. 
What  are  its  dimensions  ? 

7.  The  perimeter  of  a  right  triangle  is  48  inches.  Its  area 
is  96  square  inches.    Pind  the  three  sides. 

8.  The  floor  of  a  room  consists  of  a  plain  center  surrounded 
by  a  parquetry  border  3  feet  wide.  There  are  140  square  feet  in 
the  plain  center  and  180  square  feet  in  the  border.  Find  the  di- 
mensions of  the  room. 

9.  The  area  of  a  rectangle  is  36  square  inches.  If  its  length 
be  increased  by  3  inches  and  its  width  by  2  inches,  its  area  will 
be  doubled.     Find  its  dimensions. 

10.  A  rectangle  is  20  inches  long  and  16  inches  wide.  How 
much  must  be  added  to  its  width,  and  how  much  must  be  taken 
from  its  length,  in  order  that  its  area  may  be  increased  by  22 
square  inches  and  its  perimeter  by  2  inches  ? 

11.  The  hypotenuse  of  a  right  triangle  is  10.  If  one  leg  be 
increased  by  3  and  the  other  leg  b^  4,  the  hypotenuse  will  become 
15.     Find  the  sides  of  the  triangle. 

12.  A  rectangular  lot  which  contains  880  square  yards  is  2.2 
times  as  long  as  it  is  wide.  How  much  will  it  cost  to  build  a 
fence  around  it  at  25  cents  a  linear  foot  ? 

13.  A  guy  rope  to  a  derrick  is  attached  to  a  stake  30  feet  from 
the  foot  of  the  derrick.  If  the  rope  were  16|^  feet  longer,  it 
would  reach  to  a  stake  53^  feet  from  the  foot  of  the  derrick. 
Find  the  height  of  the  derrick  and  the  length  of  the  rope. 

14.  A  flower  garden  contains  1000  square  feet,  and  is  sur- 
rounded by  a  path  5  feet  wide.  The  area  of  the  path  is  750 
square  feet.     What  are  the  dimensions  of  the  garden  ? 

15.  A  laborer  received  $32.50  wages.  If  he  had  worked  5 
days  longer,  and  had  received  50  cents  a  day  less,  he  would  hai 
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received  $41.25.     How  long  did  he , work,  and  what  were  his 
wages  a  day  ? 

16.  A  certain  number  of  men  do  a  piece  of  work  in  a  certain 
number  of  days.  If  there  were  two  fewer  men,  it  would  take  4 
days  longer  to  do  the  work ;  and  if  there  were  twice  as  many 
men,  it  would  take  4  days  less  to  do  the  work.  Find  the  number 
of  men  and  the  number  of  days  required  for  them  to  do  the  work. 

17.  A  grocer  bought  apples  and  potatoes  for  $54.  He  sold 
the  apples  for  $36.80  and  the  potatoes  for  $18.70.  He  gained  as 
many  per  cent  on  the  apples  as  he  lost  on  the  potatoes.  How 
much  did  he  pay  for  each  ? 

18.  A  certain  sum  of  money  placed  at  simple  interest  for  one 
year  amounted  to  $  265.  If  the  principal  had  been  $  50  more 
and  the  rate  1  %  less,  the  interest  would  have  been  the  same. 
Find  the  principal  and  the  rate. 

19.  The  sides  of  a  triangle  are  10, 12,  and  14.  Find  the  alti- 
tude on  the  side  14. 

Suggestion.  —  The  altitude  divides  the  given  triangle  into  two  right  tri- 
angles. Call  the  base  of , one  of  these  triangles  x.  Then  the  other  side  will 
be  14  —  X,    Draw  the  figure. 

20.  The  sides  of  a  triangle  are  12,  16,  and  20.  Find  the  alti- 
tude on  side  20,  and  also  find  the  area  of  the  triangle. 

« 

21.  One  season  an  agent  sold  a  lot  of  reapers  at  a  uniform 
price,  receiving  $4800  for  all.  Another  agent  sold  one  more 
reaper,  but  received  $  8  less  for  each.  They  found  that  each  had 
received  the  same  amount  for  all.  Find  the  number  sold  by  each, 
and  the  price  of  each. 

22.  A  and  B  start  simultaneously  from  towns  247  miles  apart 
and  travel  towards  each  other  until  they  meet.  A  travels  9  miles 
p^r  day.  The  number  of  days  before  they  meet  is  3  greater  than 
the  number  of  miles  B  travels  per  day.    How  far  does  each  travel  ? 
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23.  A  and  B  both  start  from  the  same  place  and  travel  in  the 
same  direction.  But  A  starts  2  hours  before  B,  and  is  overtaken 
by  him  30  miles  from  the  starting  point.  Had  each  traveled 
half  a  mile  more  per  hour,  B  would  have  overtaken  A  just  42 
miles  from  the  starting  point.     Find  the  rate  of  travel  of  each. 

24.  A  rectangular  field  contains  1536  square  rods.  The  length 
and  width  of  another  field  are  each  just  5  rods  less,  and  its  area 
is  375  square  rods  less.     Find  the  dimensions  of  the  first  field. 

25.  The  sum  of  two  numbers  is  60.  The  sum  of  their  squares 
divided  by  their  product  is  2.5.     Find  the  numbers. 

26.  The  fore  wheel  of  a  carriage  makes  6  revolutions  more  than 
the  hind  wheel  in  going  120  yards.  But  if  the  circumference  of 
each  wheel  is  increased  by  3  feet,  the  fore  wheel  will  make 
but  4  more  revolutions  than  the  hind  wheel  in  going  120  yards. 
Find  the  circumference  of  each. 


SUPPLEMENTARY  EXERCISES 


Solve : 


1. 


m^  +  n^  —  m  —  n  =  22, 
^m-\'n-{'  mn  =  —  1. 


Suggestion.  —  Multiply  members 
of  second  equation  by  2,  and  add  to 
first. 


2. 


Qi^  —  Sxy  =  5x  —  15y, 


Suggestion.  —  By  factoring,  find 
linear  equations  equivalent  to  each 
equation. 


3. 


4. 


A' -{- A'B' -\- B*  =  91, 
A^-\-AB-tB^  =  lS. 


5^    ^aj2-h2/'  +  7a:y  =  171, 

xy  =  2{x  +  y), 

rr2-f.s2l(r-s)  =  20, 

o.     \ 


8. 


7. 


M'N+  MN^  =  180, 
iJf2jvr2  =  400.    , 


.  aj2  —  2  a;y  4- /  =  3  (a?  —  2/) . 


9. 


to  V  -h  to-y  =  6, 


10.    \ 


fd*  =  9^*-f48, 


i(f2  =  3^2_^2. 
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11. 


12. 


13. 


14. 


1q'-^  +  p=ii, 

a^  4-  a6  -f-  &  =  0, 
a^  4-  a6  +  a  =  0. 

Va;  +  Vy  =  8, 
x'2  _^  2/^  =  706. 


Suggestion.  —  Let 

Vac  =  r,    Vy  =  w. 

m  —  71  =  19, 

Vm  —  Vti  =  1. 


15. 


Suggestion.  — Let 

3/ —  3, 


13. 


17. 


18. 


19. 


•\/m  =  v,    Vw  =  w. 

Va  4-  V5  =  2, 
Va3  +  V6^=26. 


^  —  y  +  3  Va;  —  2^  =  10. 


w; 

4-  V'-it'v  +  V  ■ 

=  14, 

1^  -j-  ?(;'y  4-  -y^  _ 

=  84. 

1 

-'-=1, 

X 

y 

1 

CHAPTER  XI 
PROPORTION.  ,  VARIABLES 

112.  Ratio.  — The  ratio  of  two  numbers  of  the  same  kind  is  the 
quotient  of  the  first  divided  by  the  second.  It  is  usually  written 
in  the  form  of  a  fraction. 

Thus,  the  ratio  of  12  feet  to  20  feet  is  written  1?J^.     The  ratio  of  w  to  n 

20  feet 


in 

Dten 

m :  n. 


is  written  — .     An  old  form  of  writing  the  ratio  of  m  to  n,  now  little  used,  is 
n 


All  rules  applicable  to  fractions  apply  also  to  ratios,  such  as  the 
rule  for  reduction  to  lower  terms,  etc. 

The  dividend  or  numerator  of  a  ratio  is  sometimes  called  the 
antecedent,  and  the  divisor  or  denominator  the  consequent. 

Two  quantities  are  called  commensurable  when  their  ratio  can 
be  expressed  by  two  whole  numbers,  i.e.  when  a  unit  of  measure 
can  be  found  that  is  contained  an  integral  number  of  times  in 
each.  Two  quantities  that  are  not  commensurable  are  called 
incommensurable. 

EXERCISES 

1.  Express  the  ratio  of  6  pounds  to  8  pounds  as  a  fraction  in 
its  lowest  terms. 

2.  The  tax  rate  in  a  certain  community  is  S  3  to  every  $  100 
of  property.  Express  this  rate  or  ratio  as  a  common  fraction. 
As  a  decimal. 

3.  The  death  rate  in  the  United  States  in  a  recent  year,  due 
to  street  car  accidents,  was  given  as  4  to  100,000  population. 
Express  this  rate  or  ratio  as  a  common  fraction  in  its  lowest 
terms.     As  a  decimal. 
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4.  What  is  the  ratio  of  the  circumference  to  the  diameter  of  a 
circle?  Are  the  circumference  and  the  diameter  commensurable? 
Why  not  ? 

5.  One  cubic  foot  of  iron  weighs  450  pounds,  and  one  cubic 
foot  of  water  weighs  62.5  pounds.  Express  the  ratio  of  the 
weight  of  iron  to  the  weight  of  an  equal  volume  of  water  as  a 
common  fraction  in  its  lowest  terms.     As  a  decimal. 

6.  Express  the  ratio  of  m  +  ^  to  m^  +  ^^  as  a  fraction  in  its 
lowest  terms. 

7.  Express  the  ratio  of  |  to  f  as  a  simple  fraction. 

8.  Express  the  ratio  of  -  to  --  as  a  simple  fraction. 

9.  Show  that  ^  and  -^  are  commensurable. 

10.  Show  that  any  two  fractions  whose  terms  are  whole  num- 
bers are  commensurable. 

11.  Show  that  4  and  V2  are  not  commensurable. 

12.  Are  V32  and  V8  commensurable  ? 

13.  Show  that  the  diagonal  and  side  of  a  square  are  not  com« 
mensurable. 

14.  Which  ratio  is  the  greater,  |  or  ^  ? 

15.  Divide  a  profit  of  $  2400  between  two  partners  so  that  their 
shares  shall  be  in  the  ratio  of  2  to  3. 

113.  Proportion.  —  An  equation  each  of  whose  members  con- 
sists of  a  ratio  is  called  a  proportion. 

iTiu       31b.      6  mi.     2  wi     Q  m     ^^j  a     c  „.„«,  *v««,%««*;^«« 
Thus,  — -  =  — — r-,  7—  =  TT-  ,  and  ^  =  -  are  proportions. 

8  lb-      16  mi.    5  n       15  n  b     d 

The  proportion  ?  =  ^  is  read  "  a  is  to  6  as  c  is  to  d,"  as  well  as 

b     d 

*^a  divided  by  b  equals  c  divided  by  d.'' 

In  any  proportion  -  =  - ,  the  numbers  a,  5,  c,  and  d  are  called 

b     d 

the  termst    The  first  and  fourth  terms,  a  and  d,  are  called  the 
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extremes.     The  second  and  third  terms^  h  and  c,  are   called  the 
means. 

The  four  terms  of  a  proportion  are  sometimes  said  to  be  "  pro- 
portional," or  "  in  proportion." 


a 


If  -  =  -,  the  fourth  term  d  is  called  the  fourth  proportional  to 
h     d 

a,  bj  and  c. 

A  proportion  such  as-=.-,  in  which  the  means  are  equal,  is 

n      b 

called  a  mean  proportion.  The  mean  term  n  is  called  a  mean  pro- 
portional between  a  and  &.  And  the  fourth  term  b  is  called  the 
third  proportional  to  a  and  n. 

Since  a  proportion  is  an  equation,  all  processes  which  may  be 
performed  upon  an  equation  may  be  performed  upon  a  pro- 
portion. 

Since  the  ratio  of  any  two  concrete  numbers  is  the  same  as 
that  of  the  corresponding  abstract  numbers,  in  forming  a  propor- 
tion confusion  may  be  avoided  by  writing  only  the  abstract 
numbers. 

2  oz  2 

Thus,  the  ratio may  be  expressed  by  -  • 

7  oz.  7 


EXERCISES 


Find  the  value  of  the  unknown  term  in  each  of  the  following 
proportions : 


5      15 
8      12 


3.   5  =  15 
V      9 

12^8 
■  20     r' 


7      P 
'•  9-27 


-    1     10 
'•  ^36- 

32-42" 


Find  the  value  of  n  in  each  of  the  proportions : 


9.   ?  =  ^. 

y    « 

10.  ^  =  i 
2n     a 


u.  1  =  *. 

k     n 

^n    a     en 
b      a 


13. 


14. 


r— n_d-fn' 
r  d 

2  TV     2irr' 
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Find  the  fourth  proportional  to : 

15.  3,  4,  and  6.         17.  1,  20,  and  |.        19.  1,  a^,  and  2  a?. 

16.  9,  2,  and  12.        18.  ^,  ^,  and  |.  20.  1,  m-f-n,  and  m— 71. 

Find  the  third  proportional  to : 

21.  3  and  12.  23.  f  and  ^.  25.  p  and  q, 

22.  8  and  1.  24.  i«  and  i^u  26.  a  —  6  and  a^  —  b^. 

Find  the  mean  proportional  between  : 

27.  1  and  16.  30.  5  and  7. 

28.  9  and  25.  31.  a  and  6. 

29.  6  and  54.  32.   Fand  V-  2  T^  -f  7«. 

33.  What  number  must  be  added  to  each  of  the  four  numbers 
1,  17,  5,  29  to  make  the  results  proportional  ? 

34.  In  a  city  whosfe  population  was  96,000  the  number  of 
Germans   was   12,000.       When   the   total   population   increased 

to    120,000,  the   number   of 

yv  Germans    increased    propor- 

C  jr     N.  tionally.       Of    the    120,000 

y^v  y/^  \.  population   how  many  were 

A^ ^B      pr  \e     Germans? 

35.  It  is  known  in  geometry  that  in  two  similar  triangles  the 
corresponding  sides  are  proportional ;  that  is, 

AB^AC 

If  AB  =  3  inches,  AC=  2  inches,  and  DE  =  1  inches,  find  the 
length  of  DF, 

36.  In  two  similar  triangles  the  sides  of  the  smaller  are  8  inches, 
10  inches,  and  12  inches,  and  the  longest  side  of  the  larger  is  40 
inches.     Find  the  other  sides  of  the  larger  triangle. 

37.  A  tree  casts  a  shadow  60  feet  long  when  a  post  4  feet  high 
casts  a  shadow  5  feet  8  inches  long.-    How  high  is  the  tree  ? 
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38.  The  line  which  divides  an  angle  of  a  triangle  into  equal 
parts  divides  the  opposite  side  into  two  parts  which  are  propor- 
tional to  the  adjacent  sides.  The  sides  of  a  triangle  are  12  inches, 
16  inches,  and  18  inches.  The  angle  formed  by  the  12-inch  and 
16-inch  sides  is  divided  by  a  line  into  two  equal  parts.  Find  the 
lengths  of  the  parts  into  which  it  divides  the  18-inch  side. 

39.  The  sides  of  a  triangle  are  10  inches,  14  inches,  and 
15  inches.  Find  the  lengths  of  the  parts  into  which  the  14-inch 
side  is  divided  by  the  line  which  divides  the  opposite  angle  into 
equal  parts. 

40.  The  problem  to  divide  a  given  line  into  two  parts  such 
that  the  longer  part  shall  be  a  mean  proportional  between  the 
whole  line  and  the  shorter  part  has  been  called  since  the  time  of 
the  ancient  Greeks  the  Problem  of  the  Golden  Sectioii.  A  line 
is  16  inches  long.  Find  the  lengths  of  the  parts  into  which  it  is 
divided  by  the  golden  section. 

41.  If  a  line  is  18  feet  long,  find  the  lengths  of  the  parts  into 
which  it  is  divided  by  the  golden  section. 

42.  If  the^radius  of  a  circular  arch  is  r,  the  width  or  span  w, 
and  the  height  or  rise  h,  as  shown  in 

the  figure,  then  the  half-span  is  a  mean  — ., , , , , , — 

proportional  between  the  rise  and  the       '  l.^*!*^^  ■  ^^^ J  ' 

difference    between    the    diameter  and  "■^""OlI . _ i-  « «^ 
rise ;  that  is, 


^w     2r — ^ 

If  the  stone  arch  of  a  doorway  is  to  have  a  span  of  10  feet 
and  rise  of  4  feet,  find  the  radius  of  the  circle  to  which  the  stones 
of  the  arch  must  be  cut. 

43.  The  span  of  a  bridge  is  80  feet  and  the  rise  of  the  arch 
16  feet.     Find  the  radius  of  the  arch. 

44.  A  Jever  is  a  stiff  bar  by  means  of  which  a  great  resistance 
may  be  overcome  through  the  application  of  a  small   force   or 
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effott.  The  bar  revolves  on  a  pivot  called  the  fulcrum,  the 
weight  or  resistance  is  applied  at  one  end,  and  the  effort  at  the 
other. 

If  the  resistance  is  TT,  its  distance  from  the  fulcrum  />,  the 
effort  w^  and  its  distance  from  the  fulcrum  d,  then 

w  _D 
W      d' 

• 

If  TF=  1200  pounds,  D  =  4  inches,  and  d  «=  60.  inches,  find  w. 

46.  What  effort  is  required  to  lift  a  stone  weighing  720  pounds 
by  means  of  a  crowbar  whose  entire  length  is  54  inches,  if  the 
fulcrum  is  placed  3  inches  from  the,  stone. 

46.  If  an  object  is  moved  up  an  inclined  plane  or  slope, 
neglecting  friction,  the  force  applied  parallel  to  the  incline  re- 
quired to  move  the  object  is  to  the  weight  of 
the  object  as  the  height  of  the  incline  is  to 
its  length.  That  is,  if  W  is  the  weight  of  the 
object,  F  the  force  required  to  move  it,  h  the 

height  of  the  incline,  and  I  the  length  of  the  incline,  then 

w  r 

If  Tr=  1200  pounds,  I  =  40  feet,  and  A  =  8  feet,  find  F. 

47.  What  force  is  required  td  roll  a  barrel  weighing  216  pounds 
up  a  board  and  into  a  wagon,  if  the  board  is  10  feet  long,  and  the 
wagon  bed  30  inches  from  the  ground  ? 

48.  What  force  is  required  to  move  a  block  of  ice  weighing 
200  pounds  up  an  incline  80  feet  long  and  36  feet  high  ? 

114.  General  Principles  in  Proportion.  —  The  following  prin- 
ciples, which  are  often  used  in  the  applications  of  proportion, 
were  nearly  all  established  in  the  First  Course,  §  119.  Let  the 
student  give  the  proof  of  each  of  them. 
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(1)  If  four  numbers  are  in  praportiorif  the  product  of  the  ex- 
tremes equals  the  product  of  the  means.     That  is,  , 

if  T  =  -.>  then  ad  =  be. 
0     a 

(2)  If  the  product  of  two  numbers  equals  the  product  of  two  other 
numbers,  the  four  numbers  are  in  proportion.     That  is, 

if  ad  =  be,  then  ?  =  -. 

b     d 

(3)  If  four  numbers  are  m  proportion,  they  are  in  proportion  by 
inversion.    That  is, 

if  ?  =  5,  then  *  =  ?^. 
b     d  a     c 

(4)  In,  any  proportion,  the  means  may  be  interchanged,  or  the 
extremes  interchanged,  without  destroying  the  proportion.     That  is, 

if?  =  ?,  then  ?=-^  and  f=?. 
b     d  c     d  b     a 


(5)  The  terms  of  any  proportion  are  m  proportion  by  addition. 
That  is, 

if?  =  ?,  then  ?L±*  =  54^. 
b     d  b  d 

(6)  The  terms  of  any  proportion  are  in  proportion  by  subtra^ion. 
That  is, 

(7)  Like  powers  of  the  terms  of  a  proportion  are  in  prvportwn. 
That  is, 

if  ?  =  £,  then  ?-*  =  5l,  i'  =  ?!,etc. 
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(8)  Like  principal  roots  of  the  terms  of  a  proportion  are  in  pro- 
portion.    That  is, 

if  ?  =  «    then  2^=2^,  i^=:^,  etc. 

(9)  If  tiL'o  or  more  ratios  are  equals  the  sum  of  the  antecedents  is 
to  the  sum  of  the  consequents  as  any  antecedent  is  to  its  consequent 
That  is, 

if  f  =  ?  =  ?  =  etc.,  then  ^+-^-+^-+2^-^.  =  ?  =  etc. 
b     d     f  6  +  (/H-/-hetc.     b 

Suggestion.  —  Let  each  of  the  given  ratios  equal  r.     Thus,    -  =  r,  etc. 

h 

.Clear  the  equations  obtained  of  fractions,  add,  factor,  etc. 

By  use  of  the  above  principles  new  proportions  may  be  derived 
from  any  given  proportion. 


Example.  >- If  «=^,  show  that  V«^  + &^^  v^gjnj!. 


By  (7), 


By  (5), 


a^     c^ 


6-'     d^ 

flg  4-  &2  _  c^  +  <r» 
62  cP 


Byr4).  ^^  =  1 

c^  +  d^     cP 


By  (8), 


vW_6^^6 


Similarly,  by  applying  in  succession  (7),  (6),  (4),  and  (8)  to  -  =- , 

b      d 


Va^  -  &3  ^  5 


Hence,  >^::^i±^=  X^'^,  since  eaxsh  equals  ^. 
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If  -  =  -,  show  that : 
b     d' 


EXERCISES 


1. 


2. 


a 


a  +  6     c-fd 
a2  _  &2     c^-d^ 


a- 


& 


3. 


4. 


5. 


a  —  b      Va^  —  b^ 
a-2b     c-2d 


8. 


9. 


10. 


a  -{-kb 
a  —  kb 

c4-A;d 

: • 

C  —  kd 

a^  +  fe' 
2a6 

(?-\-d? 
2cd 

a* -4  5* 
6* 

c*-4d* 

a»+6'      _ 

c8  4-  d^ 

^^'    3a26+3a62     Sc^d+Scd*' 


--     a      -Vac 

155.     -  =  — nn 

^      V6d 


6. 


2a24-3&2     2c2  +  3d« 


62 


d^ 


■   b^d+bd^     (6+d/" 


^    wa  —  6     a 

1.    =  —  • 

nc  —  d     c 


14. 


a 


a4-& 


a  +c     a-f&  +  c4-d 


16.   If  2  =  ^  =  ?   sho w  that  g-t|±-^  =  ^,. 
b      d     /  6^+d-+/^     d' 


16. 


17. 


If  ?  =  ^:  =  ^,  show  that 


c 
d 


a 


/ 


If  2  =  £  =  ?,  show  that 
b     d     / 


b-d^Vf^b 

g^  +  2  c^  4-  3  e' 
52^2  d^  4-3/^ 


a' 


18.   In  the  similar  polygons  shown 
in  the  figure  it  is  known  that 


AB       BO       CD 


AB!     B'O      OD 


=  etc. 
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Show  that  the  perimeters  are  to  each  other  as  any  two  corre- 
sponding sides ;  that  is, 


AB-\-  BC  -\-  CD  +etc.  ^  AB 
^'jB'-f-iB'a'-fC"i>'+etc.     A'B' 


115.  Variables.  —  Any  quantity  which  is  continuously  changing 
is  called  a  variable.  Any  quantity  which  does  not  change  is 
called  a  constant. 

Thus,  the  temperature  at  a  given  place,  a  matins  age,  the  cost  of  living, 
etc.,  are  variables. 

Some  variables  are  so  related  to  each  other  that  the  values  of 
one  depend  upon  the  values  of  the  others. 

The  relation  between  such  variables  may  be  expressed  by  an 
equation. 

Thus  if  an  object  is  let  fall  toward  the  ground,  the  velocity  at  which  it 
falls  gradually  increases  until  the  object  strikes  the  ground.  If  the  object 
falls  from  a  great  height,  its  velocity  at  the  end  of  1  second  is  32  feet  per 
second  ;  at  the  end  of  2  seconds  it  is  64  feet  per  second  j  at  the  end  of  3 
seconds  it  is  96  feet  per  second  ;  etc. 

Evidently,  the  velocity  that  the  object  may  have  at,  any  point  of  its  fall 
depends  upon  the  length  of  time  that  it  has  been  falling.  If  t?  represents  the 
velocity  in  feet  per  second  when  the  object  has  been  falling  for  t  seconds, 

then  ?7  =  32  ^ 

Note.  —  The  above  law  holds  for  an  object  falling  in  a  vacuum.  If  an 
object  falls  through  the  open  air,  the  resistance  of  the  air  tends  to  retard  the 
fall. 

116.  Direct  Variation. — If  two  variables  so  change  that  their 
ratio  is  constant,  one  is  said  to  vary  directly  as  the  other.  As  one 
increases  the  other  also  increases,  and  as  one  decreases  the  other 
also  decreases. 

If  X  and  y  are  the  variables,  then  -  =  k,  where  7c  is  some 

y 

constant. 

The  fact  that  x  varies  directly  as  y  is  sometimes  expressed  also 

by  the  symbol  oc,  thus : 

xccyc 
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It  is  evident  that  when  one  quantity  varies  directly  as  another 
the  ratio  of  any  two  corresponding  values  of  the  variables  equals 
the  ratio  of  any  other  two  corresponding  values,  since  each  ratio 
equals  the  same  constant. 

Thus,  if  X  varies  directly  as  y^  and  x'  and  y*^  and  x''  and  y''  are  any  two 
pairs  of  corresponding  values  of  x  and  y,  then 

Hence,  if  one  quantity  varies  directly  as  another,  any  two  pairs 
of  corresponding  values  of  the  quantities  form  a  proportion. 

Example.  — The  weight  of  an  object  on  or  below  the  surface  of  the  earth 
varies  directly  as  its  distance  from  the  center  of  the  earth.  If  an  object 
weighs  120  pounds  at  the  surface  of  the  earth,  find  its  weight  1000  miles 
below  the  surface. 

Let  w  be  the  required  weight  in  pounds. 

Then  JL  =  §005.» 

120     4000 

Solving,  «?  =  90. 

117.   Inverse  Variation.  —  One  variable  is  said  to  vary  inversely 

as  another  when,  during  all  of  their  changes,  their  product  re- 
mains constant.     As  one  increases,  the  other  must  decrease. 

If  X  and  y  are  the  variables,  then  xy  =  k,  where  Jc  is  some 
constant. 

It  is  evident  that  the  product  of  any  two  corresponding  values 
of  the  variables  equals  the  product  of  any  other  two  correspond- 
ing values,  since  each  product  equals  the  same  constant. 

Thus,  if  X  varies  inversely  as  y,  and  x'  and  y*  and  a?"  and  y"  are  any  two 
pairs  of  corresponding  values,  then 

xy  =  a' y. 
This  principle  may  be  applied  as  in  the  following  example. 

^  -  ■■■,■.■  ^l         ■  ■  ■  .    .,  ■  ■  -  ■  ■,,,■■   .ii-i  II  .  I    ■■  ■  I.I    ,.  ■  I  ■■    —  ■■  ■  ■      .1  .fc.  I  ■  mmt^m^m^m^a 

*  4000  miles  is  taken  to  be  the  radius  of  the  earth. 
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ExAUPLB.  —  It  Is  a  law  of  gaaea  Utitt  the  volume  of  a  given  quantity  of  n 
gaa  varies  inversely  as  the  pressure  upon  it.     Gas  in  a  cytiuder  occupioa 
60  cubic  inches  when  the  pressure  upon  it  is  8  pounds.     Whal 
will  be  the  volume  if  the  pressure  is  increased  to  42  ponndH? 
Let  Vbe  the  required  volume,  in  cubic  inches. 

Then  i2r=Sx60. 

Solving,  V=  llf. 

118  Other  Forms  of  Tariation. — One  variable  is 
said  to  vary  jointly  as  two  or  more  other  variables 
when  it  varies  as  their  product. 

If  ar  varies  jointly  as  y  and  z,  then—  =k,  or  x  =  kyz,  where  k  is 
some  constant,  ' 

Thus,  the  area  of  a  triangle  varies  jointly  as  its  attitude  and  base.  U 
A  =  area,  h  =  altitude,  and  b  =  base,  then  A  =  \hb. 

One  variable  is  said  to  vary  directly  as  a  second  and  inversely  as 
a  third  when  it  varies  directly  as  the  quotient  of  the  second 
divided  by  the  third. 

One  variable  may  also  vary  directly  or  inversely  as  the  square, 
cube,  square  root,  etc.,  of  another.  In  general,  one  variable  may 
vary  as  any  algebraic  expression,  involving  one  or  more  other 
vai'iables. 

Thus,  V  =  itR^H  is  the  formula  for  computing  the  volume  of  a  cylinder. 
It  shows  that  thu  volume  varies  jointly  as  the  altitude  and  the  square  of  the 
radius. 

Two  quantities  x  and  y  may  so  vary  that  ^  =  2  k'  —  3 1  +  8,  or  p  =  a^  —  4, 
etc.    For  any  value  that  x  takes,  y  assuaies  a  corresponding  value. 

EXERCISES 

1.  Write  II  oc  *  as  an  equation ;  also  express  this  variation  of 
u  and  (  by  a  proportion  between  two  sets  of  corresponding  values 
of  V  and  t. 

2.  In  a  bicycle  pump  the  volume  v  of  air  confined  varies  in- 
versely as  the  pressure  p  upon  the  piston.  Express  the  relation 
between  v  andjp  in  three  ways. 
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3.  If  n  varies  directly  as  d,  and  w  =  10  when  d  =  2,  find  n 
when  d  =  9. 

4.  li  R  varies  inversely  as  i,  and  R^\  when  i  =  8,  find  R 
when  i  =  60. 

6.  If  W  varies  directly  as  Fand  inversely  as  d,  and  W=  120 
when  jP=  8  and  d  =  36,  find  TFwhen  i?'=  20  and  d  =  12. 

6.  When  air  is  pumped  into  an  automobile  tire,  the  pressure 
required .  varies  inversely  as  the  volume.  If  the  pressure  is  40 
pounds  when  the  volume  is  140  cubic  inches,  what  is  the  pressure 
when  the  volume  is  100  cubic  inches  ? 

7.  The  number  of  revolutions  per  minute  made  by  a  pulley 
driven  by  a  belt,  as  in  the  figure,  varies  inversely  as  the  diameter 
of  the  pulley.  If  a  pulley  which 
is  24  inches  in  diameter  and  makes 
60  revolutions  per  minute  were  re- 
placed by  a  pulley  16  inches  in 
diameter,  how  many  revolutions 
per  minute  would  the  latter  make,  if  the  belt  runs  at  the  same 
speed  ? 

8.  If  an  engine  driving  a  12-inch  pulley  gives  it  120  revolu- 
tions per  minute,  how  many  revolutions  per  minute  would  it  cause 
a  20-inch  pulley  to  make  when  running  at  the  same  speed  ? 

9.  If  an  object  weighs  180  pounds  at  the  surface  of  the  earth, 
^  what  would  be  its  weight  500  miles  below  the   surface  of  the 

earth?    2000  miles  ?     3000  miles  ?     See  Example,  §  116. 

10.  The  weight  of  an  object  above  the  surface  of  the  earth 
varies  inversely  as  the  square  of  its  distance  from  the  center  of 
the  earth.  If  an  object  weighs  150  pounds  at  the  surface  of  the 
earth,  what  would  it  weigh  1000  miles  above  the  surface  of  the 
earth  ?     4000  miles  ?     10,000  miles  ? 

11.  The  distance  in  feet  that  an  object  will  fall  from  rest  varies 
directly  as  the  square  of  the  time  i^  seconds.  A  body  will  fall 
16  feet  the  first  second.  How  far  will  it  fall  in  4  seconds  ?  In 
10  seconds  ?     In  60  seconds  ?  • 
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12.  The  pressure  of  the  wind  against  a  Hat  surface,  such  as  a 
wall,  varies  jointly  as  the  area  of  the  surface  and  the  square  of 
the  velocity  of  the  wind  in  miles  per  hour.  The  pressure  on  one 
square  foot  when  the  velocity  is  20  miles  per  hour  is  2  pounds. 
Find  the  pressure  on  a  wall  10  feet  by  30  feet  when  the  velocity 
is  40  miles  per  hour. 

13.  The  side  of  a  house  is  48  feet  long  and  20  feet  high.  Find 
the  pressure  against  it  when  the  wind  is  blowing  30  miles  per 
hour. 

14.  The  intensity  or  brightness  of  light  upon  a  surface  varies 
inversely  as  the  square  of  the  distance  of  the  surface  from  the 
source  of  the  light.  If  the  intensity  of  light  on  a  surface  from  a 
lamp  4  feet  away  is  8  candle  power,  -what  would  be  the  intensity 
if  the  lamp  were  removed  to  a  distance  of  16  feet  from  the 
surface  ? 

16.  An  oil  lamp  and  a  16  candle  power  electric  light  illu- 
minate a  surface  with  equal  intensity  where  the  oil  lamp  is  4  feet 
and  the  electric  light  8  feet  from  the  surface.  Find  the  candle 
power  of  the  lamp. 

16.  Three  standard  candles  one  foot  from  a  wall  and  an  arc 
light  5  feet  from  the  wall  illuminate  it  equally.  Find  the 
candle  power  of  the  arc  light. 

17.  A  light  shines  on  the  page  of  a  book  4  feet  away.  How 
far  from  the  light  must  the  book  be  held  to  receive  4  times  as 
much  light  ? 

18.  The  time  required  for  the  pendulum  of  a  clock  to  make  a 
vibration  varies  directly  as  the  square  root  of  its  length.  A  pen- 
dulum 100  centimeters  long  makes  a  vibration  in  1  second.  Find 
the  time  of  vibration  of  a  pendulum  81  centimeters  long.  Of  one 
64  centimeters  long.     Of  one  16  centimeters  long. 

19.  Find  the  length  of  a  pendulum  which  vibrates  in  2  seconds. 
In  4  seconds.     In  10  seconds. 

20.  The  amount  of  water  delivered  by  a  pipe  per  minute  varies 
directly  as  the  square  of  the  diameter  of  the  pipe.     If  a  3-inoh 
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pipe  delivers  200  gallons  per  minute,  how  much  would  a  4riiich 
pipe  deliver  ? 

21.  The  squares  of  the  times  ot  revolution  of  the  planets  about 
the  sun  vary  directly  as  the  cubes  of  their  distances  from  the  sun. 
The  earth  makes  a  revolution  about  the  sun  in  approximately 
365  days,  and  is  93,000,000  miles  from  the  sun.  Mercury  is 
36,000,000  miles  from  the  sun.  How  long  does  it  take  Mercury 
to  make  a  revolution  about  the  sun  ? 

22.  Jupiter  ia  483,300,000  miles  from  the  aun.  How  long  does 
it  take  Jupiter  to  make  a  revolution  about  the  sun  ? 

119.  Variation  ibown  Graphically.  —  Variation  of  two  quantities 
may  be  depicted  graphically  to  the  eye  by  expressing  the  relation 
between  the  variables  by  an  equation,  and  drawing  the  graph  of 
the  equation.  The  values  of  one  variable  corresponding  to  values 
assumed  by  the  other  may  then  be  determined  at  sight  from  the 
graph. 

EzAMFLK.  —  Tbe  volume  ot  a  gas  varies  inversely  as  the  pressure  upon  it. 
(See  Example,  J  IIT.)  When  tbe  preBsure  ia  6  pounds  the  volume  is  2  cubic 
feet.    Bepresent  graphicall)'  the  variation  of  tbe  volume  and  pressure. 

If  tbe  volume  is  denoted  by  V  and  the  pressure  by  F, 

FP=  10. 

SiDoe,  from  the  nature  of  tbe 
quaotilies,  only  positive  values 
o(  V  and  P  may  bf.  used,  the 
graph  ia  found  to  be  the  branch 
of  an  hyperbola  shown  in  the 
figure. 

This  carve  shows  that  as  F 
inoreaaea  V  decreases,  that  is, 
tbe  curve  approajihes  nearer 
and  nearer  to  the  P-axIs.  And 
as  F  decreases  V  increases. 

The  value  of  V  corresponding! 
to  any  value  of  P  may  be  seen 
at  a  glance  from  the  curve. 
Thus,  when  P=  20,  V=  J. 
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EXERCISES 


1.  Show  that  the  fact  that  x  varies  directly  as  y  is  represented 
graphically  by  a  straight  line. 

2.  If  a;  varies  directly  as  y,  and  a?  =  4  when  y  =  2,  draw  the 
graph  showing  the  variation  of  x  and  y. 

3.  From  the  graph  in  Ex.  2,  tell  the  value  of  x  when  y  is  20 ; 
40 ;  45 ;  18. 

4.  The  distance  a  body  falls  from  rest  varies  directly  as  the 
square  of  the  time  of  falling.  A  body  falls  16  feet  the  first  second. 
Draw^the  graph  showing  the  variation  of -the  distance  and  time. 

6.  An  object  is  thrown  upward  at  an  angle  of  46°  with  horizon- 
tal, and  with  such  a  force  that  its  horizontal  velocity  is  16  feet  per 
second.  If  x  represents  the  distance  that  the  object  moves  hori- 
zontally in  any  time  and  y  the  distance  that  it  moves  vertically  in 
the  same  time,  then  y  =  x  —  yV  ^'  ^J  drawing  the  graph  of  this 
equation,  determine  the  path  of  the  object. 

6.  Draw  the  graph  showing  the  variation  of  the  length  and  the 
time  of  vibration  of  a  pendulum.     See  Ex.  18,  §  118. 

120.   The  Limit  of  a  Variable.  —  If  the  value  of  a  variable  changes  , 
according  to  some  law,  taking  on  a  series  of  values  that  approach 
nearer  and  nearer  to  some  constant  value  in  such  a  manner  that  the 
difference  between  the  variable  and  the  constant  becomes  awe?  remains 

less  than  any  assigned  value,  however  small, 
then  the  constant  is  called  the  limit  of  the 
variable. 

Thus,  if  a  square  is  drawn  with  its  comers  or 

vertices  in  a  circle  ;  then  this  square  replaced  by 

a  polygon  with  eight  equal  sides,  then  this  polygon 

replaced  by  another  with  sixteen  equal  sides,  etc., 

the  area  of  the  eight-sided  polygon  is  greater  than 

that  of  the  square,  the  area  of  the  sixteen -sided 

polygon  greater  than  that  of  the  eight-sided  polygon,  etc.     Evidently,  as  the 

number  of  sides  of  the  polygon  is  thus  increased,  the  area  of  the  polygon 

grows  larger  and  larger,  and  if  the  number  of  sides  is  indefinitely  increased, 
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the  difference  between  the  area  of  the  polygon  and  that  of  the  circle  becomes 
and  remains  less  than  any  fixed  quantity,  however  small.  Hence,  as  the 
number  of  sides  is  indefinitly  increased,  the  area  of  the  polygon  approaches 
the  area  of  the  circle  as  a  limit. 

The  sign  =  placed  between  a  variable  and  a  constant  indicates 
that  the  variable  approaches  the  constant  as  a  limit. 
Thus,  X  =  a  means  that  x  approaches  a  as  a  limit. 

EXERCISES 

1.  What  is  the  limit  approached  by  the  perimeter  of  the  poly- 
gon in  §  120  as  the  number  of  sides  of  the  polygon  is  increased 
indefinitely  ? 

2.  What  is  the  limit  of  the  sum  of  the  fractions  ^,  \,  \,  3^,  -y^, 
etc.,  as  the  number  of  fractions  taken  is  increased  indefinitely  ? 

Suggestion.  —  Find  the  sum  of  the  first  two  fractions ;  then  the  sum  of 
the  first  three  ;  etc.  See  what  number  the  sum  approaches  but  never  quite 
equals,  as  more  and  more  fractions  are  taken. 

3.  What  is  the  limit  of  0.3333  •••as  the  number  of  decimal 
places  taken  is  increased  indefinitely  ? 

4.  If  n  =  0,  what  limit  does  2  n  approach  ?     n^?     n  +  6  ? 
6.  If  ^  =  2,  what  limit  does  ^^  —  4  approach  ? 

6.   If  X  increases  indefinitely,  what  limit  does  -  approach  ? 

X- 

121.   Infinity.  —  Since  the  series  of  numbers  1,  2,  3,  4,  6,  •••, 

may  be  continued  indefinitely,  if  a  variable  x  takes  in  succession 
all  of  these  values,  there  is  no  final  value  that  x  may  reach.  lb 
increases  without  limit.  It  may  thus  become  greater  than  any 
fixed  or  constant  number,  however  great. 

If  a  variable  becomes  and  remains  greater  than  any  constant 
number,  however  great,  it  is  said  to  become  infinite.  A  variable 
that  has  become  infinite  is  called  infinity.  It  is  represented 
by  the  symbol  oo. 
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Thus,  time  is  infinite.  It  extends  without  limit  into  the  past,  and  without 
limit  into  the  future.  Similarly  space  is  infinite.  It  reaches  without  limit 
in  every  direction. 

Care  has  to  be  used  in  dealing  with  infinity  in  mathematical 
work.  The  symbol  oo  may  not  be  operated  upon  as  ordinary- 
numbers  may  be,  because,  since  it  denotes  a  quantity  greater 
than  any  fixed  number,  however  great,  it  may  represent  widely 
different  values. 

For  example,  the  sum  of  the  series  of  whole  numbers,  1,  2,  3,  4,  5,  6,  7, 
•  •• ,  is  infinite,  since  it  is  greater  than  any  fixed  number  that  may  be  assigned. 
But  the  sum  of  the  odd  numbers,  1,  3,  6,  7,  ••• ,  alone  is  infinite  also.  Hence 
each  sum  is  represented  by  cx) .  Yet  one  sum  must  be  greater  than  the  other, 
because  the  whole  of  a  thing  is  greater  than  a  part  of  it. 

Again,  if  we  add  a  number  to  infinity  we  get  infinity.     Thus,  oo  +  6  =  oo. 

122.  Values  of  -  when  jr  =  oo,  and  when  jr  =  0.  —  If  aj  In  the  frac- 

1  " 

tion  -  takes  in  succession  the  values  1,  2,  3,  4,  •••,  without  limit 

X  . 

there  is  no  final  value  that  -   ^^Y  reach,  but  it  becomes  smaller 

X 

and  smaller  as  x  takes  larger  and  larger  values.     As  x  becomes  in- 
finite, -  approaches  zero  as  a  limit.    Similarly,  in  general, 
x 

If  n  in  the  fraction  -  is  any  constant  not  zero,  and  x  a  variable 

an 

which  increases  without  limity  then  -  approa^ches  zero  as   a  limit. 

X 

That  is,  if  a?  =  00,  then  -  =  0. 

X 

1  11 

Again,  if  x  in  the  fraction  -  takes  in  succession  the  values  -,  -, 

11  1        ^ 

T,  i:^>  •••>  ^i^^out  limit,  -  takes  in   succession  larger  and  larger 

4r  5  X 

values  and  becomes  infinite.     And  in  general, 

n 

If  n  in  the  fraction  —  is  any  constant  not  zero,  and  x  a  variable 

X 

which  approaches  zero  as  a  limit,  then  -  increases  without  limit, 

X 
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That  is,  if  a;  =  0,  then  -  =  oo . 

X 

n  0 

123.  Meanings  of  -  and  -. — Zero  may  be  written  as  the  differ- 
ence between  two  equal  numbers.     Thus  0  =  fc  — /c. 

Then  if  a  is  any  constant, 

axO  =  a(fc  — A;) 

=  0. 

Hence  the  product  of  any  constant  multiplied  by  zero   equals 
zero. 

Now  the  fraction  -,  where  n  is  any  constant  number  not  zero, 

represents  a  number  which  multiplied  by  0  gives  n.     But,  by  the 
above  principle,  no  constant  multiplied  by  0  gives  n.    Hence, 

The  symbol  —  has  no  meaning, 

KoTB.  — One  sometimes  sees  the  expression  —  =  op.     But  ih  this  ezpres- 

sion  the  symbol  0  is  not  to  be  regarded  a§  absolute  zero.    The  expression 
-  :=  Qo  is  a  loose  way  sometimes  used  of  saying  that  -  =  ao  when  x  s  0. 

The  symbol  -  represents  a  number  which  multiplied  by  0 

gives  0*    But,  by  the  above  principle,  any  constant  a  multiplied 
by  0  gives  0.     Hence,  ^ 

The  symbol  -  represents  any  constant  number  whatever, 

124.  Division  by  Zero.     Since  --  may  equal  any  constant  what- 

n 
ever,  and  --  has  no  meaning,  evidently, 

It  is  never  allowable  to  divide  by  zero. 
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If  it  were  allowable  to  divide  by  zero,  one  could  prove  most 
any  absurd  relation  between  numbers,  as  the  following  example 
illustrates.     Point  out  the  fallacy  in  the  reasoning. 

Let  a  =  5. 

Multiplying  by  a,  a^  =  ab 

Subtracting  l^,  a^  -  62  =  ab  -  b\ 
Factoring,                       (a  +  6)  (a  —  6)  =  b{a  —  6). 

Dividing  by  a  —  6,  a  -h  6  =  6. 

Substituting  a  for  6,  2  a  =  a. 

Dividing  by  a,  2  =  1. 

125.  Indeterminate  Fractions.  —  For  certain  values  of  the  literal 
number  involved,  a  fraction  will  sometimes  take  the  indeterminate 

form  -• 
0 

For  example,  when  a  =  2,  — ^^  =  -  •     This  fraction,  however, 

a  —  2      0 

is  equal  to  v^  +    )  \^~~    ) .     Now,  as  long  as  a  is  not  equal  to  2, 

d  —  z 

we  may  divide  both  terms  by  a  —  2.     Hence,  when  a  is  not  equal 

to  2,  (^  +  ^)(^-^)  =  a  +  2.     This  is  true,  however  little  a  may 
a  — 2 

differ  from  2.  Hence,  if  without  giving  a  the  value  2,  we  make 
it  approach  2  as  a  limit,  we  may  divide  both  terms  of  the  frac- 
tion  by  a  —  2.      Now,  as   a  approaches   2,  evidently  a-^-i  ap- 

a^  —  4 
preaches  4.      Hence,  we  say   ^^^  ^^  a  =  2,     Hence,  4  is 

a*  — 4 
called  the  vaZi^e  of  —  when  a  =  2. 

a  — 2 
The  value  of  such  a  fraction,  for  any  particular  value  of  the 
literal  number  involved,  is  defined  as  the  limit  which  the  fraction 
approaches  when  the  literal  number  approaches  this  particular 
value  as  its  limit. 

rS  27 

Example.  —  Find  the  value  of  ■ when  x  =  S. 

«  —  3 
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When  a;  =  3, 


^ 27      0 

ir-  =  -,  the  indetermmate  form. 

«  — 3        0 


For  any  value  of  x  except  3,    ^ — ?L  =  x^  +  3  x  +  9. 


Now,  as  x  ^  8, 
Hence, 


x  — 3 

aj2  +  3  a;  +  9  =  27. 

^—  =  27  when«  =  a 
X  —  3 


Find  the  value  of: 


2. 


1-f 
n-2 


when  *  =  1. 


when  n  =  2. 


EXERCISES 


3. 


a^-4 


ic^-5a?-|-6 


when  x  =  2. 


4.   -- — ^ — — -whena=— 5 


a^+Sa-lO 


Solve  by  determinants  and  interpret  solutions :  * 

3^  =  5+1^.  '    l2^=10i;-6. 


fa;-2/  =  2, 
l3aj  =  3y  +  16. 


6. 


2  m +  1/  =  8, 
2  w  =  1  —  2^. 


8 


m  -f-  ^  =  6, 
2m=12-2n. 


10. 


Tr-|-2F=20. 
3  TF+  6  F=  60 


SUPPLEMENTARY  EXERCISES 


1.    If  - 


2.    If? 


£,  show  that  I^LZ^J^^^^?^', 
£,  show  that  ^l-^±^  =  lzi^.±jl. 


3.   The  surface  of  a  sphere  is  4  irB?,  where  R  is  the  radius.     If 
S  denotes  the  surface  of  a  sphere  and  D  its  diameter,  show  that 

S,     R^     A' 


aSa 


Ri 


D, 


*&ee  §  59.     If  §  59  was  omitted,  omit  these  exercises. 
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4.   Two  similar  polygons  whose 
corresponding  sides  are  S  and  s, 
are    divided    into    similar    tri- 
angles whose  areas  are  A  and 
^  ^  a,  B  and  6,  C  and  c,  D  and  d, 

respectively.     It  is  known  that 

4-:^     :?-^'     ^-'^      ^^-^ 


Show  that 


6.  Find  the  mean  proportional  between  (m*  —  w')(m*  +  m»  -f-  n^ 
and  m  —  n. 

6.  Find  the  fourth  proportional  to  1,  V2,  and  V6i 

Representing  the  constants  involved  by  A;,  write  the  equations 
which  express  the  following  physical  laws : 

7.  The  force  with  which  a  moving  body  having  a  given  velocity 
strikes  a  stationary  body  varies  directly  as  the  mass  or  weight  of 
the  moving  body. 

8.  The  force  of  attraction  between  two  bodies,  such  as  the 
earth  and  the  sun,  varies  directly  as  the  product  of  their  masses, 
and  inversely  as  the  square  of  the  distance  between  them. 

9.  If  an  object  is  whirled  in  a  circle  at  the  end  of  a  string, 
the  tension  or  stretching  force  exerted  upon  the  string  by  the 
object  varies  directly  as  t^ie  product  of  the  weight  of  the  object 
and  the  square  of  its  velocity,  and  inversely  as  the  length  of  the 
string. 

10.  The  amount  of  heat  received  by  a  body  by  radiation  from 
a  stove  varies  inversely  as  the  square  of  the  distance  of  the 
body  from  the  stove. 

11.  The  resistance  offered  by  a  wire  to  a  current  of  electricity 
varies  directly  as  the  length  of  the  wire  and  inversely  as  the  area 
of  its  cross  section. 


—  ~i 
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BMnd  the  limit  of  each  of  the  following  when  w  =  oo : 
12.    -.  13.    -.  14.     -i-r.  15.      ^ 


n  n  n-{-2  100 

Find  the  limit  of  eaxjh  of  the  following  when  n  =  Q : 
16.    i.  17.    K.  18.    -^.  19.  ^ 


n  n^  w  + 1  n^  -f-  4  n 

Note.  —  It  is  easily  seen  that  the  symbol  —  is  indeterminate,  since   the 

symbol  oo  does  not  denote  a  definite  value.  A  fraction  which  takes  this 
fonn  for  some  special  value  of  the  literal  number  involved  may  sometimes 
be  changed  to  an  equivalent  fraction  which  is  not  of  the  indeterminate  form, 
and  then  evaluated,  as  shown  in  the  following. 

Find  the  limit  of  each  of  the  following  when  w  =  oo : 

20.  V±l. 
»4-8 

Solution.  —  Dividing  both  terms  by  n,  5  = ^ . 

n 

But  when  n  =ao  ,  -  =  0  and  ?  =  0. 

n  n 

Hence,  when  n  =qo  , ^  =  ^  or  1. 

1+-     ^ 
n 

21.  -JL^,.  23.    ?t±i.  86.    ri±±. 

22.  J:«  .  24.    ^±\.  26.    2;?!±^. 
n-2                               3n-2  4«2-l 

n(n  + !)(>»  + 2)  6n^-«' 


CHAPTER   XII 
PROGRESSIONS 

126  Series.  —  Often,  in  mathematical  work,  groups  of  tnree  or 
more  numbers  are  encountered  that  are  arranged  in  a  definite 
order  or  succession,  and  that  are  such  that  each  number  of  the 
group  may  be  obtained  from  one  or  more  of  the  preceding  num- 
bers by  some  fixed  law.  Such  a  group  or  succession  of  numbers 
is  called  a  series.  The  numbers  are  called  the  terms  of  the  series, 
and  are  named  from  the  left  to  the  right,  first  term,  second 
term,  etc.  • 

For  example,  the  odd  numbers,  1,  3,  6,  7,  •••,  form  a  series  in  which  each 
term  after  the  first  is  obtained  by  adding  2  to  the  preceding  term. 

Also,  2,  5,  11,  23,  ••■,  form  a  series  in  which  each  term  after  the  first  is 
obtained  by  multiplying  the  preceding  term  by  2  and  then  adding  1  to  the 
product. 

And  1,  —  X,  ic2^  __  x^,  ...,  form  a  series  in  which  each  term  after  the  first 
is  obtained  by  multiplying  the  preceding  term  by  —  x. 

The  law  by  which  the  terms  of  a  series  are  obtained  usually 
may  be  determined  easily  by  examining  the  first  few  terms. 

EXERCISES 

Give  the  next  4  terms  of  each  of  the  following : 

1.  1,2,3,4,  ....  6.  1,4,9,  16,  ..c 

2.  2,  4,  6,  8,  ....  7.  3,  -2,  -7,  -«. 

3.  20,17,14,....  8.  1,1,3,4,.... 

4.  1,  2,4,8,  ....  9.  1,2,5,  14,  .... 

5    1,  iii^V-.  10.    1,  2w,  4n2,8<  .... 

11.  V2,  V5,  V8,  vn,  ■... 

12.  256 ^^«,  -12S(U^\64:aH'%  .... 
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127.  Progressions.  — Of  the  many  kinds  of  series,  we  shall  dis- 
cuss in  this  chapter  only  two  of  the  simplest.  They  are  called 
progressions. 

128.  Arithmetical  Progressions.  —  An  arithmetical  progression  is 
a  series  in  which  the  difference  between  any  term  and  the  preced- 
ing term  is  the  same  for  all  terms. 

This  difference  is  called  the  common  difference. 
The  name  arithmetical  progression  is  abbreviated  usually  to 
A.  P. 

Thus,  the  series  1,  4,  7,  10,  •••,  is  an  A.  P.  in  which  the  common  difference 
isS. 

The  series  10,  5,  0,  —  5,  —  10,  •••,  is  an  A.  P.  in  which  the  common  differ- 
ence is  —  6. 

129.  The  nth  Term  of  an  Arithmetical  Progression.  —  If  the  first 
term  of  any  arithmetical  progression  is  denoted  by  a,  and  the 
common  difference  by  d,  the  terms  of  the  progression  will  be  rep- 
resented by 

a,  a-\-d,  a  +  2  dy  a  +  Sd,  a-\-4:d,  a-i-5d,  etc. 

It  is  evident  from  these  expressions  that  the  coefficient  of  d  in 

any   term  is  1  less   than   the  number  of  the  term.     Thus,  the 

twelfth   term   is   a-\-il  d.     Hence,    the  general    or  nth.  term  is 

a  -\-(n  —  l)d.   Therefore,  if  I  represents  the  value  of  the  nth  term 

in  an  arithmetical  progression  whose  first  terra  is  a  and  common 

difference  d, 

/=:a-\-(n-l)d,  (A) 

This  formula  will  enable  one  to  find  the  value  of  any  one  of 
the  four  numbers,  I,  a,  n,  d,  if  the  values  of  the  other  three  are 
known. 

Example  1.  —  Find  the  twentieth  term  of  the  series  4,  7,  10,  13,  •  •, 
Here  a  =  4,  d  =  3,  and  n  =  20. 
Substituting  in  formula  A, 

Z  =  4  +  (20  -  1)3  =  61. 
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Example  2.  — In  the  series  5,  9,  18,  17,  •-,  what  term  of  the  series  is  66  ? 
Here,  a  =  6,  (2  =  4,  Z  =  65,  n  is  unknown. 
Substituting  in  formula  A, 

66  =  6  +  (n  -  1)4. 
Solving,  n  =  16. 

Hence,  65  is  the  sixteenth  term  of  the  series. 

Example  3.  —  The  fourth  and  fifteenth  terms  of  an  A.  P.  are  9  and  31, 

respectively.     Write  the  first  six  terms. 

The  first  term  and  common  difference  must  first  be  found.     Since  the 
fourth  term  is  a  +  3  <2,  and  the  fifteenth  term  is  a  +  14  d,  we  get  the  system 

a  +  3  (f  =  9, 
a  +  14(i  =  31. 

Solving  this  system,  a  =  3,  and  d  =  2. 
Hence,  the  series  is  3,  5,  7,  9,  11,  13,  ••*. 

EXERCISES 

1.  Find  the  thirtieth  term  of  the  series  1,  6,  11, 16,  •••. 

2.  Find  the  sixteenth  term  of  the  series  1,  5,  9,  13,  •••. 

3.  Find  the  twenty-fourth  term  of  the  series  —  8,  —  5,  —  2, 
1,  •••. 

4.  Find  the  twentieth  term  of  the  series  12,  6,  0,  —  6,  •••. 
6.   Find  the  eighteenth  term  of  the  series  —  f ,  —  ^,  ^,  f,  •••. 

6.  Find  the  forty-second  term  of  the  series  11,  17,  23,  •••. 

7.  Which  term  of  the  series  1,  4,  7, 10,  ...,  is  46 ? 

8.  Which  term  of  the  series  2,  7, 12, 17,  ...,  is  152  ? 

9.  WhicH  term  of  the  series  12,  8,  4,  0,  —,  is  -  132  ? 

10.  In  an  A.  P.  whose  common  difference  is  3,  the  sixteenth 
term  is  48.     Find  the  first  term. 

11.  In  an  A.  P.  whose  common  difference  is  —  2,  the  twenty- 
eighth  term  is  —  49.     Find  the  first  term. 

12.  In  an  A.  P.  whose  first  term  is  7,  the  twenty-second  term  is 
175.     Find  the  common  difference. 
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18.  In  an  A.  P.  whose  first  term  is  12,  the  thirtieth  term  is 
99.    Find  the  sixteenth  term. 

14.  The  sixth  term  of  an  A.  P.  is  17,  and  the  fifteenth  term 
is  44.     Find  the  first  term  and  the  common  diiference. 

15.  The  third  term  of  an  A.  P.  is  0,  and  the  ninth  term  is  22. 
Find  the  first  term  and  the  common  difference. 

16.  The  fifth  term  of  an  A.  P.  is  21,  and  the  eighth  term  is 
33.     Find  the  twelfth  term.      The  twentieth  term. 

17.  The  second  term  of  an  A.  P.  is  7,  and  the  eleventh  term 
is  20 1 .     Find  the  seventh  term.     The  fifteenth  term. 

18.  Beginning  with  2,  find  the  100th  even  number. 

19.  Beginning  with  1,  find  the  100th  odd  number. 

20.  Beginning  with  5  x  4,  or  20,  find  the  120th  multiple  of  4. 

21.  Find  the  twenty-fifth  term  of  the  series  n,  4  n,  7  n,  «... 

22.  Find  the  sixteenth  term  of  the  series  1, 1  +  3aj,  1  -j-  6aj,  •••. 

23.  Find  the  (n  —  l)st  term  of  the  series  a,  a  +  d,  a  +  2  c?,  •••. 

24.  Find  the  (n  —  3)d  term  oi  the  series  a,  a  +  c^,  a  +  2  d,  *••. 

25.  A  bodv  falls  16  feet  the  first  second,  48  feet  the  second, 
80  feet  the  third,  etc.  How  far  does  it  fall  during  the  20th 
second  ?     During  the  60th  second  ? 

26.  A  body  falls  \  a  feet  the  first  second,  f  a  feet  the  next 
second,  ^  a  feet  the  next  second,  etc.  How  far  does  it  fall  during 
the  fth  second  ? 

27.  A  projectile  is  thrown  vertically  upward  with  an  initial 
velocity  of  448  feet  per  second.  At  the  end  of  1  second  its 
velocity  is  416  feet  per  second,  at  the  end  of  2  seconds  its 
velocity  is  384  feet  per  second,  etc.  In  how  many  seconds  will 
it  stop  rising  and  begin  to  descend  ? 

130.  Arithmetical  Means. — In  an  arithmetical  progression  all 
of  the  terms  between  any  two  terms  are  called  the  arithmetical 
means  of  those  two  terms. 
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For  example,  since  2,  4,  6,  8,  and  10  form  an  A.  P.,  4,  6,  and  8  are  arith 
metical  means  of  2  and  10. 

Any  number  of  arithmetical  means  may  be  inserted  between 
two  given  numbers. 

Example.  —  Insert  seven  arithmetical  means,  between  10  and  30. 

Since  there  are  to  be  seven  arithmetical  means,  30  must  be  the  ninth  teni 

of  an  A.  P.  of  which  10  is  the  first  term. 

Hence,  we  have  a  =  10,  ?  =  30,  n  =  9. 

Substituting  in  formula  -4, 

30  =  10  +  8  d. 

Solving,  d  =  2l. 

Hence,  the  means  are  12 J,  15,  17^,  20,  22  J,  26,  21\, 

A  very  important  special  case  is  that  of  one  arithmetical  mean 
between  two  numbers.  It  is  called  also  the  average  of  the  two 
numbers. 

If  A  is  the  arithmetical  mean  between  a  and  h,  then  by  defini- 
tion of  an  A.  P., 

A  —  a=ih  —  A, 

Solving  for  A,  A  =  ^"^    . 

Hence  the  aritJimetical  mean  between  two  numbers  equals  on0  half 
of  their  sum. 

EXERCISES 

1.  Insert  four  arithmetical  means  between  5  and  25. 

2.  Insert  three  arithmetical  means  between  12  and  —  2. 

3.  Insert  five  arithmetical  means  between  3  and  27. 

4.  Insert  six  arithmetical  means  between  —  6  and  29. 

5.  Insert  six  arithmetical  means  between  ^  and  — 10. 

6.  Insert  twelve  arithmetical  means  between  1  and  5. 

7.  Insert  twenty  arithmetical  means  between  3  and  48. 

8.  Insert  two  arithmetical  means  between  ^  and  ^. 

9.  Insert  five  arithmetical  means  between  n  and  i  n 
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10.  Find  the  arithmetical  mean  of  5  and  19.  Of  8  and  72. 
Of  16  and  34.     Of  ^  and  3|-.     Of  -  6  and  2.     Of  |  and  1^.     Of 

-  I  and  f     Of  2  V3  and  V3.     Of  1  and  2  a;  -  1. 

11.  Find  the  arithmetical  mean  of  a^  -\-ab-}-  W  and  a?  —  ah-\-  b^, 

12.  The  velocity  of  a  falling  body  increases  uniformly  through- 
out its  descent.  Its  velocity  at  the  beginning  of  the  second  second 
is  32  feet  per  second,  and  at  the  end  of  the  second  second  64  feet 
per  second.  Find  the  average  or  mean  velocity  during  the 
second  second. 

13.  The  velocities  of  a  falling  body  at  the  beginning  and  end 
of  the  fifth  second  are  160  feet  per  second  and  192  feet  per 
second,  respectively.  Find  the  average  velocity  during  the  fifth 
second. 

14.  In  going  a  distance  of  20  miles  an  aviator  increased  his 
speed  uniformly  from  24  miles  per  hour  to  40  miles  per  hour. 
What  was  his  average  speed  for  the  trip  ?  How  long  did  it  take 
to  make  the  trip  ? 

15.  A  certain  distance  is  divided  into  6  parts,  which  are  in 
.:irithmetical  progression.  The  shortest  part  is  2  inches  and  the 
longest  56  inches.     Find  the  lengths  of  the  other  parts. 

16.  A  set  of  8  weights  are  in  arithmetical  progi-ession.  The 
smallest  is  1  ounce  and  the  largest  15  ounces.  Find  the  other 
weights. 

17.  If  the  temperature  at  6  a.m.  is  —  4°,  and  rises  uniformly 
2°  per  hour  until  2  p.m.,  what  is  the  average  temperature  for  the 
entire  period  ? 

131.   Sum  of  n  Terms  of  an  Arithmetical  Progression.  — The  sum 

of  71  terms  of  an  arithmetical   progression  may  be  obtained  as 
follows : 

If  the  sum  be  represented  by  S,  then 

S  =  a  +(a  +  d)  -f-(a  +  2 d)  +  (a  +  3  d)  -f-  ...  +  (/ -  rf)  4- ^ 
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If  the  terms  are  written  in  the  reverse  order, 

,S'  =  Z-f-(Z-d)  +  (Z-2c?)  +  (/-3d)-f  ... -|-(a-f-<«)  +  a. 

Adding  the  corresponding  terms  of  these  two  equations,  the 
d's  are  eliminated,  and  we  get 

2  aS  =  (a  +  ?)  +  (a  +  Z)  -f  (a  +  Q  4-  •••  to  »  terms 

=  n{a  4-  T)' 
Hence, 

5  =  |/i(a+/).  (fi) 

Substituting  in  this  formula  the  value  of  I  given  in  formula  A, 
§  129,  we  get  another  formula : 

S  =  \n\2a^{n^l)d\.  {(J) 

If  the  value  of  d  is  not  known  and  the  values  of  n,  a,  and  I  are 
known,  /5  may  be  found  by  formula  B.  If  the  value  of  I  is  not 
known,  and  the  values  of  n,  a,  and  d  are  known,  S  may  be  found 
by  formula  O, 

If  any  three  of  the  five  numbers  a,  d,  n,  Z,  S,  of  ah  A.  P.  are 
known,  the  values  of  the  other  two  may  be  found  by  use  of 
formulas  Ay  JB,  and  (7. 

Example  1. — Find  the  sum  of  26  terms  of  che  series  —9,  —  5,  —  1,  3, 
7,  •••. 
Here  a  =  —  9,  d  =  4,  n  =  25.     Hence,  substituting  in  formula  C, 

/S  =  J  X  26  {2(-  9)  4  (26  -  1)4}  =  976. 

Example  2.  —  The  first  term  of  an  A.  F.  is  2,  and  the  sum  of  20  terms  is 
136.    Find  the  common  difference. 

Here  a  =  2,  w  =  20,  S=1S6,    Hence,  from  formula  (7, 

136  =  10(4  +  19(2). 
Solving,  d  =  l. 

Example  3.  —  How  many  terms  of  the  series  3,  1,  —1,  —3,  —6,  •••, 
must  be  taken  to  make  —  140  ? 

Here  a  =  3,  (i=—  2,  S  =  —  140.     Hence,  from  formula  C, 

-140  =  in{6+(n-l)(-2)}. 


PROGRESSIONS  197 

SlmpUfying,  n^  ~  4  n  -  UO  =r  0. 

Solving,  n  =  14  or  —  10. 

The  root  ->  10  has  no  meaning,  and  hence  must  be  discarded.     Therefore 
14  termi^  must  be  taken. 

Example  4.  —  The  common  difference  in  an  A.  P.  is  1|,  and  the  twelfth 
term  is  12^.     Find  the  sum  of  the  first  7  terms. 

From  formula  A,  a  =  —  4. 

Hence,  from  formula  C,  S  =  3^. 

EXERCISES 

1.  Find  the  sum  of  25  terms  of  the  series  3,  8, 13,  •••. 

2.  Find  the  sum  of  16  terms  of  the  series  8,  12,  16,  •••. 

3.  Find  the  sum  of  22  terms  of  the  series  42,  39,  36,  •••. 

4.  Find  the  sum  of  30  terms  of  the  series  12,  9,  6,  •  •  •. 

5.  Find  the  sum  of  40  terms  of  the  series  ^,  -|,  f,  •••. 

6.  Find  the  sum  of  36  terms  of  the  series  12^,  8,  3^, 

7.  Find  the  sum  of  the  first  100  whole  numbers. 

8.  Find  the  sum  of  the  first  100  even  numbers. 

9.  Find  the  sum  of  the  first  100  odd  numbers. 

10.  Find  the  sum  of  all  odd  numbers  of  two  digits. 

11.  Find  the  sum  of  all  even  numbers  between  100  and  200. 

12.  Find  the  sum  of  all  numbers  bet-veen  50  and  250  that  are 
divisible  by  4. 

13.  Show  that  the  sum  of  the  first  n  odd  numbers  is  n\ 

14.  Find  the  sum  of  the  first  n  even  numbers. 

15.  How  many  of  the  series  of  whole  numbers,  beginning  with 
1,  must  be  added  to  give  3240? 

16.  How  many  terms  of  the  series  15, 12,  9,  •••,  must  be  added 
to  give  45  ? 

17.  How  many  terms  of  the  series  6j|-,  4^,  2J[-,  •••,  must  be  added 
to  give  -  396  ? 
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1  d.  How  many  terms  of  the  series  a,  3  a,  5  a,  •••,  must  be  added 
to  give  400  a? 

19.  If  a  =  4,  d  =  3,  Z  =  40,  find  n  and  S. 

20.  If  tt  =  2,  d  =  5,  8  =  1428,  find  n  and  I 

21.  If  d  =  -  4,  n  =  J  8,  /S  =  144,  find  a  and  Z. 

22.  The  first  term  of  an  A. P.  is  —8,  and  the  sum  of  10  terms 
is  100.     Write  the  first  5  terms  of  the  series. 

23.  If  a  common  clock  strikes  only  the  hours,  how  many 
strokes  does  it  make  in  a  day  ? 

24.  If  the  hours  of  the  day  are  numbered  from  1  to  24,  as  in 
Italy,  how  many  strokes  would  a  clock  that  strikes  only  the  hours 
make  in  a  day  ? 

25.  In  a  potato  race  50  potatoes  are  placed  in  a  straight  line, 
1  yard  apart,  the  first  one  being  1  yard  from  the  basket.  How 
far  must  a  contestant  run  to  bring  them  to  the  basket  one  at  a 
time  ? 

26.  If  an  elastic  ball  falls  from  a  height  of  30  inches,  and  at 
each  rebound  rises  to  a  point  6  inches  below  the  point  to  which  it 
rose  the  time  before,  find  the  entire  distance  that  it  travels  before 
coming  to  rest. 

27.  A  car  starting  down  an  incline  moves  1  foot  the  first 
second,  4  feet  the  second  second,  7  feet  the  third  second,  etc. 
How  far  will  it  move  in  20  seconds?  How  long  will  it  take  the 
car  to  run  133o  feet,  the  entire  length  of  the  incline  ? 

28.  An  object  falling  freely  through  space  falls  approximately 
16  feet  the  first  second,  48  feet  the  next,  80  feet  the  next,  etc. 
How  far  will  it  fall  in  6  seconds  ?   In  10  seconds  ?   In  60  seconds  ? 

29.  A  shot  is  fired  vertically  upward,  going  1024  fee^  the  first 
second,  and  lessening  its  speed  32  feet  per  second  thereafter. 
How  high  does  the  shot  go  ? 

30.  If  an  object  falls  16  feet  the  first  second,  48  feet  the  next, 
80  feet  the  next,  etc.,  and  an  aviator  in  time  of  war  drops  a  bomb 
from  a  height  of  1600  feet,  how  long  does  it  take  it  to  reach  the 
ground  ? 


PROGRESSIONS  199 

31.  A  man  invests  his  savings  in  the  shares  of  a  building  and 
loan  association,  depositing  with  the  association  $1000  the  first 
year.  At  the  beginning  of  the  second  year  he  is  credited  with 
$60  interest  on  the  amount  deposited  the  first  year,  and  pays  in 
only  $940,  making  his  total  credit  $2000.  At  the  beginning  of 
the  third  year  he  is  credited  with  $120  interest,  and  pays  in 
only  $  880  cash,  etc..  What  is  his  credit  at  the  end  of  10  years, 
and  how  much  cash  has  he  paid  in  then  ? 

32.  If  a  man  invests  $1000  of  his  savings  at  the  end  of  each 
year  for  10  years  at  5  %  simple  interest,  how  much  will  he  have 
at  the  end  of  10  years  ? 

33.  Cannon  balls  ar«  piled  up  into  a  pyramid  with  a  square  base 
having  12  balls  on  each  side.  How  many  balls  are  there  in  the 
bottom  layer  ?  In  the  second  layer  ?  In  the  third  layer  ?  In 
the  whole  j)yramid  ?• 

34.  A  roll  of  paper  is  wrapped  about  a  core  whose  diameter  is 
1  inch.  The  thickness  of  the  paper  is  ■^:^  inch.  The  outer  di- 
ameter of  the  roll  is  10  inches.  How  long  is  the  strip  of  paper 
in  the  roll  ? 

35.  Find  three  numbers  in  A.  P.,  such  that  their  sum  is  18  and 
the  product  of  the  first  and  third  14  greater  than  the  second. 

36.  The  sum  of  three  numbers  in  A.  P.  is  15,  and  the  sum  of 
their  squares  is  107.    J'ind  the  numbers. 

132.  Geometrical  Progressions.  —  A  geometrical  progression  is  a 
series  in  which  the  ratio  of  any  term  to  the  preceding  term  is  the 
same  for  all  terms  of  the  series. 

This  ratio  is  called  the  common  ratio. 

The  name  geometrical  progression  is  abbreviated  usually  to 
G.P. 

Thus,  the  series  1,  2,  4,  8,  •••,  is  a  G.  P.,  in  which  the  common  ratio  is  2. 

The  series  2,  —^n,  ^n^,  —  7lJ^^  •••»  is  a  G.P.  in  whicli  the  common 
ratio  is  ~  J  n. 

In  either  series,  if  any  term  is  multiplied  by  the  common  ratio,  the  prod 
uct  will  be  the  next  term. 
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133.  The  nth  term  of  a  Geometrical  Progression.  —  If  the  first 
term  of  any  geometrical  progression  is  denoted  by  a,  and  the 
common  ratio  by  r,  the  terms  of  the  progression  will  be  repre- 
sented by 

a,  ar,  ar^,  ar^,,  ar\  aa-*,  etc. 

It  is  seen  from  these  terms  that  the  power  of  r  in  any  term  is 
1  less  than  the  number  of  the  term.  Thus,  the  tenth  term  is  ar^. 
Hence,  the  general  or  nth  term  is  ar"-^.  Therefore,  if  I  denotes 
the  value  of  the  nth  term  in  the  geometrical  progression  whose 
first  term  is  a  and  common  ratio  r, 

l  =  ar''-^  (A) 

This  formula  will  enable  one  to  find  the  value  of  any  one  of 
the  four  numbers  Z,  a,  r,  7i,  if  the  values  of  the  other  three  are 
known. 

Example  1.  — Find  the  ninth  term  of  the  seriee  2,  6,  18, ... . 
Here  a  =  2,  r  =  3,  n  =  9.     . 
Substituting  in  formula  A, 

1  =  2  X  38  =  13,122. 

Example  2.  —  The  tenth  term  of  a  G.  F.  is  ^j,  and  the  first  term  is  1. 
Find  the  common  ratio. 

Here  a  =  1,   w  =  10,  I  =  -g\^. 

Substituting  in  formula  A^ 

3ij  =  1  X  ro. 

Hence,  r  =  i. 

Example  3.  —  The  fifth  and  eighth  terms  of  a  G.  P.  are  )f  and  —  ^|, 
respectively.     Write  the  first  8  terms. 

Since  the  fifth  term  is  ar*,  and  the  eighth  term  is  ar^, 

«'•*  =  if.  (1) 

Dividing  (2)  by  (1),  '^  =  -h' 

Hence,  r  =  —  }. 

Substituting  —  f  for  r  in  (1),   JJ  «  =  if 

Hence,  a  =  3. 

Therefore  the  series  is  3,  -  2,  |,  -  f ,  if,  -  ff »  i<^»  -  H\^  -  • 
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EXERCISES 

1.  Find  the  eighth  term  of  the  series  1,  2,  4,  ••• . 

2.  Find  the  twelfth  term  of  the  series  j^-^,  j^,  -j^,  ••• 
3'.  Find  the  tenth  term  of  the  series  2430,  810,  270,  •-  . 
4.    Find  the  eighth  term  of  the  series  |,  2,  6,  ••• . 

6.   Find  tiie  ninth  term  of  the  series  4,  —  8,  16,  ••• . 

■ 

6.   Find  the  sixth  term  of  the  series  54,  —  18,  6,  •••. 
7:   Find  the  tenth  term  of  the  series  -rs,  ?»  1,  ••• . 

8.  The  first  term  of  a  G.  P.  is  4,  and  the  sixth  term  is  128. 
Find  the  common  ratio. 

9.  The  common  ratio  of  a  G.  P.  is  3,  and  the  fifth  term  is  486. 
Find  the  first  term. 

10.  The  second  term  of  a  G.  P.  is  \,  and  the  eighth  term  is  yj^. 
Find  the  tenth  term. 

11.  The  first  term  of  a  G.  P*  is  3,  and  the  third  term  is  6. 
Find  the  sixth  term, 

12.  The  second  term  of  a  G.  P.  is  3,  and  the  fifth  term  is  ^. 
Find  the  fourth  term. 

13.  The  eighth  term  of  a  G.  P.  is  1152,  and  the  tenth  term  is 
4608.     Find  the  first  five  terms. 

14.  The  third  term  of  a  G.  P.  is  \,  and  the  eighth  term  is  128. 
Find  the  first  six  terms. 

16.   Find  the  sixth  term  of  the  series  2  V2,  4,  4V2,  ••• . 

3V2 


.  •  • 


16.  Find  the  fifth  term  of  the  series  n  1,  — pr— , 

3l/2  2 

17.  The  first  and  second  terms  of  a  G.  P.  are  m  and  n.  Find 
the  next  two  terms. 

18.  In  making  an  inventory  at  the  close  of  each  year,  a  manu- 
facturer deducted  10%  from  the  value  of' his  machinery  at  the 
previous  inventory,  because  of  deterioration.  The  machinery 
cost  $20,000.     What  was  the  value  at  the  end  of  the  fifth  year^ 

Suggestion.  —  The  value  at  the  end  of  the  first  year  was  .90  x  $  20,000 , 
at  the  end  of  the  second  year,  .90  x  .90  x  f  20,000,  or  .902  x  $20,000;  etc. 
What  was  the  common  ratio  ? 
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19.  A  boy  puts  $100  in  a  savings  bank,  which  pays  3%  com- 
pound interest,  compounded  annually.  What  does  it  amount  to 
at  the  end  of  six  years  ? 

Suggestion. — The  value  at  the  end  of  the  first  year  is  1.03  x  $100  ;  at 
the  end  of  the  second  year,  i.03"^  x  $  100  ;  etc. 

20.  To  how  much  will  $  500  amount  at  the  end  of  five  years,  if 
put  in  a  savings  bank  which  pay.s  3  %  compound  interest,  com- 
pounded annually  ? 

21.  The  population  of  a  city  is  100,000,  and  it  increases  10  % 
every  year.     What  will  the  population  be  in  10  years? 

22.  If  a  rubber  ball  rebounds  \  of  the  distance  it  falls  each 
time,  and  falls  the  first  time  from  a  height  of  60  feet,  how  high 
will  it  rise  after  the  eighth  fall  ? 

134.  Geometrical  Means.  —  In  a  geometrical  progression  all  of 
the  terms  between  any  two  terms  are  called  the  geometrical  means 
of  those  two  terms. 

For  example,  since  6,  10,  20,  40,  80,  and  160  form  a  G.  P.,  10,  20,  40,  and 
80  are  geometrical  means  of  5  and  160. 

Any  number  of  geometrical  means  may  be  inserted  between  two 
given  numbers. 

Example.  — Insert  two  geometrical  means  between  8  and  27. 

Since  there  are  to  be  two  geometrical  means,  27  must  be  the  fourth  term 
of  a  G.  P.  of  Vhich  8  is  the  firat  term. 

Hence,  we  have  a  =  8,  Z  =  27,  and  n  =  4. 

Substituting  in  formula  -4, 

27=8r8. 

Solving,  •  r  =  IJ. 

Hence,  the  means  are  12  and  18. 

An  important  special  case  is  that  of  one  geometrical  mean  be- 
tween two  numbers.  It  is  called  also  the  mean  proportional  be- 
tween the  two  numbers. 
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If  G  is  the  geometrical  mean  between  a  and  6,  then  by  defini- 
tion of  a  G .  P.,  h      G 

G^^a' 
Solving  for  G,  G  =  -y/ab. 

Hence,  the  geometrical  mean   between  two  numbers  equals  the 
square  root  of  their  product, 

EXERCISES 

1.  Insert  two  geometrical  means  between  7  and  ^, 

2.  Insert  two  geometrical  means  between  2  and  54. 

3.  Insert  three  geometrical  means  between  16  and  54. 

4.  Insert  four  geometrical  means  between  1  and  1024. 

5.  Insert  three  geometrical  means  between  80  and  5. 

6.  Insert  four  geometrical  means  between  24  and  3^f. 

7.  Insert  three  geometrical  means  between  —  9  and  — 144. 

8.  Insert  two  geometrical  means  between  1  and  2. 

9.  Insert  two  geometrical  means  between  m  and  w. 

10.  Find  the  gometrical  mean  of  1  and  4.     Of  9  and  16.     Of  5 
and  20.    Of  3  and  4.     Of  V2  and  VS. 

11.  Find  the  geometrical  mean  of  a  —  6  and  a^^a^b. 

12.  Triangle  ABC  is  a  right  triangle,  with  CD  perpendicular 
to  the  hypotenuse  AB.     It  is  shown 
in  geometry  that  CD  is  the  geometri- 
cal mean  of  AD  and  DB. 

It  AD  =  9  and  DB  =  25,  find  CD. 
U  AD  =  4:  and  DB=  12,  find  CD. 

13.  In  the  figure  of  Ex.  12,  if  (72)  =  8  and  AB=  20,  find  AD 
and  DB. 

14.  In  the  right  triangle  in  Ex.  12,  AC  is  the  geometrical  mean 
of  AD  and  AB.     If  AD  =  5  and  AB  =  20,  find  AC. 

Also  CB  is  the  geometrical  mean  of  DB  and  AB.     If  DB  =  12 
and  AB  =  27,  find  CB. 
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16.  If  PA  touches  a  circle  at  A,  and  PB  cuts  the  circle  at  B 

and  C,  PA  is  a  geometrical  mean  of 
PB  and  PC. 

If  PB  =  16  and  PC  =  49,  find  PA. 

If  BC=  12  and  P^  =  16,  find  PJB 
and  PC. 

135.  Sum  of  n  Terms  of  a  Geometrical  Progression. — The  sum 
of  n  terms  of  a  geometrical  progression  is  found  as  follows : 

If  S  represents  the  sum  of  n  terms  of  a  geometrical  progres- 
sion whose  first  term  is  a  and  common  ratio  r,  then 

S=a-\-ar  +  ar^'^a7^-\ h  ar"-^-\-  ar^^K  (1) 

Hence,  r/S  =  ar  -f  ar^  -h  ar^  -f  af*  +  •••  -I-  ar"~^  -h  ar^,  (2) 

Now,  if  (2)  be  subtracted  from  (1),  all  terms  cancel  except  a  of 
(1)  and  ar^  of  (2).     Hence,  subtracting  (2)  from  (1), 

Factoring,  jS(l  —  r)  =  a(l  —  r"). 

Hence,  dividing  by  1  —  r,  we  get 


1  — p 


Since  I  =  ar*'~\  by  substituting  in  (B)  we  get 

If  any  three  of  the  numbers  a,  r,  n,  I,  S,  of  a  G.  P.  are  known, 
the  other  two  may  be  found  by  use  of  formulas  A,  B,  and  C. 

Example  1.  — Find  the  sum  of  the  first  6  terms  of  the  series  4,  6,  9,  ••.. 
Here  a  =  4,  r  =  |,  w  =  6. 

Hence,  S  =  1^^  ~  (t)^>  =  831. 

Example  2.  —  The  first  term  of  a  G.  P.  is  3,  the  sixth  term  is  9875,  and 
the  sum  of  the  first  6  terms  is  11,718.     Find  the  common  ratio. 

By  formula  C,  11,718  =  3ii_?376j; 

1  —  r 

Solving,  r  =  6. 
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EXERCISES 

1.  Find  the  sum  of  10  terms  of  6, 12,  24,  •••• 

2.  Pindthe  sum  of  6  terms  of  1,  3,  9,  •-. 

3.  Find  the  sum  of  7  terms  of  2,  —  4,  8,  •••. 

4.  Pind  the  sum  of  8  terms  of  y^^,  ^,  \,  •••. 

5.  Find  the  sum  of  6  terms  of  48,  12,  3,  •••. 

6.  Find  the  sum  of  5  terms  of  5,  —30,  180,  •••. 

7.  Find  the  sum  of  10  terms  of  1,  a,  ar^,  ••.. 

8.  Find  the  sum  of  9  terms  of  -|,  1,  f ,  •••. 

9.  Fiiid  the  sum  of  6  terms  of  6n,  —  12n^,  24 n^,  •••. 
•  10.   Find  the  sum  of  5  terms  of  2V3,  6,  6V3,  •••. 

11.  Find  the  sum  of  10  terms  of  ^,  f,  ^,  .... 

12.  In  a  G-.  P.  Tvhose  first  term  is  7,  the  sum  of  6  terms  is 
2548.     Find  the  common  ratio. 

13.  In  a  G.  P.  whose  first  term  is  J,  the  sum  of  5  terms  is  |-^J. 
Find  the  common  ratio.     Find  the  fifth  term. 

14.  In  the  series  1, 2,  4,  .  •  •,  how  many  terms  must  be  added  to 
make  255? 

15.  In  the  series  100,  40,  16,  •••,  how  many  terms  must  be 
added  to  make  m^^  ? 

16.  A  ball  falls  from  a  height  of  100  feet,  and  rebounds  after 
each  fall  one  fifth  of  the  distance  it  fell.  Through  what  distance 
will  it  have  traveled  at  the  end  of  the  fifth  fall  ? 

17.  The  bell  jar  of  an  air  pump  holds  432  cubic  inches  of  air. 
At  each  stroke  of  the  pump  y^^  of  the  air  left  in  the  jar  is  re- 
moved.    How  much  air  is  removed  in  5  strokes  ? 

18.  If  a  man  saves  each  year  twice  as  much  as  the  preceding 
year,  and  saves  $  150  the  first  year,  how  long  will  it  take  for  him 
to  save  $  2250  ? 
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19.  A  vessel  containing  vinegar  is  emptied  of  one-half  its  con 
tents,  and  then  filled  with  water.     Half  of  this  mixture  is  then 
drawn  off  and  the  vessel  refilled  with  water.     This  is  repeated  five 
times.     What  part  of  the  remaining  mixture  is  water  ? 

20.  To  what  sum  will  $  1  amount  in  4  years  at  3  %  compound 
interest  ? 

Suggestion. — a  =  $1,  r  =  $1.03,  n  =  6. 

21.  To  what  sum  will  $1000  amount  in  5  years  at  3  %  com- 
pound interest? 

22.  A  man  puts  $100  in  a  savings  bank  which  pays  3%  com- 
pound interest,  compounded  annually.  To  what  sum  will  it 
amount  in  6  years  ? 

23.  The  present  worth  of  a  debt  due  at  some  future  time  is  a 
sum  such  that,  if  invested  at  compound  interest,  the  amount  at 
the  end  of  the  time  will  equal  the  debt. 

Find  the  present  worth  of  $  5000  due  in  5  years,  the  money  be- 
ing worth  6  %  interest  compounded  annually. 

24.  A  man,  in  making  his  will,  left  $25,000  to  his  daughter. 
It  was  made  payable  on  her  twenty-fifth  birthday,  but  in  case  she 
married  before  that  time  she  was  to  receive  the  present  worth  of 
the  sum  at  the  time  of  her  marriage,  money  being  considered 
worth  6  ffo  compounded  annually.  She  married  on  her  twentieth 
birthday.     How  much  money  did  she  receive  ? 

136.  Infinite  Geometrical  Progressions.  —  In  a  G.  P.  such  as  1,  2, 
4,  8,  •••,  in  which  the  common  ratio  is  greater  than  1,  and  positive, 
each  term  is  greater  than  the  preceding  term.  Evidently,  if  the 
number  of  terms  is  increased  without  limit,  their  sum  will  be- 
come infinite. 

But  in  a  G-.  P.  such  as  1,  \,  \,  \,  •••,  in  which  the  common  ratio 
is  less  than  1,  and  positive,  each  term  is  less  than  the  preceding 
term,  and  as  the  number  of  terms  becomes  very  great  each  term 
becomes  very  small.  In  such  a  series,  as  the  number  of  terms 
taken  is  increased  without  limit,  the  sum  of  the  terras  does  not 
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increase  without  limit,  but  approaches  some  definite  number  as  a 
limit. 

For  example,  in  the  series  1,  |,  \^  |,  •••,  the  sum  of  4  terms  is  IJ,  the  sum 
of  8  terms  is  l^j|,  the  sum  of  16  terms  is  If  jHi^  ^^*  Evidently,  as  the 
number  of  terms  is  gradually  increased  the  sum  approaches  nearer  and  nearer 
to  2,  but  always  remains  less  than  2.  When  the  number  of  terms  taken  is 
increased  without  limit,  the  sum  approaches  2  as  a  limit. 

In  general,  the  formula   S=  -^ ^  may  be  written  in  the 

1  — r 

ioimS=— — — .   Now,   if    r  is   less   than   1,   r*  is  still 

1  —  r      1  —  ?• 

smaller,   and   when   w  =  oo,   r"  =  0.     When    r"  =  0, =  0. 

CI  flY^ 

Hence,  when  n  is  increased  without  limit,  the  sum 


1 — r      l—r 

approaches as  a  limit. 

l  —  r 

Ccmsequently,  the  sum  of  an  infinite  number  of  terms  of  a  G.  P. 
in  which  the  common  ratio  is  less  than  1  is  defined  as  the  limit 


1-r 

That  is,  when  n  is  infinite  and  r  less  than  1, 

Example.  —  Find  the  sum  of  the  infinite  series  of  terms  9,  6,  4,  .... 
Here  r  =  j.     Hence  from  formula  Z), 

S=-^  =  27. 

By  aid  of  formula  D  the  common  fraction  to  which  any  repeat 
ing  decimal  is  equal  may  be  found. 

Example.  —  Find  the  value  of  12.636363   ... 

The  repeating  part  .636363  .••  may  be  written  in  the  form  ^\  +  jMfu 
+  rWoinny  +  **••     "^^^^  ^^  ^^  infinite  G.  P.  in  which  a  =  ^^  and  r  =  jj^ 

Hence,  .636.363  • ..  =  r-™r"  =  **  =  A- 

Hence,  12.636363  ...  =  12^^. 
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EXERCISES 

Find  the  sum  of  an  infinite  number  of  terms  of : 

1.  8,4,2,....  5.  1,1,1,..% 

2.  12,  4, 1|,  ....  6.  hh-hy  - 

3.  15,  5,1|,  ....  7.   l,i,^V  - 

8.   2,  V2,  1,  . 

',  when  n  is  less  than  1. 


4      .^    1      1 

*•    *^y  fy  ¥"g"> 


9.   1,  w,  n%  • 
10.    1,  -„  i, 


•,  when  n  is  greater  than  1. 


11.  In  a  G.  P.  the  common  ratio  is  \.  What  must  be  the  first 
term  in  order  that  the  sum  of  an  infinite  number  of  terms  shall 
be  80  ? 

12.  In  a  G.  P.  the  first  term  is  5.  What  must  be  the  common 
ratio  in  order  that  the  sum  of  an  infinite  number  of  terms  shall 
be43^? 

13.  Find  the  first  five  terms  of  a  G.  P.  the  sum  of  an  infinite 
number  of  terms  of  which  is  2,  and  whose  second  term  is  f . 

14.  Find  the  eighth  term  of  a  G.  P.  the  sum  of  an  infinite 
number  of  terms  of  which  is  243,  and  whose  second  term  is  54. 

Find  the  common  fractions  to  which  the  following  are  equal : 

15.  0.66666....  18.   0.454545....  21.   4.363636.... 

16.  0.272727....  19.   0.150150....  22.   3.721212-... 

17.  0.393939....  20.    1.333333....  23.   0.046363.... 

24.  The  circles  A,  B,  C,  etc.,  are 
tangent  internally  at  P.  The  di- 
ameter of  JB  is  +  that  of  A.  the 
diameter  of  C  is  ^  that  of  B,  etc. 
If  the  diameter  of  ^  is  6  inches, 
and  the  number  of  circles  thus 
constructed  is  continued  without 
limit,  find  the  sum  of  the  circum- 
ferences of  all  of  the  circles. 
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26.  In  the  figure  of  Ex.  24,  the  area  of  circle  B  is  ^  that  of 
circle  Ay  the  area  of  circle  C  is  \  that  of  circle  B,  etc.  If  the 
diameter  of  ^  is  4  inches,  find  the  sum  of  the  areas  of  all  of 
the  circles. 

SUPPLEMENTARY  EXERCISES 

The  numbers  a,  b,  c,  d,  etc.,  are  said  to  form  a  harmonic  pro- 

gTession  when  -,  -,  -,  -,  etc.,  form  an  arithmetical   progression. 

abed 

Problems  relating  to  harmonic  progressions  may  be  solved  by 

forming  the  corresponding  arithmetical   progressions  and  using 

the  principles  applicable  to  the  latter. 

1.  Find  the  twelfth  term  of  the  series  1,  ^,  ^,  ^,  .... 

Solution.  —  The  corresponding  A.  P.  is  1,  3,  5,  7,  •  •. 
The  twelfth  term  of  this  is  1  +  H  x  2,  or  23. 
Hence,  the  twelfth  term  of  the  H.  P.  is  ^. 

2.  Find  the  seventh  term  of  the  series  1,  ^,  -j^, «... 

3.  Find  the  twentieth  term  of  the  series  —  ^,  —  -J^,  —  ^,  •••. 

4.  Find  the  fifteenth  term  of  the  series  —  f,  —  2,  2,  |,  •«.. 

5.  Find  the  twelfth  term  of  the  series  2,  ^,  3^, .... 

6.  Find  the  tenth  term  of  the  H.  P.  in  which  the  third  term 
is  ^  and  the  seventh  term  is  -^^. 

7.  Find  the  first  five  terms  of  the  H.  P.  in  which  the  third 
term  is  2  and  the  thirty-second  term  is  7^. 

8.  In  any  H.  P.  all  of  the  terms  between  any  two  given  terms 
are  called  the  harmonic  means  of  those  terms. 

Find  the  harmonic  mean  of  \  and  •^,     Of  —  f  and  f . 

9.  Insert  4  harmonic  means  between  —  ^  and  f . 

10.  Insert  5  harmonic  means  between  \  and  3. 

11.  If  JJ  represents  the  harmonic  mean  between  a  and  b,  show 
that  H  =  ^«*-. 
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12.  If  A,  Gf  and  H  represent  the  arithmetical,  geometrical, 
and  harmonic  means,  respectively,  of  two  numbers,  then  show 
that  ©  is  a  mean  proportional  between  A  and  H. 

SuooESTioN.  —  If  the  two  numbers  are  a  and  b,  then 


^=«±^,  G=Vab,  H  = 


2  ah 


2     '  a  +  6 

Now  show  that  AH=  G^,  by  showing  that  they  equal  the  same  thing. 

13.  The  arithmetical   mean  of  two  numbers  is  8,  and  their 
harmonic  mean  is  18.     Pind  their  geometrical  mean. 

14.  The  geometrical  mean  of   two   numbers   is   4,  and   their 
harmonic  mean  is  \.    Eind  the  numbers. 


CHAPTER  XIII 

# 

EXPONENTS 

137.  Positive  Integral  Exponents.  —  A  positive  integral  exponent^ 
as  defined  and  used  in  the  First  Course  and  in  this  volume, 
indicates  how  many  times  the  base  is  to  be  taken  as  a  factor. 

The  following  fundamental  laws  of  positive  integral  exponents, 
which  have  been  applied  at  various  points  of  the  work,  were 
proved  in  Chapter  XVI  of  the  First  Course  by  use  of  the  above 
definition.     Let  the  pupil  establish  each  of  them  in  review. 

I.  Law  for  Multiplication  : 

a    X  fl   =  fl 

That  is,  the  exponent  of  the  product  of  two  powers  of  the  jsame 
number  equals  the  sum  of  the  exponents  of  the  two  factors. 

Suggestion.  —  Show  by  definition  of  an  exponent  that  a^  x  a"  contains  a 
as  a  factor  m  +  ?i  times. 

This  law  may  be  extended  to  apply  to  the  product  of  more  than 
two  factors.     Thus,  in  general, 

11     X  fl    X  fl    •••  =  11  • 

II.  Law  for  Division: 

^/w        ^n        ^m — n 

a    -7-  a   ^=  a 

That  is,  the  expoyient  of  the  quotient  of  two  powers  of  the  same 
number  equals  the  exponent  of  the  dividend  minus  the  exponent  of 
the  divisor. 

Suggestion.  —  By  using  the  principle  that  quotient  x  divisor  =  dividend, 
show  fhat  this  law  follows  from  Law  I. 

211 


212  ELEMENTARY  ALGEBRA 

III.  Law  for  a  Power  of  a  Power: 

That  is,  the  mth  power  of  the  nth  power  of  any  number  equals  th^i 
mnth  power  of  the  number. 

Suggestion.  —  Show  that  this  follows  from  Law  I.     Thus, 

(a»)"»  =  a"  X  a*  X  a*  •••  to  m  factors,  etc. 
This  law  may  be  extended  thus : 

{{a"TY=^a'''"''\  (((aT)''> =«'"""'';  etc. 

IV.  Law  for  a  Power  of  a  Product; 

(aby  =  a"b\ 

That  is,  the  nth  power  of  the  product  of  two  numbers  equals  the 
product  of  the  nth  powers  of  the  numbers. 

Suggestion  —  Show  that  (a6)"  contains  a  and  b  each  as  a  factor  n.  times. 
Thus,  (a6)**  ={ah){ah){ah)  ...  to  n  factors,  etc. 

This  law  may  be  extended  to  apply  to  a  power  of  a  product  of 
three  or  more  factors.     Thus,  in  general, 

(afti?  •)''  =  fl''AV  •-. 

V. .  Law  for  Power  of  a  Fraction  : 

Q\        a 


b" 

That  is,  the  nth  power  of  a  fraction  equals  the  nth  power  of  the 
numerator  divided  by  the  nth  power  of  the  denominator. 

Suggestion.  —  Proceed  as  in  establishing  Law  IV. 

VI.   Law  for  Root  of  a  Power,  or  Power  of  a  Root: 

m 

That  is,  the  exponent  of  a  root  of  a  power  of  a  number  equals  the 
exponent  of  the  power  divided  by  the  index  of  the  root, 

-  -xn 

Suggestion.  —  (a "  )"  =  a "       =  a"*,  by  Law  IIL  ' 
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_       1        _  1 

Since  by  this  law  ^a=^a'',  (Va)'"=  (a*)*.     Hence  by  Law 

HI,  m 

That  is,  the  exponent  of  a  power  of  a  root  of  a  number  equals  the 
exponent  of  the  power  divided  by  the  index  of  the  root. 

By  use  of  one  or  more  of  the  above  laws  of  exponents,  any 
power  or  root  of  any  monomial,  or  the  product  or  quotient  of  any 
monomials,  may  be  obtained. 


EXERCISES 


By 

the  above  laws  find  the  values  of : 

1. 

n^  X  r/. 

21. 

3^  -f-  3^0.  . 

41. 

ay- 

2. 

V'xV^ 

22. 

(-iy^(-l)l 

42. 

ay- 

3. 

rC  X  At  X  nr* 

23. 

{^ny^{^n)\ 

43. 

i-iy- 

4. 

Jif'xBxI^. 

24. 

W- 

44. 

(-1)'. 

5. 
6. 

2»  X  2'  X  2. 
5  X  5"  X  5*. 

25. 
26. 

{Ny. 

45. 

/aV 

1          1    • 

7. 

3*  X  3  X  3*. 

27. 

Qc'^y. 

46. 

(2  my 

8. 

(-1)'(-1)». 

28. 

(2'y. 

9. 
10. 
11. 

(_2)*(-2)». 
(-ay(-af. 
oj"  X  a?". 

29. 
30. 
31. 

(sy. 
[(-i)T. 

47. 

48. 

12. 

e«+i  X  t 

32. 

(a;»-i)». 

49. 

•v^'n". 

13. 

p«+8  X  p«.-8 

33. 

(mn)*. 

50. 

Vxy. 

14. 

a^-^aK 

34. 

(a«6«)«. 

51. 

•\/32r». 

15. 
16. 
17. 
18. 

irr^  -5-  irr. 

35. 
36. 
37. 
38. 

(^yy 

(vHy. 

(2  X  5)\ 
(7  X  3)2. 

52. 
53. 
54. 

(</ay. 
i^ty. 

19. 

(U^-i-\at, 

39. 

(a^'b^y. 

55. 

(■\/my. 

20. 

2«^2«. 

40. 

(1)^. 

56. 

(2  a'-v/6^i». 
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138.  Zero  Exponents.  —  The  application  of  Law  n,  §  137, 
when  the  exponents  of  the  dividend  and  divisor  are  equal,  gives 
riite  to  a  zero  exponent 

Than,  <i*  -j-o*  =  a^-^=€fi ;  r»  -&-  r«  =  j*-»  =  i«. 

The  meaning  of  a  zero  exponent  may  be  shown  as  follows : 

In  general,  a*  -s-  a*  =  o"~*  =  a*. 

But,  a*  -5-  a*  =  1. 

Hence,  since  (fi  and  1  are  but  two  different  ways  of  writing  the 
same  quotient,  «•  =  1 

That  is,  any  base  with  the  exponent  0  equals  1. 

EXERCISES 
Give  the  values  of : 
1.  2*^  3.  10(y».  6.  (-1)^  7.  «*■*-»•. 

2.   0.1^.  4.    (i)^  6.   3*x3«.  8.    (ay. 

139.  Negative  Exponents.  —  The  application  of  Law  II,  §  137, 
when  the  exponent  of  the  divisor  is  greater  than  that  of  the 
dividend,  gives  rise  to  a  negative  exponent  * 

ThuH,  a^  -i-  a^  =  a^-^  =  a~^  ;  v*  -^  v^^  =  v~^. 


It  is  evident  that  a  negative  exponent  has  not  the  same  mean- 
ing aw  an  exponent  that  is  a  positive  whole  number.  For  ex- 
am i)le,  to  say  that  n~*  indicates  that  n  is  to  b^  taken  as  a  factor 
—  4  times  is  absurd.  But  this  new  kind  of  number  symbol  has  a 
dtdinito  meaning  which  may  be  shown  as  follows : 

Assuniing  that  Law  I,  §  137,  applies  to  negative  exponents, 

a"  X  a"'*  =  a"~"  =  aP, 
or,  a"  X  a""  =  1. 

Dividing  both  members  of  this  equation  by  a% 

a" 
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That  is,  a  negative  exponent  indicates  a  power  of  the  base  that  is 
to  be  used  as  a  divisor. 

It  follows  from  the  meaning  of  a  negative  exponent  that 

Any  factor  may  be  changed  from  the  numerator  to  the  denomi- 
nator of  a  fraction^  or  vice   versa,  by  changing   the   sign   of  its 

m 

exponent. 
Thus, 


c8d-3 


a^xl     ^ 


62     62     a2^\ 


„       1  ~  r »      c*62 
c^  X  —     — - 


Evidently,  this  result  might  have  been  obtained  in  a  single  step  by  putting 
the  b  into  the  denominator  and  the  d  into  the  numerator  and  changing  the 
signs  of  their  exponents. 

3^  _  26  _  32 
2-6      3*  "81* 


Similarly, 


EXERCISES 


Find  the  values  of : 

1.  2-2.  5.   10-^ 

2.  2-«.  6.   l-\ 

3.  3--*.  7.    0.5-2. 

4.  l-\  8.   0.01-3. 

Write  with  positive  exponents : 


10.   {^-\ 

12.    (|)-2. 


17.  n-*. 

18.  a^ft-a. 

19.  TTiKV-*. 


20 


21. 


22. 


23. 


n~^ 
a^ 

a 


-1^-2 


c3 
2a;-2 


24. 


25. 


26. 


27. 


28. 


-5P-* 
-3N-^' 

x~^y~h~^ 
d^y~^ 

a-% 

—^—^  • 

-6 


13.  a)-*. 

14.  2-»  X  (^)->. 

15.  10-»^-(|)-'. 

i«-  a)-''x(i)-« 


29.    '-^  +  '" 


-1 


w 


71 


— 1 


30. 


31. 


32. 


a-i  4-  b-^ 


-1 


(g-f^)-^ 


33.    (iV-2)-3. 
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Write  in  integral  form  : 

34.   2!.  36.   -4-  88.    i  +  ^.         40.   -^  +  -^ 

36.   2£.  37.   ^.  39.   2+6,         4j_  1 


3y  r"  6     a  a«  +  a6  +  &» 

140.  Fractional  Exponents.  —  The  application  of  Law  VI,  §  137, 
when  the  exponent  of  the  base  is  not  divisible  without  remainder 
by  the  index  of  the  root,  gives  rise  to  a  fractional  exponent. 

Thus,  v^^=ai;  \/;^  =  ni;  VB  =  5i. 

It  is  clear  that  a  fractional  exponent  has  not  the  same  meaning 
as  an  integral  exponent.  Por  example,  a^  cannot  indicate  that  a 
is  to  be  used  as  a  factor  f  of  a  time.  Such  a  statement  is  absurd. 
The  meaning  of  every  fractional  exponent  may  be  shown  as 
follows : 

Assuming  that  Law  I,  §  137,  applies  to  fractional  exponents, 

n  n  n  n 

(am)"*  =  a»  X  am  X  a™  •••  to  m  factors 

n      n      n  .        . 

— I 1 \.  •••tomtermfl 

=  dm     m     m 

=  a". 
Hence,  by  definition  of  a  root, 

n 

That  is,  a  fractional  exponent  iiidicates  a  root  of  a  power  of  the 
hose,  the  numerator  indicating  the  power  of  the  base,  and  the  de* 
nominator  indicating  the  root. 

For  example,  8t  =  v^  =  \/6i  =  4 ;  (9  n4)i  =  "v^^  =  3  n^. 

An  expression  involving  negative  fractional  exponents  may  be 
written  with  positive  integral  exponents  by  first  interpreting  the 
negative  signs,  then  the  fractional  forms,  of  the  exponents. 

Tor  example,  n-\  =  — r  = 


And  (^8\-J^_J_^1^9. 
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EXERCISES 

Find  the  values  of : 

1.  4i.               6.   4i 

11.  9i. 

16. 

256-1. 

2.  9i              7.  8lf. 

12.   64*. 

17. 

(yV)-*. 

3.   27*              8.   1251 

13.   4-i. 

18. 

(t%)*- 

4.   16*.              9.   32*. 

14.    16-*. 

19. 

(iW-i. 

5.   26*.            10.    64*. 

16.   27-*. 

20. 

(if)-*- 
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21.    8*x9-*.         22.    125-ix32l.         23.   25-1-5- 81-*. 
24.    (^)-i  ^  (^ig-)*.  26.    8-*(25*-8li). 

Express  with  positive  integral  exponents : 

26.  a*6*.  31.   2m*ri-*.  ^^     (g  —  5)-*^ 

27.  p-*gi.  32-   ^^"*^*-  '    (?  +  6)-*' 

34.    — 1 — 7-  37. 


30.    —  9  «*.  '  i>~*g~*  m-i  -h  n-4 

Express  without  radical  signs : 

38.  V^.  42.    -^aVmn.  46.    V^^. 

39.  ^^  43.    VW^.  47.    Vo^^. 

40.  aVa.  '  44.    ^rVc.  48.    ^1+^. 

41.  ■\/wy/t.  46.    "Vo^.  49.    V^^/^. 
Write  as  integral  expressions  without  radical  signs : 

60.     -L=.'  51.     — ^ 62.    2/¥±W^ 

141.   Laws  Applied  to  Negative  and  Fractional  Exponents.  —  In 

determining  the  meanings  of  negative  and  fractional  exponents,  it 
was  assumed  that  Law  I  of  positive  integral  exponents,  §  137,  is 
applicable  to  these  new  kinds  of  exponents  also.     It  may  be 
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proved  that  all  of  the  fundamental  laws  of  positive  integral 
exponents  given  in  §  137  hold  also  for  negative  and  fractional 
exponents.     The  proofs  are  omitted  from  this  course. 


Example  1.  — Simplify  n'  x  n*  x  n*. 

n^  X  n*  X  n^  =  n^^  x  n^^^  x  nA  =  ,iA+A+i^2  ^  „ii 

Example  2. — Simplify   a  ^  -i- a~^' 

ExAMPLB  3.  —  Simplify  {A~^B~h'K 

(A-^B'^y^  =  A'^B^. 

Example  4.  — Simplify    (ms  +  n~5)(m*  —  mans  +  n~3v. 

m^  -\-  n~3 


m  -\-  n 


-1 


Operations  with  expressions  involving  radicals  may  be  per- 
formed by  first  expressing  the  radicals  by  means  of  fractional 
exponents. 

Example  5.  —  Simplify  __?-ZJ( . 

y/x  —  Vy 

Expressing  the  radicals  by  means  of  fractional  exponents,  and  dividing, 


x*  +  x^y^  +  y 


2 

J 


X  —  x^y 


x^y  —y 

_^  x^y  —  x\y^ 

x^y^  —  y 

1    2 

x^y^  —  y 


x  —  y     _ 


^'"''^'  </i-<^  "  xKxV'  +  yi=  ^+  ^^+  ^i^. 
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EXERCISES 

Simplify : 

1.  A-^xA'^xA'.  24.  {bM-^A^y^, 

2.  4  rr'^  xn^X  n\  25.  (4  ic"^y~*0~*- 

3.  R-^xR'xR^.  26.  (SI  a^b-^c-')''^. 

4.  12  Pxr*xr2.  27.  (-27p-»cr*)~*. 

5.  a*  X  a^  X  a\  28.  (32  r-M*)"*. 

6.  5j9"*  X  3jpi  '     29.  Va  X  V^. 

7.  ^"*A;*  X  /iH.  30.  \/?  X  -V^*. 

8.  fM  X  F~*ri  31.  Vn  X  ^  X  Vn. 

9.  2/^2"*  X  .V"*«*.  32.  \/fc^  -^  ^/^^ 

10.  aj-2-f.ar^.  33.  -v/a-^aj-^-f-^/a-^ar*. 

11.  aw~^-^aV.  34.  Va^-f-Va^. 

12.  t^^^tr®  -i-  iu~^'y~^  35.  -v^  -5-  -^/v^v^' 


13.  p-'^q-h~^ -^ ]^(fr,  \/n*     ^  -s/mV 

36.  "5"  |g  • 

14.  jr"*-^iV"^.  Vmn^      -wwln^ 

15.  K'-hK'^.  37.    -7;L=^V^. 

16.  &TV_^a-^6"^.  ,  , 

^\-\    -f  38  ;p  ■  f<^~^^-r' 

17.  aJ%^2  *-^aJ2/^^.  38-    \^  •  (^^_i^  j    • 

18.  6P-iFU3P-iF.  3^^    ^(WW^r^ 


40.    </^. 


19.  (a-26-3)-2. 

20.  (a?V"0"^ 

21.  (ttR^-^.  41.    ^'V^/^. 

22.  (m-M)l  42.    (a;i  +  2/*)(aJ*-y*). 

23.  (2^V^)l  43.    (TF*-F"*)(TFi+F-*). 


9^0 
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44.  {m—n)-i-  (m-  +  n^. 

46.  (^  +  r) -H  (JRi  +  r*). 

46.  {x^-f)^(^l^yi). 

47.  (a?* -f- 2)(a5*  -  1). 

48.  (3m-*-in*)(3m"*4-4n*). 

49.  (a-46)-8-(ai-36*). 

50.  (r«  - 1) -!- (r»  - 1). 

51.  (1 -f- y-i)  +  (iH-y-i). 

62.  (n-»  +  27) -h  (n-i -h  3). 

63.  (Ar«  - 1) -5- (Ar-^  - 1). 


64.  (v*  +  ^2)  ^  (vf  +  t^. 

66.  (JfJ+iT"*)*. 
56.  (d*-6-*)2 

67.  (!-«'*)•. 

68.  {tr^^p-^Y. 

59.  (€•  +  €-•  — 2/. 

60.  (l-ar^  +  iT^)*. 

61.  (n*  +  1 -I- n-*)«. 

62.  (A  -  fc) -*- (^/^  -  v'S). 

63.  (^-**-l)«. 


64. 

66. 

66. 
67. 

68. 

69. 

70. 

71. 
72. 


at  4-  aJ&*  +  &*)(ot*  -  6*). 

sc*  -+-  aj'y*  H-  ^*)(a:»  —  aJ'y»  +  y»). 

8  n-*  ^  8  n^  +  5  n«  -  3  w-«)  -^  ( 5  n^  -  3  it-*)* 
p  +  32  J)  -5-  (p*  +  2  g*)  +  2  j9*g*  +  8pV- 


Wn* 


12 


■^ 


n= 


-')-(<^-} 
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2.    (a?»-«V+2^')(«'+2^*). 


Simplify : 
1.   (a-*'-l)-5-(a-*-l). 

3.  (r*»-i-*4-i-«*  +  <*'y. 
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Factor : 
6.  16 -n-*.  7.   27 -N-^. 

6.   IP+2+R-^^.  8.   k-^-k-^-^6. 

Find  the  square  root  of : 

9.  9a?-12aJ*  +  10-4«"*4-«'^ 

10.  m^  —  6  m*ni  + 15  mw*  —  18  m^n  +  9  n*. 

11.  ^2  +  8^4-12--16^-i  +  4^-» 

12.  2  +  7i2A;-2  +  27iA:  +  A:'  +  2^-^A:«4-^'*AJ'. 

13.  r*  +  4r*  +  4r*  +  2r*  +  4  +  r'^. 

14.  a"*  -  2  a-^fti  -  2  a"*6  +  3  a"*&* -h  6*. 


CHAPTER   XIV 
THE  BINOMIAL  THEOREM 

142.  The  Binomial  Theorem.  —  By  actual  multiplication  it  may 
be  shown  that : 

(a  -f-  6)'  =  a^  +  3  a^ft  -f  3  a62  -h  ftS; 

(a  +  &)*  =  a*  -f-  4  a^b  +  6  aV  -f  4  a6^  +  &*; 

(a  +  by  =  a'  +  5a*b  +  10  a^b^  +  10  a^b^  +  5  a&*  +  b' ; 

(a  +  6)«  =  a«  +  6  a*6  + 15 a*^^  +  20 a^b^-^W a^b*  +  6 aft*  +  6« ;  etc 

If  a  —  b  is  taken  instead  of  a  -{-  b,  the  even-numbered  terms  in 
each  of  the  above  expansions  will  be  negative  and  the  odd-num- 
bered terms  will  be  positive.     Thus, 

(a  -  6)*  =  a^  -  5  a%  +  10  a^b^  -  10  a'h^  +  5  a6*  -  b\ 

A  comparison  of  these  few  values  of  different  powers  of  a  +  & 
and  a—  b  will  show  that  each  of  them  may  be  written  down, 
without  performing  the  multiplication,  by  use  of  the  following 
laws: 

(1)  The  first  term  in  each  case  is  a  with  an  exponent  equal  to  that 
of  the  binomial,  and  the  last  term  is  h  with  the  same  eocponent. 

(2)  The  exponents  of  a  decrease  by  1  in  each  term  after  the  first; 
and.  h  appears  to  the  fii'st  power  in  the  second  term,  and  its  eocponents 
increase  by  1  in  each  term  after  the  second.  The  sum  of  the  expo- 
nents of  a  and  b  in  every  term  is  equal  to  the  exponent  of  the 
binomial. 

(3)  The  numerical  coefficient  in  the  second  term  equals  the  expo- 
nent of  the  first  term.   And  the  coefficient  of  any  term  after  the  second 

may  be  obtained  from  the  preceding  term  by  multiplying  the  coeffi- 
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dent  of  that  term  by  the  exponent  of  a  and  dividing  the  product  by  1 
more  than  the  exponent  of  h  in  that  term. 

(4)  If  a  and  b  are  both  positive,  the  signs  of  all  terms  are  posi- 
tive; ifb  is  negative,  the  signs  of  all  even-numbered  terms  are  nega- 
tive and  all  odd-numbered  terms  positive. 

(5)  The  number  of  terms  is  greater  by  1  than  the  exponent  of  the 
binomial. 

These  laws  taken  collectively,  by  means  of  which  any  power  of 
any  binomial  may  be  written  down  directly,  constitute  what  is 
known  as  the  Binomial  Theorem.* 

Note.  —  If  the  coeflficients  of  each  of  the  various  powers  of  a +6,  including 
the  zero  and  first  powers,  are  written  down  in  order  in  a  row,  these  rows  of 
numbers  form  a  triangular  arrangement,  1 

as  shown  in  the  margin.    This  arrange-  1      1 

ment  is  known  as  Pascal's    Triangle.  12      1 

Any  number  may  be  obtained  by  adding  1^3      3      1 

the  two  numbers,  one  to  the  right  and  14      6      4      1 

the  other  to  the  left  of  it,  in  the  row  •••••• 

above.    The  triangle  may  thus  be  continued  indefinitely. 

In  writing  down  the  expansion  of  any  power  of  a  binomial  by 
the  Binomial  Theorem,  if  the  terms  of  the  binomial  contain 
coefficients  or  exponents,  it  is  wise  to  inclose  each  of  these  terms 
in  parentheses,  and  then  to  simplify  in  a  second  step  the  expres- 
sion obtained.  In  this  way  confusion  in  finding  the  exponents  and 
coefficients  of  the  various  terms  of  the  expansion  will  be  avoided. 

Example.  — Find  by  the  Binomial  Theorem  (2  x^  —3  y^y. 

(2 «2  _  3  2^)4  =  (2  x2)4  -  4(2  «2)8(3  yS)  ^.6(2  a;2)2(.3  y^)^  -  4(2  x'^)  (3  2^8)8 
+  (3  2/8)4  =  16  aj8  _  96  a^SyS  4.  2I6  »*y«  -  216  x^y^  +  81  yi2. 

*  The  Binomial  Theorem  has  a  long  and  interesting  history.  The  ancient 
Hindus  were  familiar  with  special  cases  of  the  theorem,  and  used  it  in  ex- 
tracting square  roots  and  cube  roots.  Sir  Isaac  Newton,  the  great  mathe- 
matician and  scientist,  was  the  first  to  recognize  the  general  truth  of  the 
theorem,  about  the  year  1666  ;  and  he  used  it  in  making  some  of  his  greatest 
mathematical  discoveries.  Napier  was  led  by  use  of  the  Binomial  Theorem 
to  the  discoveiy  of  logarithms.     (See  Chapter  XV.) 
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EXERCISES 

Find  by  the  Binomial  Theorem : 

1.  ia  +  h)\  9.    {l  +  x)\  17.  (2i>*  +  gy. 

2.  {a^h)\                  10.   (l-n)*.  18.  (1-3  Fy. 
8.   (ra^^n)\                H.   {a^lf.  19.  (y^  +  aO'"- 
4.    (m-w/.                  12.    {2x-\-y)\  20.  (1  +  2&0*- 
6.   {x^-yy.                  13.    (a2-y)l  21.  (l-i«)*. 

6.  (v-e)«>.  14.    (Jf-3JV^«.  22.  {\E^-^\iy. 

7.  (^  +  A:)^.  15.  (2  F-f- 3  0'.  23.  (|a*-l)*. 

8.  (P-Q)«.  16.    (l-2aj»)*.  24.  {QS?  +  ^)\ 


33. 


Find  the  first  four  terms  of : 
25.   {a  +  hy\  29.    {x-\-2f. 

^26.    (a-&)»  ~     30.    (JJf«-2iV^«. 

27.  (1  +  iVO*.  31.    (w;2_3^22^        ^^ 

28.  (^-1)**.  32.    (^aj  +  2  2/)*. 
85.   Write  the  first  five  terms  of  (a  — 6)*. 


16 


Compute  the  following  correct  to  two  decimal  places : 
86.    (1.1)" 

SUGGESTIOK.  —  (1.1)12  =  (1  +  .1)«  =  etC. 

37.    (1.2)10.  38.    (1.04)8^  39.    (.31)10^  40.    (2.6)12, 

41.   Form  the  first  ten  lines  of  Pascal's  Triangle. 

143.  Proof  for  Positive  Integral  Exponents.  —  That  the  Binomial 
Theorem  holds  true  for  all  positive  integral  powers  of  any  binomial 
may  be  proved  as  follows : 

Assuming  that  the  theorem  holds  true  for  the  nth  power  of 
a-\-h^  where  n  is  any  positive  integer,  we  may  write  (a +  6)*  = 

«"  +  «a-»6  +  ?^^  a-«6'  +  n{n-l){n-2)       ,y  ^ 

1-2  1-2.3 
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Multiplying  both  members  of  this  equation  by  a  +6, 

1  •  Z 
^(n+l)(n)(n-l)^,_,y^  ...  +6«n 
±  'Z '  s 

Now  it  is  seen  that  this  value  of  (a+&)*|^  is  of  the  same  form 
as  the  value  of  (a  +  6)*,  dnd  that  the  result  is  the  same  as  if  it 
had  been  obtained  directly  by  use  of  the  Binojniftl  Theorem. 

Hence,  if  the  theorem  holds  true  for  the  nth  power  of  a  +  6,  it 
holds  true  for  the  (n  -hl)th  power. 

But  it  is  proved  by  actual  multiplication  that  the  theorem  holds 
true  for  the  sixth  power.  Henoe,  since  it  holds  for  the  3i»th 
power,  it  holds  for  the  seventh  power.  Now  since  it  holds  for 
the  seventh  power,  it  holds  also  for  the  eighth  power;  since  it 
hplds  for  the  eighth  power,  it  holds  also  for  the  ninth  power ;  etc. 

Hence,  it  holds  true  for  all  positive  integral  powers  of  a  4-  6. 

By  similar  proof  it  may  be  shown  to  bold  for  all  poeil^ive 
integral  powers  of  a  —  &. 

NoTB.  —  It  is  unsafe  to  reason  that  just  because  a  law  holds  true  for  a  few, 
or  even  many  special  cases,  it  always  holds  true.  Certain  laws  have  been 
shown  to  hold  true  for  many  special  cases,  yet  finally  fail.  Thus,  the  ancient 
Chinese  thought  that  if  2«— i  —  1  were  exactly  ^divisible  by  n,  then  n  must 
be  a  prime  number.  This  holds  true  for  all  values  of  n  up  to  341.  But 
for  this  value  it  fails.  Hence  the  necessity  is  seen  of  finding  a  general  proof  of 
every  law,  such  as  that  in  this  section.  Mathematics  undertakes  to  find 
general  proofs  of  all  of  its  principles. 

144.  Negative  or  Fraetional  Powers  of  Binomials.  —  The  Binomial 
Theorem  holds  true  also  for  negative  and  fractional  powers  of  a 
binomial  a  +  6,  provided  that  the  absolute  value  of  a  is  greater 
than  that  of  6,  except  that  in  these  cases  the  number  of  terms  in 
the  expansion  is  unlimited.  The  proof  is  too  difficult  for  this 
course. 

|i3i:AMPLB  1.  —  Expand  to  5  terms  (1  -I-  x^)-^. 

(1  +  x2)-2  =(l)-2  +(-  2)(l)-8(fl;2)  +  (3)Cl)-4(a;2)2  +  (_  4)(l)-6(a;2)« 
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Example  2.  —  Expand  to  5  terms  (1  —  2n)}. 

(l-2n)i=(l)l-(l)(l)-*(2n)  +  (-i)(l)-i(2«)«-(A)(l)"n2H)» 

+  (- Tii)(l)"*(2  «)*-.- 
=  1  —  n  —  Jn*  —  J»»  —  fii* . 


Expand  to  5  terms: 

1.  (1  +  n)''\  6.  (1  -  ^-\  11.  (a*  -  6»)-*. 

2.  (1  -  t)-\  7.  (1  +  ie)-\  12.  (a;l  +  y*;*. 

3.  (1  +  x)*.  8.  (1  +  P^-i.  13.  (m-i  -  n-*)-i. 

4.  (1  -  iJ)*.  9.  (1  +  4  a^-*.  14.  (2  v?  +  ^*)i 

6.  (1  -h  a)*  10.  (1-9  f)-^.  15.  (3/)-*  -  2  g-*)"*. 

145.  Extraction  of  Roots  by  the  Binomial  Theorem.  —  The  Bino 
mial  Theorem  may  be  used  to  extract  roots  of  arithmetical  num- 
bers.   The  process  is  best  shown  by  an  example. 

Example.  —  Find  to  3  decimal  places  the  value  of  V29. 
v/29  =  29*  =  (2S  ~  3)* 

1  •  ^ 
_  (DH)(-I)  (26)-^(3)«  +  ... 

1  •  ^  •  o 

=  2  -  0.0375  -  0.0014  -  0.0001 

=  1.961,  approximately. 

A  similar  process  may  be  used  in  any  case.     Hence  the  rule : 

To  find  a  root  of  a  number,  separate  the  number  into  two  parts, 
the  first  of  which  is  the  nearest  possible  perfect  power  of  which  the 
required  root  can  be  found  ;  then  expand  the  resulting  binomial  by 
the  Binomial  Theorem,  and  combine  the  values  of  the  terms  thus 
obtained. 

Thus,  v^  =  v'Oiin:  =(4»  +  l)i ;  y/m  =  \^626  -  2  =  (5*  -  2)i 
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It  is  evident  that  the  first  few  terms  of  the  expansion  will  give 
a  close  approximation  to  the  value  of  "the  root,  if  the  successive 
terms  decrease  in  value  rapidly  ;  that  is,  if  the  second  term  of  the 
binomial  is  much  smaller  than  the  first. 

Note.  —  A  shorter  method  of  finding  the  approximate  value  of  any  root 
of  a  number  is  by  the  use  of  logarithms,  as  shown  in  the  next  chapter. 

0 

EXERCISES 

Find  to  3  places  of  decimals  the  value  of : 

1.  a/15.         4.  a/SS.  7.  a/9.  10.  A^GT.  13.  </M. 

2.  -v^.         5.   -^130.         8.   A^^ei.         11.  -v/^l^.       14.  a/29. 

3.  ^m.         6.  a/219.         9.   a/240.        12.   a/730.         15.   -s/fO. 

146.   The  rth  Term  of  the  Binomial  Expansion.  —  In  the  expansion 

(a  +  hy  =  a»  +  na^-^h  +  ^^''~/)a"-^6^  +  yi(n  -  l)(n  -  2)  ^„_^^3  ^ 

1  •  ^  1  •  ^  •  3 

...  -f  &",  it  is  seen  that  the  numerator  of  the  coefficient  of  the  3rd 

term  is  the  product  of  2  factors,  n  (n  —  1) ;  the  numerator  of  the 

coefficient  of  the  4th  term  is  the  product  of  3  factors,  n  (n  —  1) 

(n  —  2) ;  etc.     In  general,  the  numerator  of  the  coefficient  of  the 

rth  term  is  the  product  of  r  —  1  factors,  n(7i  —  l)(n  —  2)-.. . 

The  denominator  of  the  coefficient  of  the  third  term  is  1*2; 
of  the  fourth  term,  1.2-3;  and  in  general,  of  the  rth  term, 
1.2.3.4  ...  tor  —  1  factors. 

The  exponent  of  a  in  the  third  term  is  n  —  2 ;  in  the  fourth 
term  n  —  3 ;  and  in  general,  in  the  rth  term,  n  —  (r  —  1). 

The  exponent  of  h  in  the  third  term  is  2 ;  in  the  fourth  term  3> 
and  in  general,  in  the  rth  term,  r  —  1. 

Hence,  in  the  expansion  of  (a  -f-  6)**  the 

-^1.  X           /i(/i  —  l)(/i  — 2)  ...  to  r  —  l  factors     _   x„  ^x,^  ^ 
rth  term  = -^-—f^-s — ^ -— fl''-(''-i)6''-i. 

1.2.3...tor  —  1  factors 

In  the  expansion  of  (a  —  by,  the  rth  term  is  the  same  expres- 
sion, except  that  it  is  preceded  by  +  only  when  r  is  odd,  and  by 
—  when  r  is  even. 
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By  substituting  the  values  of  .a,  h,  n,  and  r  in  this  formula  for 
the  rth  term,  we  may  write  down  directly  any  desired  term  of  the 
expansion  of  any  power  of  any  binomial,  without  writing  the 
preceding  terms. 

Example.  —  Find  the  eighth  term  in  the  expansion  of  (1  —  f8j-2. 

Here  a  =  1,  6  =  «»,  n  =  —2,  and  r  =  8. 

Hence,  the  eighth  term 

^      (-2)C-3)C-4)(-6)C-~6K-7)C-8)  .^y,.^., 

1.2-3-4.6.6.7  V  /    V   y 

=  8«2i. 

EXERCISES 

Find : 

1.  The  fourth  term  in  the  expansion  of  (a^  -f-  6^*. 

2.  The  fifth  term  in  the  expansion  of  (1  +  x)~^. 

3.  The  eighth  term  in  the  expansion  of  (1  —  f)^* 

4.  The  sixth  term  in  the  expansion  of  (m  —  n)^, 
6.  The  fourth  term  in  the  expansion  of  (ar*  +  2/^". 

6.  The  tenth  term  in  the  expansion  of  {A^  —  B^~'\ 

1 

7.  The  seventh  term  in  the  expansion  of  (1  -h  2  o^)^. 

8.  The  twelfth  term  in  the  expansion  of    (1  —  F""^)"^. 

9.  The  eighth  term  in  the  expansion  of    (x^  -h  y^p, 

10.  The  ninth  term  in  the  expansion  of    (R~^  —  r^  •. 

11.  The  fourth  term  in  the  expansion  of    (2  a  -f-  6^*. 

12.  The  sixteenth  term  in  the  expansion  of    (1  —  a~*)K 

13.  The  sixth  term  in  the  expansion  of  (2  —  Jc)~^. 

14.  The  eighth  term  in  the  expansion  of  (2  -|-  ^ti^)^ 
16.  The  eleventh  term  in  the  expansion  of    (««-+-«  ^y. 
16.  The  fifth  term  in  the  expansion  of  (e^  —  e  ^)~\ 
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SUPPLEMENTARY  EXERCISES 

Expand : 

By  grouping  terms,  express  as  binomials  and  expand : 
9.    (l  +  a-a^yj 

6UGOB8TION.  —  (1  +«-x2)4-.([l  ^  x"]— X^)^ 

Now  expand  [1  +  «]*,  [1  +  sc]*,  etc.,  and  combine  terms. 

10.  (x^-^f  +  z^\     12.  (a-b-j-c-d)*.      14.  (2a-64-3c^*. 

11.  (2^M-{-]r}\    13.  (l~«  +  <2-^)8.       15.  (yi-2  4.i  +  ^y. 

16.  Write  the  formula  for  the  (r  +  l)th  term  in  the  expansion 
of  (a  -f-  b)\ 

17.  Write  the  formula  for  the  (r  —  l)th  term  in  the  expansion 
of  (a  -h  &)». 

Find: 

18.  The  sixth  term  in  the  expansion  of  (vy/w  —  toVv)*. 

19.  The  rifth  term  in  the  expansion  of  f  — —  +  -^- —  )  • 

20.  Find  to  four  decimal  places  the  value  of  ■\/220. 
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LOGARITHMS 

147.  Logarithms.  —  Long  and  complicated  computations,  such 
as  are  encountered  often  in  practical  work,  may  be  shortened  and 
simplified  by  use  of  logarithms.  ' 

Thus,  to  compute  the  area  of  a  triangle  by  the  formula  Area 
=  Vs(s  —  rt)  (s  —  b)  (s  —  c)  one  must  find  the  product  of  four  factors  and  then 
take  the  square  root  of  this  product.  By  the  use  of  logarithms,  as  we  shall 
see  later,  the  multiplication  is  replaced  by  simple  column  addition,  and  the 
extraction  of  the  root  by  division  by  2. 

The  logarithm  of  a  number  is  the  exponent  which  indicates  the 
power  to  w^hich  a  given  base  must  be  raised  to  produce  that  num- 
ber. That  is,  if  6*  =  n,  then  e  is  the  logarithm  of  n  to  the  base  6, 
and  is  written 

Thus,  since  2^  =  8,  logi  8  =  3.     Since  5*  =  625,  logs  626  =  4.      Since  4-2  = 

TSi  l0g4fg=-2. 

By  the  definition  of  a  logarithm,  the  equations  e  =  logj  n  and 
&*=:n  express  the  same  relation. 

EXERCISES 

Express  the  following  relations  in  terms  of  logarithms: 
1.   2^  =  32. 


Solution.  — log2 

32 

=  6. 

2.    2«-64. 

6. 

53  =  125. 

10.  6-2  =  ^v 

• 

3.    5^-25, 

7. 

73  -  343. 

11.  ^-'  =  ih' 

^  a 

4.  3* -81. 

5.  43  =  64 

8. 
9. 

10*  - 10000. 
5«- 15625. 

12.  16^  =  2. 

13.  8"^=}. 

230 

^                    N 

27. 

log2 16. 

31. 

log4  64. 

28. 

log3  27. 

32. 

log2  0.5. 

29. 

logio  100. 

33. 

log2  0.25. 

30. 

log,o  0.0001. 

34. 

logs  -h' 
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Express  the  following  relations  by  means  of  exponents : 

14.  logs  9  =  2. 
Solution  —32  =  9. 

15.  log2l6  =  4.  19.  log6  216  =  3.  23.  logy  ^  =  -2. 

16.  log4l6  =  2.  20.  log4  256  =  4.  24.  log3^i^  =  — 5. 

17.  logs  27  =  3.  21.  log8  4  =  |.  25.  logjo  0.001  =  -  3. 

18.  Iogiol000  =  3.  22.  log27  81  =  |.  26.  logioo  0.001  = -|. 

Find  the  values  of  the  following  logarithms  : 

35.  loge216. 

36.  logsTT^. 

37.  logiol. 

38.  log4l. 

To  the  base  4  what  numbers  have  the  following  logarithms  ? 

39.  1.  41.    5.  43.    —4.  45.    —  ^. 

40.  3.  42.    -  2.  44.    f  46.    -  f . 

148.   Common  Logarithms.  —  The  logarithm  of  a  number  to  the 

base  10  is  called  a  common  logarithm. 

Thus,  logio  6,  logio  ^^^  logio  0.001  are  common  logarithms. 

The  logarithms  of  all   arithmetical  numbers  to  any  one  base 

constitute  a  system  of  logarithms.     The  common  logarithms  of  aD 

arithmetical  numbers  constitute  what  is  called  the  common  system 

of  logarithms.* 

*  The  common  system  of  logarithms  was  first  worked  out  hy  an  Englishman 
named  Henry  Briggs,  in  the  early  part  of  the  seventeenth  century.  Another 
important  system  is  the  Napierian  system,  named  after  John  Napier,  an  English- 
man who  was  a  contemporary  of  Briggs.  Napier  was  the  real  inventor  of  loga- 
rithms, and  Briggs  got  his  inspiration  from  Napier.    The  base  of  the  Napierian 

•system  is  the  sum   of  an  infinite  series   H 1 H f  ' 


1      1-2      12-3     1  '2'6-4: 
The  sum  of  this  series  is  approximately  2.7182818,  and  is  represented  in  mathe- 
matical writings  by  the  letter  e. 

While  the  common  system  is  used  in  pi-actical  computations,  the  Napierian 
system  is  used  in  theoretical  investigations. 
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The  common  system  is  superior  to  any  other  system  of  loga- 
rithms for  practical  use  because  its  base  10  is  also  the  base  of  our 
decimal  system  of  numbers. 

The  rest  of  this  chapter  will  be  devoted  to  common  logarithms, 
and  in  the  following  sections  the  base  will  be  understood  to  be 
10  and  will  not  be  written. 

149.  Characteristic  and  Mantissa.  —  From  the  definition  of  a 
logarithm, 

since  10^   =1,         log  1         =0 

since  10^   =  10,       log  10      =1 
since  102   =  iqo,    .log  100    =2 
since  10^   =1000,    log  1000  =3;  etc. 
And,  since  10-^  =  0.1,      log  0.1      =-1; 

since  10"^  =  0.01,     log  0.01    =  -  2 ; 
since  10"^  =  0.001,  log  0.001  =  -  3 ;  etc. 

It  is  evident  from  the  above  that  the  logarithm  of  a  positive 
integral  power  of  10  is  a  positive  integer,  and  that  the  logarithm 
of  a  negative  integ/al  power  of  10  is  a  negative  integer. 

Furthermore,  since  65,  say,  is  greater  than  10^  and  less  than 
10^,  log  65  is  greater  than  1  and  less  than  2.  Hence,  log  65  =  1 
4-  some  decimal.  Likewise,  since  382  is  greater  than  10^  and  less 
than  10®j  log  382  is  greater  than  2  and  less  than  3.  Hence, 
log  382  =  2  4-  some  decimal.  Evidently,  in  general,  the  logarithm 
of  any  positive  number,  except  a  positive  or  negative  integral 
power  of  10,  consists  of  an  integral  and  a  decimal  part. 

Thus,  log  825  =  2.916+. 

The  integral  part  of  a  logarithm  is  called  its  characteristic,  and 
the  decimal  part  is  called  its  mantissa. 

150.  Determination  of  the  Characteristic.  —  A  number  having 
one  figure  in  its  integral  part  lies  between  10°  and  10\  Hence, 
its  logarithm  lies  between  0  and  1;  i.e,  it  equals  0  4-  some  decimal. 
A  number  having  two  figures  in  its  integral  part  lies  between 
10^  and  10^     Hence,  its  logjarithm  lies  between  1  and  2}  i.e,  it 
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equals  1  +  ityme  decimal.  Similarly,  if  a  number  has  thtee 
figures  in  its  integral  part,  its  logarithm  lies  between  2  and  3} 
Le.  it  equals  2  +  some  decimal^  and  so  on.     Therefore, 

If  a  number  is  greater  than  1,  the  characteristic  of  Us  logarithm 
is  positive,  and  is  less  by  1  than  the  number  of  figures  in  the  integral 
part  of  the  number. 

Thus,  in  log  6841.27,  the  characteristic  is  3.  In  log  362.781,  the  charac- 
teristic is  2. 

» 

Again,  a  number  less  than  1,  and  having  no  zero  immediately 
following  the  decimal  point,  lies  between  10**  and  10~^  Hence, 
the  logarithm  lies  between  0  and  —  1 ;  i.e,  it  equals  —  1  +  some 
decimal.  A  number  less  than  1,  and  having  one  zero  immediately 
following  the  decimal  point,  lies  between  10"^  and  10~*.  Hence, 
its  logarithm  lies  between  —  1  and  —2;  i.e.  it  equals  —2  +  some 
decimal.  Similarly,  if  a  number  less  than  1  has  two  zeros  im- 
mediately following  the  decimal  point,  its  logarithm  lies  between 
—  2  and  —  3 ;  i.e.  it  equals  —  3  -f  some  decimal,  and  so  on. 
Therefore, 

If  a  number  is  less  than  1,  the  characteristic  of  its  logarithm  is 
negative^' and  is  greater  by  1  than  the  number  of  zeros  immediately 
following  the  decimal  point. 

Thus,  in  log  0.0683  the  characteristic  is  —  2.  In  log  0.0008  the  character- 
istic is  —  4.     In  log  0.3974  the  characteristic  is  —  1. 

In  writing  the  logarithm  of  a  number  the  mantissa  is  always 
positive,  and  if  the  characteristic  is  negative,  the  minus  sign  is 
ivritten  above  the  characteristic  to  signify  that  it  applies  to  the 
characteristic  alone. 

Thus  log  0.00367  =  3.6627.     This  means  —  3  +  0.5527. 

EXERCISES 
Find  the  characteristics  in  the  logarithms  of: 

1.  28.  4.   0.00064.  7.   1.426.  10.   6280. 

2.  521.  6.   6.871.  8.  3.1416.  11.   12.65. 

3.  0.07.  6.   98743.  9.  0.729.  12.  O.OOMw 
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151.  Tables  of  Mantissas.  —  Since  changing  the  position  of  tho 
decimal  point  in  a  number  is  equivalent  to  multiplying  or  dividing 
the  number  by  some  integral  power  of  10,  which  has  the  effect  of 
changing  its  logarithm  by  some  whole  number  only, 

The  common  logarithms  of  numbers  which  do  not  differ  except  in 
the  positions  of  the  decimcU  point  have  the  same  mantissa. 

For  example,  log  2680  =  3.4281  ;  log  208  =  2.4281  ;  log  26.8  =  1.4281 ;  log 
2.68  =  0.4281  ;  log  0.268  =  1.4281  ;  log  0.0268  =  2.4281.  The  mantissas  are 
the  same  in  all  of  these  logarithms. 

Since  the  mantissa  of  the  logarithm  of  a  number  depends  only 
upon  the  sequence  of  figures,  and  not  upon  the  position  of  the 
decimal  point,  it  is  necessary  to  know  only  the  mantissas  of  the 
logarithms  of  whole  numbers.  The  common  logarithms  of  sets 
of  consecutive  whole  numbers  have  been  computed  and  tabulated. 
On  pages  252  and  253  is  a  table  which  contains  the  mantissas 
of  the  logarithms  of  all  whole  numbers  from  1  to  1000.  Loga- 
rithms may  be  computed  to  any  number  of  decimal  places,  the 
number  taken  depending  upon  the  degree  of  accuracy  required  in 
their  use.  In  the  table  in  this  book  the  mantissas  are  computed 
to  four  decimal  places.  In  this  table  the  first  two  figures  of  each 
number  are  found  in  the  column  headed  N,  and  the  third  figure  in 
the  horizontal  line  at  the  top  of  the  table.  The  mantissas,  with  deci- 
mal points  omitted,  are  found  in  the  columns  headed  0,  1,  2, 3,  etc. 

To  find  the  logarithm  of  a  number,  find  its  characteristic  by 
the  rules  in  §  150,  and  look  in  the  table  for  the  mantissa.  If  a 
number  has  less  than  three  figures,  annex  ciphers  until  it  has 
three  figures,  in  looking  for  the  mantissa. 

Thus  to  find  the  mantissa  of  log  38,  look  for  the  mantissa  of  log  380.  To 
find  the  mantissa  of  log  3,  look  for  the  mantissa  of  log  300. 

152.  To  find  the  Logarithm  of  a  Given  Number.  —  (a)  WJien  the 
given  number  contains  not  more  than  three  figures,  the  mantissa  of 
its  logarithm  is  obtained  directly  from  the  table. 

Example  1.  — Find  log  32.7. 

By  §  150  its  characteristic  is  1.  The  required  mantissa  is  the  mantissa  of 
log  327. 
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Look  for  32  in  the  column  headed  N  in  the  table.  Locking  along  the 
horizontal  line  of  numbers  opposite  32,  to  the  column  headed  7,  we  find  .5145, 
the  required  mantissa.     Hence, 

log  32.7  =  L6145. 

Example  2.  —  Find  log  0.9L 

By  §  150  the  characteristic  is  —  1.  The  required  mantissa  is  the  mantissa 
of  log  910.  This  is  opposite  91  in  the  column  headed  0,  and  is  seen  to  be 
.9590.     Hence,  ^ 

log  0.91  =  1.9590. 

(6)  When  the  given  number  contains  more  than  three  figures,  use  is 
made  of  the  principle  that  when  the  difference  of  two  numbers  is 
small  compared  with  either  of  them,  the  difference  of  the  num- 
bers is  approximately  proportional  to  the  difference  of  their  loga- 
rithms. 

Example  3.  —  Find  log  2.8465. 

Shift  the  decimal  point  until  it  follows  the  third  figure. 

The  required  mantissa  is  that  of  log  284.65. 

Now  284.65  is  greater  than  284  by  .66. 

The  mantissa  of  log  284  =  .4533. 

The  mantissa  of  log  285  =  .4548. 

Subtracting,  .4548  -  .4633  =  .0016. 

Hence,  an  increase  of  1  in  284  causes  an  increase  of  .0015  in  the  corre- 
sponding mantissa.  Therefore,  an  increase  of  .65  will  cause  an  increase  of 
.65  X  .0015,  o.r  approximately  .0010,  in  the  mantissa. 

Adding  .0010  to  the  mantissa  of  log  284  gives  .4543. 

Hence,  attaching  the  characteristic  0, 

log  2.8465  =  0.4543. 

To  find  the  mantissa  of  the  logarithm  of  a  number  of  more  than 
three  figures,  set  the  decimal  point  after  the  third  figure.  Find  m 
the  table  the  mantissas  corresponding  to  the  integral  part  of  the  num- 
ber thus  pointed  off  and  to  the  number  1  greater.  Take  the  differ- 
ence of  these  mantissas,  and  midtiply  the  result  by  the  decimal  part 
of  the  number  as  pointed  off.  Add  this  product  to  the  smaller 
mantissa,     Tliis  gives  the  mantissa  required. 
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EXERCISES 

Find  the  logarithms 

of: 

1.   215. 

11. 

100. 

21. 

0.06843. 

2.   673. 

12. 

900. 

22. 

4268.4. 

3.   940. 

13. 

1. 

23. 

1.096. 

4.   717. 

14. 

2. 

24. 

0.00012. 

6.   4.62. 

16. 

1684. 

26. 

99.99. 

6.   19.9. 

16. 

34.27. 

26. 

2031.7. 

7.   830. 

17. 

100.5. ' 

27. 

0.0083326. 

8.   16. 

18. 

926.81. 

28. 

0.50416. 

9.   29. 

19. 

0.8632. 

29. 

68593. 

^0.   8.5. 

20. 

0.00315. 

30. 

0.074803. 

153.  To  find  a  Number  whose  Logarithm  is  Given. -^ 

(a)  When  the  given  mantissa  is  found  in  the  table,  the  sequence 
of  figures  of  the  required  number  may  be  obtained  by  reversing 
the  process  (a),  §  152.  The  position  of  the  decimal  point  is 
determined  by  reversing  the  rules  in  §  150. 

Example.  —  Find  the  number  whose  logarithm  is  2.9325. 

Looking  in  the  table,  we  find  the  mantissa  .9325  opposite  85  and  in  the 
column  headed  6.    Hence, 

.9325  =  mantissa  of  log  856. 

Since  the  characteristic  is  —  2,  the  number  must  be  less  than  1,  and  must 
contain  one  zero  immediately  to  the  right  of  the  decimal  point.     Hence, 

2.9326  =  log  0.0866. 

(b)  When  the  given  mantissa  is  not  found  in  the  table,  the  re- 
quired number  is  obtaiiied  by  reversing  the  process  of  (6),  §  152. 

Example  2.  — Find  the  number  whose  logarithm  is  3.6496. 

The  mantissa  .6496  is  not  in  the  table,  but  the  mantissas  of  the  table  be- 
tween whi(}h  it  lies  in  value  are  .6493  and  .6508. 
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Kow  .6493  =  mantissa  of  log  446, 

and  .6503  =  mantissa  of  log  447. 

Subtracting,  .6496  -  .6493  =  .0003, 

and  .6603  -  .6493  =  .0010. 

Hence,  an  increase  of  .0010  in  the  mantissa  .6493  causes  an  increase  of 
1  in  the  corresponding  number.  Therefore,  an  increase  of  .0003  will  cause  an 
increase  of  .0003  -*-  .0010,  or  .3,  in  the  number. 

Adding  .3  to  446  gives  446.3. 

Therefore,  .6496  =  mantissa  of  log  446.3. 

Since  the  characteristic  is  3,  therefore 

3.6496  =  log  4463. 

To  find  the  number  corresponding  to  a  given  mantissa  that  is  not 
in  the  table,  take  from  the  table  the  two  mantissas  between  tvhich  the 
value  of  the  given  mantissa  lies,  and  note  the  numbers  corresponding 
to  them.  Subtract  the  smaller  mantissa  of  tJie  table  from  the  larger 
and  also  from  the  given  one.  Divide  the  smaller  remainder  by  the 
larger  remainder,  and  add  the  quotient  obtained  to  the  number  cor- 
responding to  the  smdller  mantissa  of  the  table,  Tfiis  gives  the 
sequence  of  figures  of  the  required  number, 

EXERCISES 

Find  the  numbers  whose  logarithms  are : 

1.  2.6739.  8.   0.2279.  15.   2.4783.  22.  0.8460. 

2.  1.7388.  9.    1.7582.  16.   3.6028.  23.  1.4072. 

3.  3.0828.        10.  3.8615.  17.   3.7255.  24.  5.0220. 

4.  0.7910.        11.   0.1847.  18.  2.8980.  25.  3.0392. 

5.  2.8971.        12.   1.4609.  19.   4.0096.  26.  4.4756. 

6.  5.9777.        13.   2.6304.  20.   1.4703.  27.  0.8735. 

7.  1.6180.        14.   5.6887.  21.   2.9765.  28.  1.5734. 

164.  General  Principles  of  Logarithms.  —  Since  a  logarithm  is  an 
exponent,  the  following  general  principles  of  logarithms  may  be 
proved  by  the  laws  of  exponents  (see  Chapter  XIII) : 
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I.  The  logarithm  of  a  product  equals  the  sum  of  the  logarithms  of 
its  factors.     That  is, 

lOga  ffin  =  lOga  ffl  H-  logo  ", 

For,  let  a»  =  m,  and  a"  =  n. 

Then  mn  =  c^  •  a»  =  a*+».  , 

Hence,  log,,  mn  =  a;  -f  y  =  logaWi  4-  loga  w- 

Evidently,  this  principle  may  be  extended  to  hold  for  a  product 
of  any  number  of  factors.     In  general, 

loga  fnnp  ...  =  log  /n  4- loga/t  +  loga/?  4-  •••• 

II.  The  logarithm  of  a  quotient  equals  the  logarithm  of  the  divi- 
dend minus  the  logarithm  of  the  divisor.     That  is, 

loga  —  =  loga  m  —  loga  f. 

n 

For,  let  a*  =  m,  and  av  =  n. 

Then  —  =  a'-i-a»=  a^-9, 

n 

Hence,  log„  -  =  x  —  y  =  loga  rn  —  logo  »• 

n 

III.  The  loganthm  of  a  power  of  a  number  equals  the  logarithm 
of  the  number,  multiplied  by  the  exponent  of  the  power.     That  is, 

loga  nP=p  loga  n. 

For,  let  a'  =  n. 

Then  nP  =  (a*)P  =  a^. 

Hence,  loga  "'*  =  px=p  loga  n. 

IV.  The  logarithm  of  a  root  of  a  number  equals  the  logarithm  of 
the  number,  divided  by  the  index  of  the  root.     That  is, 

,^       loga /I 

loga  V /!  =  —;:— 

For,  let  a*  =  n. 

_  X 

Then  y/n  -  \/a*  =  a'. 

Hence,  loga  Vw  =  -  =  — ^*,  or  -  loga  n. 
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By  use  of  the  above  principles  it  is  possible  to  replace  the 
operations  of  multiplication  and  division  by  those  of  addition 
and  subtraction,  raising  a  number  to  a  power  by  multiplication, 
and  extraction  of  a  root  by  division. 

Example  1.  —  Express  loga — ^  in  terras  of  log^  »,  logo  y»  logo  «>  and  logo  to. 


z\^w 


xy'^ 


logo  -^  =  logo  xy^  -  logo  z  Vw  (By  II) 

zVw 

=  logo  X  +  logo  y^  -  logo z  —  logo  Vio  (By  I) 

=  logo  «  +  2  log  o2/  -  logo  «  -  i  logo  w.  (By  III,  IV) 

EXERCISES 

Express  the  following  in  terms  of  log^  «,  log^y,  log^z,  and  log^  w : 

1.   log.xyzw.  Q    log,^^'.  10*  log,^ 


2.    log^ic^^^^. 


^w  -\Jy 

-y/x^Jy 


3.   log.2.^^.  ^•log.(2).  "-^^^-TV^ 

4-    log.-|.  8.   log.ajV*-  '^^-   ^°g' 


f  •  8.    log..V*.  12.   log.^. 

'^  -wz-y/w 

6.   log„A^.  9-   log,a;V'«-^.  13.   log.:^. 

14.   log.  ^/^- +  log  J"^.  15.    \o^.4M~- 

^y  ^w  ^y Mx 

Express : 

16.  log  ^/rm  in  terms  of  log  1728. 

17.  log  V2\/9  in  terms  of  log  2  and  log  9. 

18.  log  ——  in  terms  of  log  98  and  log  56, 

V56 

155.  Computation  by  Logarithms. -^  By  use  of  the  principles  in 
§  154  and  the  processes  of  §  153  computations  otherwise  long  and 
tedious  may  be  performed  with  ease. 
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Example.— li'ind  the  value  of  J^^^-^  x  3.247 

^         71.8 
Taking  the  logarilhm, 

log  -J^^LL^iiL?!!  ^  |(i6g 621.3  +  log 3.247  -  log  71.8). 
'  71.8 

log621.3  =  2.7933 

log3.247=  0.6115 

3.3048 

log  71.8=  1.8561 

•      3)1.4487 

0.4829 

Now,  0.4829  =  log  3.04. 

„                •/6^T78^r047      o  Ai  •      *  1 

Hence,     ^/ .  =  3.04,  approximately. 

In  using  a  logarithm  with  a  negative  characteristic,  it  is  con- 
venient usually  to  add  some  number  to  the  logarithm,  in  order  to 
make  the  characteristic  positive,  then  to  indicate  the  subtraction 
of  the  number  added. 

Example.  —  Find  the  fifth  root  of  0.00327. 
Taking  the  logarithm, 

log  v^O.  00327  =  \  log  0.00327 
=  J1;3.5145J. 
Adding  5  to  3.5145,  then  indicating  the  subtraction, 

i  (3.5145)  =  1(2.5145-5) 
=  0.5029  -  1 
=  1.5029. 
Now,  1.5029  =  log  0.31855. 

Hence,  v/0.00327  =  0.31855,  approximately. 

If  the  logarithm  with  a  negative  characteristic  is  to  be  divided 
by  some  number,  as  in  the  above  example,  the  number  added  to 
and  subtracted  from  the  Ipgarithm  should  be  exactly  divisible  by 
the  divisor. 

Thus,  if  the  logarithm  3.6217  is  to  be  divided  by  7,  the  number  added  and 
subtracted  may  be  7,  14,  or  70,  or  any  other  multiple  of  7. 

Similarly,  \  of  3.7248  =  J  (37.7248  -  40) 

=  9.4312  —  10 

=  1.4312. 
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EXERCISES 

Make  the  following  computations  by  logarithms : 

1.  71.6x0.327.  11.  0.0786x0.0657.  21.  0.06814^ 

2.  3.86x24.3.  12.   1.875-8-0.1897.  22.  1.19«. 

3.  1.068x0.0039.      IS.   498 -v- 62.4.  23.  ■\/IM. 

4.  3.412x72.81.        14.   9.12-^0.374.  24.  V^SM, 

5.  3.1416x8.16.        15.   0.019 -^  3.1416.  25.  v'y.2618. 

6.  0.144 -f.  0.98.  16.   2.0037 -s- 666.  26.  4^0.09984. 

7.  681.7-1-4.235.        17.   7,29 -s- 2.468.  27.  -v/20635. 

8.  1728x3.1416.       18.   0.996«.  28.  0.068*- 

9.  1.414x0.0632.      19.   1.009^^.  29.  (f|)«. 
10.   4617x0.00396.      20.   1.786'.  30.  (7i^)* 


31.   0.64  X  7.23  x  92.5.  85. 


5334  X  0.0237 


32.   82.6X0.047X1.289.  ^^        m^^Mm 


47 A  X  3.1416 

33.    V69-V1492.  ^^'    ^'       9.16^ 

2.476  X  73.81  «/  6.8  x  0. 

0.524  X  6184  '  *     \       3.862 

^     Jj  0.027*  X  32.6  X  •</542 


38. 


■\/412  X  V714  X  ■\/62S 


39.  The  circumference  of  a  circle  is  2  wR.    Find  the  circum- 
ference of  a  circle  in  which  E  =  36.5  inches. 

40.  The  area  of  a  circle  is  irE^,     Find  the  area  of  a  circle  in 
which  B  =  7.34  inches. 

41.  The  volume  of  a  sphere  is  ^vJ^,    Find  the  volume  of  a 
sphere  in  which  R  =  16.6  inches. 

42.  Find  the  radius  of  a  circle  whose  area  is  92  square  feet. 

43.  Find  the  radius  of  a  sphere  whose  volume  is  62  cubic  fe 
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44.  In  a  right  triangle  the  square  of  the  hypotenuse  equals  the 
sum  of  the  squares  of  the  other  two  sides.  Find  the  hypotenuse 
of  a  right  triangle  whose  other  two  sides  are  14  inches  and  18 
inches,  respectively. 


45.  The  area  of  a  triangle  =-y/s{8  —  a){s—h)(s—c),  where  a, 
h,  and  c  are  the  sides,  and  s  =  \(a  +  6  +  c). 

Find  the  area  of  a  triangle  whose  sides  are  13  inches,  16  inches, 
and  21  inches  respectively. 

46.  Find  the  area  of  a  triangular  building  lot  whose  dimensions 
are  80  feet  by  120  feet  by  96  feet. 

47.  The  formula  S^n  =  ^2  —  V4  —  JS^  is  used  in  computing  the 
value  of  IT, 

If  S„  :^  1,  compute  82^  to  four  decimal  places. 

48.  In  the  formula  of  Ex.  47,  if  ;S„  =  0.5176,  compute  Si^  to 
four  decimal  places. 

49.  The  distance  of  Venus  from  the  sun  is  93,000,000\//'^Y 

miles.     By  simplifying  this  expression,  find  to  the  nearest  hun- 
dred thousands  of  miles  the  distance  of  Venus  from  the  sun. 

50.  In  a  steam  engine,  the  average  velocity  v  of  the  piston  head, 

8  / ■ 

in  inches  per  second,  is  computed  by  the  formula -y = 1.7  vsVy^^p, 
where  s  is  the  distance  over  which  the  piston  moves  (in  inches), 
and  p  the  number  of  pounds  of  pressure  of  steam  in  the  cylinder. 
If  s  =  28.75  inches  and  p  =  120  pounds,  find  v. 

51.  The  area  A  of  the  cross  section  of  a  chimney,  in  square 
feet,  required  to  carry  off  the  smoke  is  computed  by  the  formula 

J      0.06  P 

^  = 7^-> 

where  P  is  the  number  of  pounds  of  coal  burned  per  hour,  and  h 
is  the  height  of  the  chimney  in  feet. 

What  should  be  the  area  of  the  cross  section  of  a  chimney  72 
feet  high  to  carry  off  the  smoke  if  750  pounds  of  coal  are  burned- 
per  hour  ? 
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52.  If  p  dollars  are  invested  at  r%  compound  interest,  com- 
pounded annually,  the  value,  or  amount,  at  the  end  of  t  years  will 
be  p(l  4-  r)K 

Find  the  amount  at  the  end  of  6  years  of  $  6000  compounded 
annually  at  4%. 

53.  Find  the  amount  at  the  end  of  8  years  of  $5500  com- 
pounded annually  at  3^  %. 

54.  If  the  interest  is  compounded  semiannually,  the  formula 
for  the  amount  in  Ex.  52  becomes  p(l  -h  \  ry*, 

I  invest  $200  in  a  savings  hank  that  pays  3%  interest  com- 
pounded semiannually.  To  what  will  the  sum  amount  in  10 
years  ? 

156.  Experiential  Equations.  —  An  equation  in  which  the  un- 
known number  occurs  as  an  exponent  is,  called  an  exponential 
equation. 

The  root  of  an  exponential  equation  may  be  obtained  by  tke 
aid  of  logarithms. 


Example  1.  —  Solve  6*  =  267. 

Taking 

the  logarith] 

us  of  both  members, 

a  log  6 

=  log  267. 

Hence, 

X  ■- 

los?  267 
logs 

2.4266 
0.6990 

Example  2.  —  Solve  5»»-i  =  4*-i. 

Taking  the  logarithms  of  both  members, 

(3  oj  -  1)  log  6  =  (a:  -  1)  log  4. 

Removing  parentheses,  transposing,  etc. , 

^  __  log  5  -  log  4 
3  log  5  —  log  4 

_  0.6990  -  0.6021 
2.0970  -  0.6021 

=  0.0648. 
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EXERCISES 

Solve : 

1.  3*  =  81.  5.  2*'  =  25.  9.  4»+i  =  8.2^«. 

2.  5* -26  =  0.  6.  4«-*  =  3'+^  10.  \/2^=V2^«. 

3.  2«'  =  64.  7.  2«-i  =  0.3^-«.  11.  V3^^=38-'. 

4.  3- =  15.  8.  5^-12'+i  =  0.  12.  \/3^  =  2'. 

13.  In  how  many  years  will  $1  double  itself  at  4  %,  interest 
compounded  annually  ? 

SooGKSTioN.  — See  formula  in  Ex.  52,  §  165.    If  f  is  the  number  of  years 
required,  show  that  1.04'  =r  2. 

14.  In  how  many  years  will  $  1  double  itself  at  3  %,  interest 
compounded  annually  ? 

15.  In  how  many  years  will  $  1  double  itself  at  4  %,  interest 
compounded  semiannually  ?     (S%e  formula  in  Ex.  54,  §  155.) 

16.  In  how  many  years  will  $  2000  amount  to  $  5309.41,  inter- 
est compounded  annually  at  5  %  ? 

SUPPLEMENTARY  EXERCISES 

1.  Show  that  the  logarithm  of  1  to  any  base  is  0. 

2.  Show  that  the  logarithm  of  the  base  itself  is  1. 

3.  The  logarithm  of  -  is  called  the  cologarithm  of  x.    Show 

X 

that  colog  aj  =  —  log  x. 

Find  the  values  of: 

^     '/     2V  X  0.028^  X  16.75« 


^629  X  <^8710  X  ^126.3 
Solve : 


6.  V6.82  =  2.36.  8.   2^ -3(22')  =4. 

7.  32*  -  4(3')  -  12  =  0.  9.   2(42')-4*-~6  =  0. 
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10.  The  sum  of  money  p  that  plaoed  at  interest  compounded 
annually  will  amount  to  a  given  3um  a  in  a  number  of  years  at  a 
given  rate  is  called  the  present  worth  of  a.  If  p  dollars  at  r  % 
will  amount  to  a  dollar  in  t  years,  interest  compounded  annually, 

then  p  =  — • 

Find  the  present  worth  of  $12,000  at  3%,  interest  com- 
pounded annually  for  10  years. 

11.  Find  the  present  worth  of  $  2400  at  4  %,  interest  com- 
pounded annually  for  6  years. 

12.  Find  the  present  worth  of  $3200  at  3^%,  interest  com- 
pounded annually  for  12  years. 

MISCELLANEOUS   EXERCISES 


Factor : 

1.  (9  71  -  a«)8  -  a*. 

2.  (2a-by-(a-Jt2by. 

3.  4aj2-4a2  +  4af-«^ 

4.  N^  +  9N^  +  S1. 

5.  F^^11F^4-30F. 

6.  4Ar»4-6A:  +  2. 

7.  30  R'' -h  56  Br  +  24. 7^. 

8.  y-llpV  +  g*. 

9.  12^2_5j^_2. 

10.  2  V*  -  3  V*  - 14. 

11.  a^-1. 

12.  a^h  —  ah\ 

13.  F"  -  T^\ 

14.  m^2-f-7i^. 

15.  l  +  8a». 

16.  a^  —  ah  —  h  —  1. 


17.  ^_l«_^  +  l. 

.    18.  4 -I- 9  2^* -37  3^. 

19.  {n^-ny-%. 

20.  ^3  +  ^'-^-l. 

21.  x^—7x^-\-14:V  —  ^, 

22.  a^ft^  -  a2  -  62  _|.  1^ 

23.  (a^  4- 62  -  c2)2  _  4  ^259^ 

24.  -y*.— v2  _|. -^2  vw  -  36  «;2^ 

25.  ^8  +  /2  +  iv^-f-iv: 

26.  h^  —  t^  —  h  —  t. 

27.  n^-Gn^  +  lln-e, 

28.  u4«-27^-10. 

29.  m^-32w^<^. 

30.  a^  — a?*— -a^  +  a. 

31.  6^  +  e2« -I- e«  4- 1. 

32.  3  6?2+(3a  +  &)G^  +  a6. 
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33.  a6^  +  oc*  +  a^ft  +  a-c  +  &c2 -h  6^0 -I- 2  a6c. 

34.  25  n2  -  20  n  +  4  -  4  a^  -  9  6^  - 12  db. 

35.  6  a:**+«  -  26  aj^+^y"-!  +  4  y^""*. 

36.  xff  —  a^y  +  X7^  —  Qi?z -^  yn^  —  ifz, 

37.  w^  +(a  +  6  +  c) n  +  aZ>  +  ac. 

38.  0^  4-  a^  - (6*  +  c^)-  2(6c  -  oa). 

39.  m^  4-  aw^*  —  &^w^  —  cibhn  -{-nf  +  amt^  —  6^m^  —  a6*n. 

40.  Subtract  3  n^  —  4  n  +  2  from   5  ?i^  —  2  w  —  1,  then  add  the 
difference  to  57i*  +  4. 

41.  Simplify  a- [-3a- (a- 5)  -  (4- 2a)]. 

42.  Divide  a2  +  a6-3ac-262_|.  96c- lOc^  by  a-6  +  2c. 

1  1       ? 

43.  Simplify  (r»  +  l  —  r^)(r2»  — r"*  — r"  — ?'"). 

44.  Find  the  H.  C.  F.  of  3^3^7«2  +  3«  +  2  and  f-\-6i^^^t, 

.  45.   Find  the  L.  C.  M.  of  7  mv^ix'  -  3  m^a?  +  2  m^),  25  w^a^^- m^« 
and  35  rn^n  (pt?  ■i-mx  —  2  m^). 

46.  Find  the  H.  C.  F.  and  the  L.  C.  M.  of  a?*- 2^,  a^  +  f,  and 

a^  +  2a^y  +  2xy^-\'f. 

47.  Is  a^  +  b^  divisible  bya  +  ft?     Bya-6?     Give  proof. 

48.  Find  the  L.  C.  M.  of  2p^-^5jj^-22p-15  and  6p*-21p8 
-•41^)2 -14p- 30.    ' 

49.  Find  the  value  of  n  for  which  a*  — a  +  1  is  a  factor  of 
6a*-2a8  +  27ja24-2a-|-n. 

Find  the  square  root  of : 

50.  9-67i-29  7i2  4-22w8  +  2l7i*-20n*-|-4n«. 

51.  l4.4y8-2/-42r'-y*  +  6y«-4/+/. 

52 .  aj-*  -  2  x-^y^  —  2  ar^y^  +  3  x-^y  +  y\ 

4  n  ?i  4- 1 


53.   What  fraction  must  be  added  to 


to  make  it  equal  to  1  ?  (n  +  l)(n-iy      («-!)« 
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Simplify : 

54.  ^  +  ^  .  2^  +  ^ 


r3_r      \^r^-l      r^+ly 

56.   ar^Cv  -  gy  4-  y'(g  -  xY  4-  g'(a?  -  yf ^ 

xy  +  .V2;  +  zx 

-«     fm  —  n  __  m^  —  n^N  _^  /m  +  n  ,  m^-f^'N 
68.    ^xfl  +  ^V^-f^- 


(r 


59. 

4-m        y  V  1  +  ^ 


60.   If  -^  =  aj,  —^  =  2/,  _^_  =  2,  find  the  value  of  -^  + 
ft-l-c  a-\-c  a  +  6  a-fl 

2^      _^      2J 


61.  If  a  =  ^?^±^  and  h  =  ^^^^-^I^,  find  the  value  of  ^?^. 

m  —  n  m-\-n  ar  —  lr 

g  +  ft/l      1\      6  +  c/l      r 

62.  Simplify  -^^^      ^^        6c    U      6 


ac    \a     c 
63.    Show  that  the  equation 


reduces  to  «2(^2_ 2 n<  4-^2-9)  =  0.  n^^t^-9         t 

64.  If  5  ^  —  3  y  4-  (3  —  n)  is  a  perfect  square,  what  is  the  value 
of  n? 

65.  For  what  value  of  n  is  i?^— (On  —  l)J?4-9%*  a  perfect 
square  ? 
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66.  Solve  iB*  —  1.4  a;  +  0.2  =  0,  and  compute  the  larger  root  to 
three  decimal  places. 

67.  Find  to  three  decimal  places  the  value  of  the  larger  root 
of  2aj»-0.6a;-1.2=0. 

68.  Form  the  equation  whose  two  roots  are  3  -j-  y/5  and  3  —  V5. 

69.  Find,    without    solving,    the    nature    of    the    roots    of 
65a?2-19aj-f2  =  0. 

Solve  : 

70.  a;2  +  8aj  +  6V«*4-8aj-8  =  3. 

71.  V2  n  +  6  —  Vn  —  4  =  Vw  4-4. 

72.  V3r-h4  +  V3r-5-9  =  0. 

73.  Solve  the  system  l^^'t^"^}^^ 

X 

74.  Solve  the  system  f  »*  +  «3/  +  2^  =  49, 


76*   Solve  the  system 


'  a+  6  +  2c  =  l, 
2a-f36  +  2c=s4, 
4a4-964-2c  =  16. 


76.  In  the  formula  S  =  ^  n[2  a  +  (n  —  1)  d],  solve  for  n  in  terms 
of  the  other  letters. 

Eationalize  the  divisors  of : 

77.  ^ 78.    VlziV3.  79.  ' 


l-fV2  V5  +  V3  a  +  Vab+b 

80.  Find  the  value  to  two  places  of  decimals  of  _  • 

4-fV5 

81.  Divide  VS  by  V2,  and  express  the  result  in  its  simplest 
form. 
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Simplify : 

83.    (266  m3ri"*)"J. 

S7.   Solve      y^^      ==-^ 


V2+V2T^      V2-V2-aj 
88.   If  «  =  ^,  show  that    «'  +  ^'   _c«  +  ^ 


6      d'  a(a-6)      c(c-d) 

89.  If  -  =  -,  show  that  aft +od  is  a  mean  proportional  between 

h      d 

90.  Show  that  either  root  of  aj*  —  g  =  0  is  a  mean  proportional 
between  the  roots  oi  x^-^px  +  q  =  0. 

91.  If  m  is  a  mean  proportional  between  a  and  b,  show  that 
a—  b  a-\-m 

2  a  —  m  —  b     2  a-\-  m 

92.  The  second  term  of  an  A.  P«  is  10  and  the  seventh  term  is 
25.     Find  the  fiftieth  term. 

93.  Insert  three  arithmetical  means  between  6  and  10. 

94.  Insert  n  arithmetical  means  between  a  and  b. 

95.  Find  the  sum  of  40  terms  of  the  series  12,  9,  6,  .... 

96.  In  the  series  15,  12^,  10,  •••,  which  term  is  —27^? 

97.  How  many  terms  of  the  series  3^,  5,  6J.,  •••  must  be  added 
togi^e498? 

98.  Fin4  the  eighth  term  of  2,  3,  4|,  .... 

99.  Insert  three  geometrical  means  between  6  and  486. 

100.  Insert  three  geometrical  means  between  a  and  b. 

101.  Find  the  sum  of  6  terms  of  3  V2,  6,  6  V2,  .-. 
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102.  At  each  stroke  of  an  air  pump  10  %  of  the  air  in  the  bell 
jar  is  removed,  and  the  air  remaining  expands  and  completely 
fills  the  jar  again.  The  capacity  of  the  jar  is  360  cii.  in.  What 
part  of  the  original  quantity  of  air  remains  in  the  jar  at  the  end 
of  the  eighth  stroke  ? 

103.  Find  the  common  fraction  to  whi<;h  6.4545  •••is  equal. 

104.  A  flywheel  whose  circumference  is  8  ft.  makes  120  revolu- 
tions per  minute.  If,  when  the  power  is  shut  off,  the  wheel 
makes  98  %  as  many  revolutions  each  second  thereafter  as  it  did 
the  preceding  second,  how  far  will  a  belt  on  the  wheel  run  by  the 
time  it  is  about  to  stop  ? 

105.  Find  the  common  ratio  of  an  infinite  G.  P.  of  which  the 
first  term  is  1  and  the  sum  of  the  terms  1^. 

106.  Find  the  twelfth  term  in  the  expansion  of  f  —^ ^—  j  • 

107.  Find  by  the  Binomial  Theorem  the  cube  root  of  121  to 
three  places  of  decimals. 

108.  Expand  (1  —  n~^y^  to  five  terms. 

109    Simplify  i<^'^od-')\^'<^od-^n<^ahd'^Y      (cf)^^^^^ 
^    ^   (a-'bcdy{b-'acdY(c-'abd^y       (a'b^c-f 

110.  Give  the  numerical  values  of  -v^— 8,  27"^,  ( V—  1)®. 

111.  Simplify  V^ -^ \/a^. 

112.  If  a"^  =  by  ft-"  =  c,  and  c~^  =  a^,  find  a. 

113.  Simplify —  2  mm^. 

2  m'  —  n* 

114.  In  a^  —  2  a6  -h  6^  —  4 V2  (a-^b)+  8,  substitute  for  a  and  b 

the  values  a  =  ??L±^L±1,  6  =  ??Lzi^-±i,  and  simplify. 

V2  V2 


115.   Show  that  if  w  =  Va^  —  b^, 

logn  =  i  log  (a  -f  &)  +  i  log  (a  -  b). 
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116.  If  log  3  =  0.4771  and  log  5  =  0.0990,  solve  3*+'  =  5«. 

117.  If  log  2  =  0.3010  and  log  3  =  0.4771,  find  the  value  of 
log  a/0.36. 

118.  The  velocity  of  sound  in  a  gas  is  computed  by  the  for- 
mula l^=\/€  X  1.41.     Solve  for  E,     For  D. 

E  E 

119.  Eliminate  R  from  the  formulas  C=—  and  C"  = 


E  JB  +  r 

R^ 


120.    If  — ,  = z ,  solve  for  h. 

y  1 


{R  +  hy 


121.  Solve  t  =  ^^  +  Vt/^-2(/8  f^^  ^ 

9 

122.  The  velocity. v  at  which  water  is  discharged  from  a  pipe 
Ls  found  from  the  formula 

.    2  ,  K        o      1200  JJd 

c  • 

If  £r=  60,  r«  =  6,  and  Z  =  1600,  find  u 

123.  If  y  =  2  'nr(r  —  -y/r^—  R^),  solve  for  r.     Find  the  value  of 
y  when  ?•  =  ^  and  R  =  0.1. 

124.  If    V=ih\ib(€'-{-e")-\-4M\    and    Jf  =  |  & (^[e  +  e'] -f 
J[e  +  e"]),  show  that  F=  |  hb{e  +  e'-{-e"y 

126.   If  — #—  =  -^  and -^  —  =  -^,  show  that 

H^  +  s)      ^M  i(^^  +  «)      VJg^ 

4Jf=J5  +  6-f2V56. 
126.    By  rationalizing  the  denominators  and  simplifying,  show 
that  F=:^Bx     ^^^ 16  X     ^^^      reduces  to 

Vb-VS  V5-V6 
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N. 

0 

1 

2 

3 

1 

4 

5 

6 

7 

8 

9 

10 

0000 

0043 

0086 

0128 

0170 

0212 

0258 

0294 

0334 

0374 

11 

0414 

0453 

0492 

0531 

0569 

0607 

0645 

0682 

0719 

0755 

12 

0792 

0828 

0864 

0899 

0934 

0969 

1004 

1038 

1072 

1106 

13 

1139 

1173 

1206 

1239 

1271 

1303 

1335 

1367 

1399 

1430 

14 

1461 

1492 

1523 

1553 

1584 

1614 

1644 

1673 

1703 

1782 

15 

1761 

1790 

1818 

1847 

1875 

1903 

1931 

1959 

1987 

2014 

16 

2041 

2068 

2095 

2122 

2148 

2175 

2201 

2227 

2253 

2279 

17 

2304 

2330 

2355 

2380 

2405 

2480 

2455 

2480 

2504 

2529 

18 

2553 

2577 

2601 

2625 

2648 

2672 

2695 

2718 

2742 

2765 

19 

2788 

2810 

2833 

2856 

2878 

2900 

2923 

2945 

2967 

2989 

20 

8010 

8032 

3054 

8075 

8096 

8118 

3189 

3160 

8181 

8201 

21 

8223 

8243 

3263 

8284 

8304 

8324 

3345 

3365 

8385 

8404 

22 

8424 

8444 

3464 

8483 

8502 

8522 

8541 

8560 

8579 

8598 

23 

3617 

3636 

3655 

8674 

8692 

3711 

8729 

8747 

8766 

8784 

24 

3802 

8820 

3838 

8856 

8874 

8892 

8909 

3927 

8945 

3962 

25 

3979 

3997 

4014 

4031 

4048 

4065 

4082 

4099 

4116 

4138 

26 

4150 

4166 

4183 

4200 

4216 

4232 

4249 

4265 

4281 

4298 

27 

4314 

4330 

4346 

4362 

4878 

4393 

4409 

4425 

4440 

4456 

28 

4472 

4487 

4502 

4518 

4533 

4548 

4564 

4579 

4594 

4609 

29 

4624 

4639 

4654 

4669 

4683 

4698 

4713 

4728 

4743 

4757< 

30 

4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4886 

4900' 

31 

4914 

4928 

4942 

4955 

4969 

4983 

4997 

5011 

5024 

5038 

82 

5051 

5065 

5079 

5092 

5105 

5119 

5132 

5145 

5159 

5172 

33 

5185 

5198 

5211 

5224 

5237 

5250 

5263 

5276 

5289 

5302 

34 

5315 

5328 

5340 

5353 

5366 

5378 

5391 

5403 

5416 

5428 

85 

5441 

5453 

5465 

5478 

5490 

5502 

5514 

5527 

5539 

5551 

36 

5563 

5575 

5587 

5599 

5011 

5623 

5635 

5647 

5658 

5670 

87 

5682 

5694 

5705 

5717 

5729 

5740 

5752 

5763 

5775 

5786 

38 

5798 

5809 

5821 

5832 

5843 

5855 

5866 

5877 

5888 

5899 

39 

5911 

5922 

5933 

5944 

5955 

5966 

5977 

5988 

5999 

6010 

40 

6021 

6031 

6042 

6053 

6064 

6075 

6085 

6096 

6107 

6117 

41 

6128 

6138 

6149 

6160 

6170 

6180 

6191 

6201 

6212 

6222 

42 

6232 

6243 

6253 

6263 

6274 

6284 

6294 

6304 

6314 

6325 

43 

6335 

6345 

6355 

6865 

6375 

6385 

6395 

6405 

6415 

6425 

44 

6435 

6444 

6454 

6464 

6474 

6484 

6493 

6503 

6513 

6522 

45 

6532 

6542 

6551 

6561 

6571 

6580 

6590 

6599 

6609 

6618 

46 

6628 

6637 

6646 

6656 

6665 

6675 

6684 

6693 

6702 

6712 

47 

6721 

6730 

6739 

6749 

6758 

6767 

6776 

6785 

6794 

6803 

48 

6812 

6821 

6830 

6839 

6848 

6857 

6866 

6875 

6884 

6893 

49 

6902 

6911 

6920 

6928 

6937 

6946 

6955 

6964 

6972 

6981 

50 

6990 

6998 

7007 

7016 

7024 

7033 

7042 

7050 

7059 

7067 

51 

7076 

7084 

7093 

7101 

7110 

7118 

7126 

7135 

7143 

7152 

52 

7160 

7168 

7177 

7185 

7193 

7202 

7210 

7218 

7226 

7235 

53 

7243 

7251 

7259 

7267 

7275 

7284 

7292 

7300 

7308 

7316 

54 

7324 

7332 

7340 

7348 

7356 

7364 

7372 

7380 

7388 

7396 

TABLE   OF  MANTISSAS 
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N. 

0 

1 

3 

4 

5 

6 

7 

8 

9 

55 

7404 

7412 

7419 

7427 

7435 

7443 

7451 

7459 

7466 

7474 

56 

7482 

7490 

7497 

7505 

7513 

7520 

7528 

7536 

7543 

7551 

57 

7559 

7566 

7574 

7582 

7589 

7597 

7604 

7612 

7619 

7627 

58 

7634 

7642 

7649 

7657 

7664 

7672 

7679 

7686 

7694 

7701 

59 

7709 

7716 

7723 

7731 

7738 

7745 

7752 

77G0 

7767 

7774 

60 

7783 

7789 

7796 

7803 

7810 

7818 

7825 

7832 

7839 

7846 

61 

7853 

7860 

7868 

7875 

7882 

7889 

7896 

7903 

7910 

7917 

63 

7924 

7931 

7938 

7945 

7952 

7969 

7966 

79-;  3 

7980 

7987 

63 

7993 

8000 

8007 

8014 

8021 

8028 

8035 

8041 

8048 

8055 

64 

8062 

8069 

8075 

8082 

8089 

8096 

8102 

8109 

8116 

8122 

65 

8129 

8136 

8142 

8149 

8156 

8162 

8169 

8176 

8182 

8189 

66 

8195 

8202 

8209 

8215 

8222 

8228 

8235 

8241 

8248 

8254 

67 

8261 

8267 

8274 

8280 

8287 

8293 

8299 

8306 

8312 

8319 

68 

8325 

8331 

8338 

8344 

8351 

8357 

8363 

8370 

8376 

8882 

69 

838^- 

8395 

8401 

8407 

8414 

8420 

8426 

8432 

8439 

8445 

70 

8461 

8457 

8463 

8470 

8476 

8482 

8488 

8494 

8500 

8506 

71 

8513 

8519 

8525 

8531 

8537 

8543 

8549 

855S?' 

8561 

8567 

73 

8573 

8579 

8585 

8591 

8597 

860a 

8609 

8615 

8621 

8627 

73 

8633 

8639 

8645 

8651 

8657 

8663 

8669 

8675 

8681 

8686 

74 

8692 

8698 

8704 

8710 

8716 

8722 

8727 

8733^ 

.8739 

8745 

75 

8751 

8756 

8762 

8768 

8774 

8779 

8785 

8791 

8797 

8802 

76 

8808 

8814 

8820 

8825 

8831 

8887 

8842 

8848 

8854 

8859 

77 

8865 

8871 

8876 

8882 

8887 

8893 

8899 

8904 

8910 

8915 

78 

8921 

8927 

8932 

8938 

8943 

8949 

8954 

8960 

8965 

8971 

79 

8976 

8982 

8987 

8993 

8998 

9004 

9009 

9015 

9020 

9C25 

80 

9031' 

9036 

9042 

9047 

9053 

9058 

9063 

9069 

9074 

9079 

81 

9085 

9090 

9096 

9101 

9106 

9112 

9117 

9122 

9128 

9183 

82 

9188 

9143 

9149 

9154 

9159 

9165 

9170 

9175 

9180 

9186 

83 

9191 

9196 

9201 

9206 

9212 

9217 

9222 

.9227 

9232 

9238 

W4# 

84 

9243 

9248 

9253 

9258 

9263 

9269 

9274 

«279 

9284 

9289 

85 

9294 

9299 

9304 

9309 

9315 

9320 

9825 

9830 

9335 

9840 

86 

9345 

9350 

9355 

9360 

9365 

9370 

9375 

9880 

9385 

9390 

87 

9395 

9400 

9405 

9410 

9415 

9420 

9425 

9480 

9435 

9440 

88 

9445 

9450 

9455 

9460 

9465 

9469 

9474 

9479 

9484 

9489 

89 

9494 

9499 

9504 

9509 

9518 

9618 

9528 

9528 

9538 

9538 

90 

9542 

9547 

9552 

9557 

9562 

9566 

9571 

9576 

9581 

9586 

91 

9590 

9595 

9600 

9605 

'  9609 

9614 

9619 

9624 

9628 

9633 

93 

9688 

9643 

9647 

9652 

9657 

9661 

9666 

9671 

9675 

9680 

93 

9685 

9689 

9694 

9699 

9703 

9708 

9718 

9717 

9722 

9727 

94 

9731 

9736 

9741 

9745 

9750 

9754 

9759 

9763 

9768 

9773 

95 

9777 

9782 

9786 

9791 

9795 

9800 

9805 

9809 

9814 

9818 

96 

9823 

9827 

9832 

9836 

9841 

9845 

9850 

9854 

9859 

9863 

97 

9868 

9872 

9877 

9881 

9886 

9890 

9894 

9899 

9903 

9908 

98 

9912 

9917 

9021 

9926 

9930 

9934 

9939 

9943 

9948 

9952 

99 

9956 

9961 

9965 

9969 

9974 

9978 

9983 

9987 

9991 

9996 

Table  op  Squabe  Roots  and 

Cube  Roots 

Nos. 

Square  Roots 

Cube  Roots 

Nos. 

Square  Roots 

Cube  Roots 

1 

1.000 

1.000 

51 

7.141 

3.708 

2 

1.414 

1.269 

52 

7.211 

3.732 

3 

1.732 

1.442 

53 

7.280 

3.756 

4 

2.000 

1.687 

54 

7.348 

8.779 

5 

2.236 

1.709 

55 

7.416 

3.802    • 

6 

2.449 

1.817 

56 

7.483 

3.825 

7 

2.645 

1.912 

67 

7.549 

3.848 

8 

2.828 

2.000 

58 

7.616 

3.870 

9 

3.000 

2.080 

59 

7.681 

3.892 

10 

3.162 

2.164 

60 

-7.745 

3.914 

11 

3.316 

2  223 

61 

7.810 

3.936 

12 

3.464 

2.289 

62 

'  7.874 

3.957 

13 

3.606 

2.361 

63 

7.937 

3.979 

14 

3.741 

2.410 

64 

8.000 

4.000 

15 

3.872 

2.466 

65 

8.062 

4.020 

16 

4.000 

2.619 

66 

8.124 

4.041 

17 

4.123 

2.571 

67 

8.185 

4.061 

18 

4.242 

2.620 

68 

8.246 

4.081 

19 

4.358 

2.668 

69 

8.306 

4.101 

20 

4.472 

2.714 

70 

8.366 

4.121 

21 

4.682 

2.768 

71 

8.426 

4.140 

22 

4.690 

2.802 

72 

8.486 

4.160 

23 

4.796 

2.843 

73 

8.644 

4.179 

24 

4.898 

2.884 

74 

8.602 

4.198 

25 

5.000 

2.924 

75 

8.660 

4.217 

36 

6.099 

2.962 

76 

8.717 

4.235 

27 

5.196 

3.000 

77 

8.774 

4.264 

28 

6.291 

3.036 

78 

8.831 

4.272 

29 

6.385 

3.072 

79 

8.888 

4.290 

30 

5.477 

3.107 

80 

8.944 

4.308 

31 

6.567 

3.141 

81 

9.000 

4.326 

32 

6.656 

3.174 

82 

9.066 

4.344 

33 

6.744 

3.207 

83 

9.110 

4.362 

34 

5.830 

3.239 

84 

9.166 

4.379 

35 

5.916 

3.271 

85 

9.219 

4.396 

36 

6.000 

3.301 

86 

9.273 

4.414 

37 

6.082 

3.332 

87 

9.327 

4.431 

38 

6.164 

3.361 

88 

9.380 

4.447 

39 

6.244 

3.391 

89 

9.433 

4.464 

40 

6.324 

3.419 

90 

9.486 

4.481 

41 

6.403 

3.448 

91 

9.639 

4.497 

42 

6.480 

3.476 

92 

9.691 

4.614 

43 

6.567 

3.603 

93 

9.643 

4.530 

44 

6.633 

3.530 

94 

9.696 

4.546 

45 

6.708 

3.656 

95 

9.746 

4.662 

46 

6.782 

3.683 

96 

9.797 

4.678 

47 

6.855 

3.608 

97 

9.848 

4.694 

48 

6.928 

3.634 

98 

9.899 

4.610 

49 

7.000 

3.669 

99 

9.949 

4.626 

50 

7.071 

3.684 

100 

10.000 

4.641 
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Addition,  3,  4,  5,  6,  72,  80. 

elimination  by,  54. 
Antecedent,  112. 
Arithn^tical  means,  IdO. 

progressions,  128. 
Axioms,  43. 
Axis,  51. 

Binomial,  2. 
Theorem,  142. 

Characteristic,  149. 
Common  denominator,  34. 

factor,  highest,  28. 

multiple,  lowest,  29. 
Comparison,  elimination  by,  54. 
Completing  the  square,  89. 
Complex  expression,  78. 

fraction,  39. 
Conditional  equation,  40. 
Consequent,  112. 
Constant,  115. 
Continued  fraction,  39. 
Coordinates,  51. 
Cube  root,  62. 
Cubic  equation,  42. 

Defective  system,  107. 
Degree  of  equation,  42. 
Denominator,  30. 

common,  34. 
Determinant,  58. 
Determinate  system,  56. 
Direct  variation,  116. 
Discriminant,  93. 
Dissimilar  terms,  5. 
Distribution,  law  of,  11. 
Division,  16,  17,  18,  75,  8a 

synthetic,  18. 

Elimination,  54. 
by  addition  or  subt.-action,  54. 
by  comparison,  54. 
by  substitution,  54. 


Ellipse,  109. 
Equations,  40. 

conditional,  40. 

cubic,  42. 

degree  of,  42. 

discriminant,  93. 

equivalent,  44,  56. 

exponential,  156. 

fractional,  41. 

graph  of,  51. 

homogeneous,  104. 

identical,  40. 

impossible,  100. 

inconsistent,  56. 

integral,  41. 

linear,  42. 

literal,  48. 

quadratic,  42. 

symmetrical,  106. 

system  of,  52. 
Equivalent  equations,  44,  56. 
Exponential  equations,  156. 
Exponents,  fractional,  140. 

laws  of,  13,  16,  137, 141. 

negative,  139. 

positive  integral,  137. 

zero,  138. 
Expressions,  complex,  78. 

fractional,  36. 

integral,  36. 

literal,  2. 

mixed,  36. 

number,  2. 

radical,  69. 
Extraneous  roots,  100. 
Extremes,  113. 


Factoring,  19. 

general  directions  for,  27. 
Factors,  19. 

highest  common,  28. 

prime,  19. 

ration alizuig,  75. 
Formulas,  48. 
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Fourth  proportional,  113. 
Fractional  equations,  41. 

exponents,  140. 

expressions,  36. 
Fractions,  30. 

complex,  39. 

continued,  39. 

denominator  of,  30. 

indeterminate,  125. 

numerator  of,  30. 

reduction  of,  33,  34. 

signs  of,  31. 

terms  of,  30. 

Geometrical  means,  134. 

progressions,  132. 
Graph  of  an  equation,  61. 
Grouping,  law  of  in  addition,  3. 

law  of  in  multiplication,  11. 

signs  of,  10. 

Highest  common  factor,  28. 
Homogeneous  equations,  104. 
Hyperbola,  109. 

Identical  equations,  40. 
Identity,  40. 
Imaginary  numbers,  63. 

typical  form  of,  79. 

unit,  79. 
Impossible  equations,  100. 

systems  of,  56. 
Inconsistent  equations,  56. 
Indeterminate  fractions,  125. 

systems,  56. 
Index  of  a  root,  62. 
Infinity,  121. 
Integral  equations,  41.  , 

expressions,  36. 
Inverse  variation,  117. 
Isolating  a  surd,  99. 

Law  of  distribution,  11. 

of  grouping  in  addition,  3. 

of  grouping  in  multiplication,  11. 

of  order  in  addition,  3. 

of  order  in  multiplication,  11. 
Like  terms,  5. 
Limit  of  a  variable,  120. 
Linear  equations,  42. 
Literal  equations,  48. 


Literal  expressions,  2. 

numbers,  2. 
Logarithms,  147. 

characteristic  of,  149. 

common,  148. 

mantissa  of,  149. 
Lowest  common  multiple,  29 

Mantissa,  149. 

Mean  proportional,  113. 

Means,  113. 

arithmetical,  130. 

geometrical,  134. 
Mixed  expressions,  36. 
Monomial,  2. 

Multiple,  lowest  common,  29. 
Multiplication,  11, 12,  13,  14,  16, 74.  S2 

Negative  exponent,  139. 
Number  expression,  2. 

imaginary,  63. 

literal,  2. 
Numerator,  30. 

Order,  law  of  in  addition,  3. 
law  of  in  multiplication,  11. 
of  a  determinant,  58,  69. 
of  a  surd,  69. 

Parabola,  1Q9> 
Pascal's  Triangle,  142. 
Polynomial,  2. 
Principal  root,  64. 
Products,  special,  15. 
Progressions,  127. 

arithmetical,  128. 

geometrical,  1^. 
Proportion,  113. 

terms  of,  113. 
Proportional,  fourth,  113. 

mean,  113. 

third,  113. 

Quadratic  equations,  42. 

complete,  86. 

pure,  86. 
Quadratic  surd,  69. 

Radical  expressions,  69. 

sign,  62. 
Ratio,  112. 
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Rationalizing  factor,  75. 
Real  uumbers,  6^^. 
Reduction  of  fractions,  33,  34. 
Remainder  Theorem,  25. 
Root,  extraneous,  100. 

index  of,  62. 

principal,  64. 

square,  cube,  etc.,  62. 

Series,  126. 
Signs  of  grouping,  10. 
Similar  terms,  5. 
Simplest  form  of  surd,  70. 
Special  products,  15. 
Square,  completing  the,  89. 

root,  62. 
Substitution,  elimination  by,  54. 
Subtraction,  7,  8,  9,  72,  80. 

elimination  by,  54. 
Surd,  69. 

isolating  a,  99. 

order  of,  69. 

quadratic,  69. 

simplest  form  of,  70. 
Symmetrical  equations,  106. 
Synthetic  division,  18. 
System  of  equations,  52. 

defective,  107. 


System  of  equations,  determinate,  56. 
impossible,  56. 
indeterminate,  56. 
solution  of ,  52. 

Terms,  2. 

dissimilar,  5. 

of  a  fraction,  30. 

of  a  proportion,  113. 

of  a  series,  126. 

similar,  5. 
Theorem,  Binomial,  142. 

Remainder,  25. 
Third  proportional,  113. 
Transposition,  45. 
Triangle,  PascaVs,  142. 
Trinomial,  2. 
Typical  form  of  imaginary  number,  79. 

Unit,  imaginary,  79. 

Variable,  115. 

limit  of,  120. 
Variation,  direct,  116. 

inverse,  117. 

joint,  118.  v^ 

Zero  exponent,  138. 
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1. 

180  sq. 

ft. 

2.    108  sq.  ft. 

8.   26.62  sq.m. 

4. 

7  sq.  ft. ;  40 

sq.  ft. ;  226  sq.  ft. 

Pagres  3,  4. 

;  10,880  sq.  ft. 

1. 

ab ;  2  xy. 

12.   180. 

28.   76. 

30.  0600. 

2. 

12. 

13.    100. 

24.   60. 

81.   10,440. 

3. 

60. 

14.   160. 

26.   31.416. 

32.   10,162. 

4. 

42. 

16.   24.8. 

26.    251.328; 

33.   18. 

5. 

600. 

16.   3.6. 

376.092 ; 

34.    V=bh. 

6. 

1600. 

17.   27.2. 

47.124. 

36.   V=ibh;  216ca.  in. 

7. 

3000. 

19.   60. 
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200. 
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6.  17*. 
8.  205. 

7.  20A;. 

8.  20A. 

1.  224. 

2.  130i. 

3.  50?. 

4.  75^ 

6.   254.4696. 

6.  60.2656. 

7.  3218f 

8.  1963.5. 


7.  180. 

8.  1. 

8.  10348.4304. 

10.  7a 

11.  12601.3584. 

12.  186. 


18.  122. 

14.  168. 

18.  363f 

18.  676. 

17.  485  i. 


18.  294. 

18.  857.6568. 

20.  1363.4544. 

21.  10,348.4304 

22.  6484.2624. 
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8.  17a;. 

10.  18mn. 

11.  14a5c. 

13.  32^. 
18.  12a. 

14.  176. 
18.  9U, 
18.  8d. 


17.  6ri. 

18.  4m'. 
18.  SirR^. 

20.  0. 

21.  8D. 

22.  32u;. 

23.  22. 

24.  6. 


28.  2. 
28.  3n. 

27.  QL 

2a  37rD. 

28.  Equal  in 

each  case. 
80.  Equal  in 
each  case. 


82.  3iV+a 

88.  i&?+a 

81  11/2+4. 
88.  25+5». 
88.  2m+2. 

87.  2F+a 

8a  42?:+ 1. 
68+a 
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8.   452.3901.  18.   $121.50. 


10.  2144.G3'53. 

11.  100. 

12.  581  i. 
18.    1791  J. 
15.   850. 
18.   $346.50. 
17.  $105.25. 


18.  $100. 

20.  $56.25. 

21.  $561.80; 

$595.51- 

22.  $2315.25. 
28.    122.50. 
24»  4;  10;  20. 


28.    120;  720, 

6040. 
28.  40,320. 

27.  27.712. 

28.  1.2854  mi. 
28.  60°;  108°; 

120^;    IfiC*. 


pp.  14-241  ANSWERS  3 

Pages  14-18. 

1.  1.22+.  •  2.  14.5+  ft.  per  sec.  S.  8  lb.  per  sq.  ft.;  9600  lb. 

4.  16  ft.;  64ft.;  144ft.;  256  ft.;  1600  ft.;  57,600  ft.;  1,440,000  ft. 

S.  176  ft.  jj         1       ^  16.  76;  195A. 

C  944  ft.  '  600,000  le.  4801b. 

7.  211**;  17^;  sr;  26}°.  13.  1030  ft.  17.   1692+ gal. 

8.  50&7-.  18.  1.12-.  18.   138.6+. 

9.  160.8+.  14.  0.46+.  19.  2.5. 
10.  30.7+. 

Pages  20,  21.  ^ 

1.  n+10;n-10;10n;         4.  n;  in+20.  8.  1.2  C. 
An.                                6.  S2i2/.  0.  SD+$iZ>. 

2.  x-6;  x+6.  0.  t;;  f;+362.  ^^   22§  hr.;  ^  hr. 
8.  3<-136.                           7.  Width  w?;  length  V 

Pages  21,  22. 

1.  Let  ns  number  of  dollars  received  by  partner  investing  the  less. 

Then  n+2n= 1200. 

2.  Let  c= number  of  dollars  cost.    Then  c+Jc= 1500. 
8.  Let  X  ft. = width.    Then  2x+6x= 2240. 

4.  Let  n= number.    Then2n+8=40. 

6.  Let  nhr. = length  of  night.    Then  w+n+6A=»24. 

6.  Let  d  degrees = angle  A.    Then  d+2d+3d»  180. 

Page  24.— Oral 

1.  a=4.  0.  Z>=5.  17.  m=2.  26.  c«2. 

2.  P=14.  10.  B=24.  18.  2/=a  20.  j/=100. 
8.  v=7.  11.  x=25.  10.  H^Q.  27.  n=ia 
4.  72=7.  12.  M^G2.  20.  a=9.  28.  A«48. 

6.  x=4.  18.  p=10.  21.  0=a  20.  r=70. 
0.  A  =  12.  14.  RS.  22.  S=^  80.  Q«40. 

7.  A;=23.  16.  t(;=30.  23.  JD  =  3.  81.  7-360. 

8.  <«3.  10.  x^l.  24.  Soli 


A  ANSWERS  Ipp.  24-31 

Pftg«  M.— Written. 

1.  a;-1.75.  S.  w-J.  t.  <-16if.  It/ W^l^. 

2.  D«4.746.  6.  d=3.02+.         !•.  2/= it-  14.  D«l7t. 
«.  il=2.5.               7.  C-7.                 11.  r'=4. 

4.  P=  12.08.  8.  -ff-SiJ.  12.  »=2i»B. 

PagM  26,  27. 

1.  a«3.       4.  t;=4.       7.  A^2,       !•.  y=f         IS.  «=1.       16.  a;=5. 

2.  6=7.       5.  D=3.     8.  A;=2.        11.  i2=2.        14.  c=8.       17.  6;  6. 
8.  P=2.      «.  a;=3.       t.  M^S.       12.  A=10.       16.   7=1.      18.   12. 

It.  24  apples;  24a;  15a;;  56n;  30^1.  2t.  4;  6;  6x;  9^ 

21.  t=20.  2S.  a;=12.  25.  5-6.  27.  x=90.         29.  ib=8. 

.  n=180.        24.  a=10.  26.  «=18.         28.  TF=6.         S«.  i2=14. 


PagM  28>S1. 

1.  12  yr.  IS.   1083  mi.  25.  Angle  a=72^ 

2.  1600.  14.  9  boys;  15  girls.  angle  6=72°, 
S.  $500  and  $2000.  15.  120  ft.  angle  c=36^ 

4.  $2.25  and  $3.75.  16.  6  mi.  per  hour.  2€.  45^  45%  90**. 

5.  22i  doz.  17.  12  hr.  27.   12^ 

6.  A,  $51;  B,  $24.  18.  24  in.,  16  in.  28.  25%  65^ 

7.  20  and  25.  It.  27  in.,  35  in.  2t.  60%  120%  180% 

8.  7.  20.  25ft.,33ift.,41}ft.  SO.   6. 

t.  6  hr.  21.  12i  ft.,  16ift.,  SI.  35, 36. 

10.  1.5  ohms.  204  ft.  S2.  15,17. 

11.  2  ohms.  22.  15,20,25.  SS.  12,24. 

12.  Children's,  324;  2S.  50|i  per  pound.  S4.  48. 
adult's,  512.  M.  |833.33i.  S5.  161. 


pp.  81*411 


ANSWERS 


1,  iMJ+m. 

4.  «-12. 

5.  F-20. 
•.  y— 36. 

7.  10. 

8.  $1.09t+. 
t.  Sdi, 


t    D+^:  D+?^-  D+^- 
'•  ^^100'  ^^100'  ^^100 

10.  16Aff  per  pound. 

11.  19Aff. 
18.  88.12}. 
IS.  96.30-. 
14.  9757+. 
18.  97.46-. 


8.  c+^c;  c-h^' 

18.  92.93--. 

17.  96.68-. 

18.  152. 
18.  8M. 

88.  384.5- lb. 


8.   -1. 
8.  -6. 


4.  -2. 

8.  -a 


* 
8,  -8. 

7.   -825. 


8.  -8150. 
8.  -875. 


18.  -876. 


1.  85  profit;  negative;  —810. 
8.  -825;  +840;  -815;  -86; 

+820, 
8.  85  debt. 

4.  +850;  -818;  -826;  +860; 
-8100;  +820;  -815. 

5.  +216  and  -250;  -34. 
8.  +1900,-676,-750,-660; 

-176. 

7.  +35;  -20. 

8.  2001b.;  -, 
8.  -2501b.;  -751b. 

10.  +20,000  T.;  -20,000  T. 


PftCM  87-88. 

U.  +165  lb.  and -1561b.;  +91b. 

12.  10**  below  zero;  -10®;  +. 

18.  Below;  above. 

14.  -3. 

15.  -10;  -6;  -1;  +5;  +8;  +2. 
18.  31  B.C.;  14 ▲.D. 

17.  287 B.C.;  212 b.o. 

18.  4;  —4;  negative. 
18.  50  yd.  backward;  +100  yd., 

-160  yd.,  -50  yd. 

80.  United  States;  Etuope;  Africa. 

81.  East;  +7r. 
88.  -34^ 


^mgm  48,  41. 

1.  12  spaces  to  the  left  of  A;  10  spaces  to  the  right  of  A;  -2}  spaces  to  the 
left  of  A;  3}  spaces  to  the  right  of  A;  40  spaces  to  the  l^t  of  A;  100 
spaces  to  the  right  of  A. 


6  ANSWERS.  [pp.  44-50 

PagM  44-47. 

1.  $28  profit.  8.  $9  profit.  5.  20**  rise.  7.  9^faU. 

2.  $33  loss.  4.  $12  loss.  •.  25Mall.  8.  $75  debt, 
t.  $360  debt.                                                                           15.   -5i 

10.  +4;  -15;  +14;  +5;  -85;  -8.  18.  +13. 

11.  +7;  -29;  +30;  +13;  -29;  -82.  17.  -5. 

12.  +7;  -11;  -1;  -9;  -17;  +36.  18.  +18. 
18.  -$18;  -$9;  +5  lb.;  +32  lb.;  -4  mi.  It.  +20. 
14.   -25**  longitude;  -8**  latitude;  11  ft.  backward.  20.  -37. 

21.  +0-84;  -22.45;  -5.45;  -2.675.       24.   -7.  27.   +420. 

22.  -2i;  +1J;  -5}i;  +2^.  25.  +25.         28.  +20; -5; +15. 

28.   -9.  '       28.   -300.       29.   -2631b. 

80.  +10,  +3,  -4;  +10+3-4;  81.  +12,  -35,  +8;  -15. 

9  mUes  per  hour.  82.   -15%  +18^  -10%  +6**;  -l^ 

88.  No  change.    84.  +1}°.    85.  -6?°.    88.  +lt^  87.  +25^   88.  -13*. 

Pages  48-4(0. 

1.  +2.  8.  +10.         5.  +7.         7.  $16  gain.  t.  30°faU. 

2.  -10.  4.   -5.  8.   +5.         8.  $275  deposit.         10.  7?  rise. 

11.  +13;  +15;  +12;  +28;  +23;  +20;  +6. 

12.  -8;  -13;  -40;  -30;  -15;  -15;  -15. 
18.  +9;  +4;  -2;  -5;  +5;  -8;  -15. 

14.  -3;  -4j  +2;  +3;  -5;  +3;  +1. 

15.  -10;  +21;  +2;  +4;  -20;  -7;  +15. 
18.  The  subtraction  of  —2  from  —3;  —1. 

17.  The  subtraction  of  +12  from  +8;  —4. 

18.  +10;  +7;  -2;  +3;  -6;  -15;  +15. 

It.   -10.10;  +4.4;  +1.4 ft.;  -3.9  pk.;  +3.3 lb. 
»0.   -i;  +7J;  +5;  +^;  -21}. 
21.  6°  rise.  22.  17*  fall. 

Montgomery,  Ala.,  112°;  Little  Rock,  Ark.,  118"*;  Denver,  134**;  Wash- 
ington,  D.C.,  119**;  Boisd,  Ida.,  139**;  Des  Moines,  139**;  Louisville, 
127**;  Boston,  115**;  Duluth,  140**;  Havre,  Mont.,  163**;  New  York, 
106**;  Chicago,  126^  24.  76  yr.        25.  74  yr. 

90  yr.        27.  69  yr.        28.  1600  yr.         29.  101^         80.  62**. 


>p. 

51-56J 

ANSWERS 
Pages  51,  52. 

1. 

+21. 

7. 

-10. 

IS.   -48. 

It.   +75. 

26.  +H. 

s. 

+12. 

8. 

-18. 

14.   +60. 

20.  +120. 

20.   -1. 

s. 

+20. 

t. 

-35. 

15.   +48. 

21.   -140. 

27.  +6.25. 

4. 

+24. 

!•. 

-24. 

16.   +72. 

22.  +i. 

28.   -2.56. 

5. 

+20. 

11. 

+30. 

17.   -96. 

2S.   -}. 

20.   —.56. 

6. 

+21. 

12. 

-28. 

18.   -84. 
PagM  5S,  54. 

24.   -}. 

SO.  +1.43. 

1. 

+6. 

t. 

-1. 

17.   -1.. 

25.   +8. 

SS.  +6. 

2. 

-8. 

10. 

-16.' 

18.   -64. 

20.   +36. 

S4.  +36. 

S. 

+60. 

11. 

+120. 

It.    -32. 

27.   +200. 

S6.   -6. 

4. 

-80. 

12. 

-24. 

20.   -27. 

28.   -8. 

SO.  +36. 

5. 

-36. 

IS. 

+16. 

21.   +256. 

20.   +72. 

S7.  +27. 

6. 

+120. 

14. 

-8. 

22.   -1. 

SO.   -216. 

S8.   -19. 

7. 

+4. 

15. 

+9. 

2S.   +256. 

SI.   -27. 

•SO.  +8. 

8. 

-112. 

16. 

+1. 

24.    -243. 
Pages  54,  55. 

S2.   +36. 

1. 

-4. 

t. 

+9. 

17.   -2. 

26.  +t. 

SS.   +27. 

S. 

+5. 

10. 

+10. 

18.    -9. 

20.   +U. 

S4.   -16. 

s. 

-6. 

11. 

-1. 

It.  +7. 

27.   -8. 

S5.   -54. 

4. 

-3. 

12. 

+1. 

20.   +12. 

28.   +7. 

SO.   -5i. 

S. 

-4. 

IS. 

-10. 

21.   -1. 

20.   -.9. 

S7.   +4. 

6. 

+9. 

14. 

-4. 

22.   +i. 

SO.   +1.2. 

S8.   -3. 

7. 

-6. 

15. 

-6. 

2S.   -U. 

SI.   -1. 

8. 

+9. 

16. 

+12. 

24.   -§. 
Page  50. 

S2.   -72. 

1. 

2/=-14. 

•.  <=- 

-3.               11.  B 

=  -*. 

10.  a;«-18. 

3. 

il  =  -3. 

7.  P= 

-5.              12.  g- 

=  -lJ. 

17.  12= -6. 

S. 

«=-2. 

8.  a;=- 

-9.               IS.    W 

' 3i. 

18.  «=-8. 

4. 

m«--3. 

r  a=. 

-3.               14.  Q 

=  -10. 

10.  p=-.l. 

S. 

-k:--6. 

10.  M^ 

'-2.             16.  b=-8. 

20.  «— 9 

s 


ANSWERS 


Ipp.  57-64 


1.   ^6®;  the  temperature  fell  6' 

the  first  day. 
».   -|150;  $150  loss. 


PAfeiT 


t.   -S116.66i;  $116,661  lose. 
4.  Impossible, 
t.  Impossible. 


PftCM  57-4»t. 

L  60  yr.  2.   +17,  or  17  a.  d.  S.    --7°;  35°  north  latitude. 

4.   +30  yd.,  -120  yd.,  +150  yd.,  +40  yd.,  -300  yd;  200  yd.  back. 


5.  -r. 

t.   +1. 

10.   +336. 

11.  n--i 

24.    -4. 


••   -f.  T.   -1^.  8.   -1; +64; -432; -720. 

12.  |/=-if.       .    15.   +2.  18.   -5.  21.   +4. 

12.  +4;  -8.         16.   +9.       *    12.  +6.  22.   -2. 

14.   +3.  17.   -7.  20.   -1.  22.   +1. 

25.   +6.  27.   --4;  -6;  -14;  +10;  -2;  +2;  0;  -10. 


1.  7o. 

2.  -6n. 
2.   13a&. 


10.  -10b2c3. 

11.  252. 

12.  -11x2/5. 


Pftges  M-^. 

4.  -12P.  7.  x^. 

5.  -8m3w.  8.  PQ. 
2.    -8A.                    2.  772. 

12.   -6a;  -13a?;  -6^:;  lOyS;  -6au?. 

14.  -4ajy«;  a*;  -9pg;  67M;  -F2. 

15.  -9a26c;  8«3/2;  12a53;  -37;  -7^'6* 
12.   -1.9P8.       22.   5mn.       25.  4c4. 

20.  -ly.  22.  it;^.         22.  4a^. 

21.  0.  24.   -x.        27.   -llv'. 
22.   -y^-3y^z+^yz^-5zi.  25.  A2-2AA;+A;2. 

24.   -2a+36-c.  22.  a3+a25-a52-68. 

27.  480.       22.   750.       41.  1400.       42.  3360.      45.  1680.      47.  1140. 

28.  540.       40.  6300.     42.  2300.       44.  9600.      42.  850.        48.  IOOtt. 


12.   1.2A. 

17.  -3.06« 

18.  2.5n. 


22.  7a6-5a;2. 

20.  2m2-3mn. 

21.  4a&. 


1.  7a+3fe. 

2.  -2x-Qy. 
2.  2u— v— 3t/7. 

4.  3i?-8iS:-10L. 


Paces  22,  24. 

5.   — 9m— 4n— 6p. 
2.   -7r-3r'-5r". 

7.  rA-c, 

8.  4P-3Q-5i2-2/Sf. 


2.   -13a-lla6-l25. 

10.  -&r+4y. 

11.  a+26+8c. 

12.  38a;2+2«y+5^. 


I 


12.  8»*2-7m. 


15.  2188;  1579;  1679;  1788* 


pp.  65-6P) 


ANSWEIiS 


Q 


1.  4a;2-2x+2. 

2.  3a2+4a+2. 
S.  4|i8. 

4.  14m+13n-llp. 
IS.  2w8+2m2n 

15.  Bv^+rvt-Qt^. 

16.  2aa;-26y-2c2. 

17.  -3gT+2pr. 
24.  6.2i22-4.3m. 
26.  Ija;-Jy. 


Pases  65,  66. 

5.   -6w-I3y+27ii?. 
«.  2r~7s+3. 

7.  2a;8+6a;?y-6xy2~2t/3. 

8.  -3bw+2. 
— 4mn2— 3n8. 

18.  7A;2+6fc+l. 
1«.   -r+7s-18^ 


a. .  6s+2^+4. 

10.  7n2-8n-6. 

11.  10a2+lla5-Q62. 

12.  14a;3+2a;2--9»+19t 
14.   -4A6+2il4-2A2-5. 

21.  24P+14TF+2H. 

22.  7.9a-4fe. 


20.  3+6v'-21t;"+3t;'".       28.   -. 75x2 -9a;+ 10.4 

25.   -7.7+4.5D+10.9D2+8.5D8. 

27.  2im.  28.  4^-1^^^:. 


Pages  66,  67. 

1.  5x;  4a;  -10Af2;  10j/3;-3o{>.  8.  5<3;  -^Zv;  Shk;2SQ;  -lOab0. 

2.  5m2n;  -17a^z;  30^1;  8P;  -2a62.    4.  9un;4;  isby^^;  24x^y^i  14i23;4»'. 
5.  13a.  T.  -2<.  2.  48a^2.  n.  7^;.  jg.  7^. 

8.  -33?.  8.   r-llP.         10.   -97rr2.  12.  2y,  14.  20il. 


Pages  88,  68. 

1. 

3a;+2y. 

14. 

-2F4-I-6F2+2. 

27. 

-aj-8a;'+X6x". 

2. 

3C+4/). 

15. 

-4a5"-10bc+7ac. 

28. 

Wt^-25. 

8. 

ST-Qh. 

18. 

7P+6Q-10i2. 

28. 

.8a+4.86. 

4. 

2m+19a. 

IT. 

5v-\-v'-2v'\ 

80. 

im-iw. 

5. 

-6-21d. 

18. 

5W-10S-\-lSH. 

81. 

-6a-115-3c. 

8. 

-58+71. 

18. 

-a6+2a2. 

82. 

14x2-12x+8. 

7. 

5x+7y-21z. 

20. 

x3"-5x2+x+10. 

88. 

— 3m2 — mn — 2n2. 

8. 

— 4p— 7g+6r. 

21. 

4a26+2a62+253. 

84. 

-6+^-242. 

8. 

3»~4u?. 

22. 

-3-3w+18»i2-2w3. 

85. 

-3<2-2<-2. 

10. 

-2f+g+h. 

28. 

2ab+2b2. 

88. 

-15+16t;'-|-3w". 

11. 

18p-6g+8r. 

24. 

TF2+6TF72. 

87. 

-10+9a+6a2+4c^3. 

1? 

4a&. 

25. 

4+lU4+6fB. 

88. 

P3~7P2+13P-3. 

18. 

2x2+2. 

28. 

-n3-i-4n2-2w+6. 

88. 

Z>2+9Pi?-4i22. 

40. 

-ix^+Zxy^+y^. 

41.  4.5r+1.9^      42.   - 

-1. 8+22.4^- 12.5iS?2-9^?. 

48. 

5.6a6-7.6ik+25. 

45.  3m2-2m+5. 

47,  a2-2a5. 

44. 

-tx2-Jx-l. 

48.  29Tf-26. 

48.  10-^. 

10 


ANSWERS 


[pp.  70-73 


1.  7r-3. 

2.  -67-7. 
S.  12-w-\-w^. 

4.  2-2SC. 

5.  59-F. 

•.  30-6+5. 

7.  3«+10. 

8.  6-67r. 

9.  5L+17. 


Pages  70;  71. 

10.    -3Jlf+2^  It.  P+Q-6R-\-l.    38.  0. 


11.  a2+2a6-62. 

12.  21y2_92/. 

15.  4w—mn. 
14.  52+4AC. 

16.  r-Sh. 

16.  a;2-{.2a;-7. 

17.  6p+25. 


20.  5x. 

21.  7t;-4^ 

22.  3D-2. 
28.  -1. 
24.  a. 

26.  4<-2d. 

28.  2ia^. 


18.  2.5TF-4w;+2.5. 27.  8w-7n. 
87.  First,  $1110;  second,  $1390. 


y^2. 

80.  F=J. 

81.  A;=2. 

82.  2:==3|. 
88.  'M=5J. 
84.   13;  7. 
86.   12;  -5. 
88.   105^;  75* 


Page  72. 


1.  A+(B-C-D). 

2.  xy+(yz—zw+wx). 
8.  5+(-2n-9n2+n3). 

4.  r+(-4s+4s2+l). 

6.  m2+(6pg-g2-9p2. 

8.  a;2+2x+y2+(-22-|-2«M7-u?2). 

7.  16-8P+P2+(12M-9M2-4). 

8.  ib+7+{10A;-l-25A;2). 
f.  18+(-B2-52-B6). 

10.  l+(6rr'-r2-gr'2). 

11.  A-(-B+C+D). 


12.  xy—{—yz-\-zw—wx). 

18.  5-(2n+9n2-n3). 

14.  r-(4s-4s2_l). 

16.  w2-(-6pg+g2+9p2). 

18.  x2+2iC2/+y2-.(22_2zwj+u?2). 

17.  16-8P+P2>-(-12M+9M2+4), 

18.  A;+7-(-10A;+l+25A;2). 
It.   18-(52+62+B5). 

20.  l-(-6rr'+r2+9r'2). 

21.  (an-3n) -(2^-60  • 

22.  (10P+wP)-(2TF+nTF) 


1.  -6Vn. 

2.  -eV^. 

8.  -6(x-2/). 

4.  -7(«-ai2). 

i.  8(27ri2+7)2. 


Pages  72,  78. 

8.  -5fs-{-iWg2. 

7.  -8-4VI. 

8.  -4Z)+4Vw?-5V7. 
t.  2(TF-F)+9Pr2. 

10.   -2a;2-4a;2/-2y2. 


11.   -ri2+12rir2-7r22. 
18.    (w+n— p)2/. 

14.  (a-6-c+d)i22. 

15.  (M+2N-SP-\-Q)t^ 
18.   (5+7r-A-7)D2. 


17.  (4a-36+5)(a;-y).  It.   (a-^)C/+(-6-A)F+(-c+ife)TF. 

18.  (n+a;)A+(m-2/)B+(p+2)C.      20.  3a-26.  21.   -6m-\-5n. 
QA-QB.                   28.  [2a;-2/][-3y].                    24.  [r-«+<][r+s-q, 

28.   [6A+3][4A-3].  28.   [4r+3r'-7][4r-3r'+l]. 

27.   [7a-26-c-3d][7a-26+c+3d]. 


pp.  75-79. 
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1.  a*. 

11. 

PTs. 

21. 

ni6. 

81.  xisi/is. 

41. 

-ixV- 

2.  x». 

12. 

ri8. 

22. 

B18. 

82.    -10a%io. 

42. 

-iH8I)5. 

8.  6». 

18. 

di3. 

28. 

12x12. 

88.  -12A4BC. 

48. 

-ir6«8. 

4.  M". 

14. 

aS21. 

24. 

8wi2. 

84.   -84s6r8. 

44. 

ip9g20. 

5.  r". 

15. 

C/14. 

25. 

24A15. 

85.  36x52/226. 

45. 

-177. 

«.   75. 

16. 

2fl3. 

26. 

42/212. 

80.  -48D6^i'3. 

40. 

-Ac2<>dl8. 

7    Lii. 

17. 

A9. 

27. 

-90yi4. 

87.  270M^N^P. 

47. 

2lf'4^. 

8.    <18. 

18. 

C13. 

28. 

-24/?i4. 

88.     -224x92/326. 

48. 

-3M876. 

t.  y7. 

It. 

p9. 

20. 

48ci4. 

80.  80m5n8p«. 

40. 

30Q6^4. 

!•.  n20. 

20. 

X7. 

80. 

96di2. 

40.  42ai263c4. 

2. 
8. 

18. 
14. 
10. 
20. 
21. 


24. 
25. 
20. 
27. 
28. 
20. 
80. 
81. 


Pages  77-70. 

5x+5y.        4.  6P+6.  7.  24Af-27^'. 

3a-36.        6.  8A-12.  8.   -50^+7012:. 

7w-28.        0.  12a+106.        0.  4x2-9x2/. 
15m-40m2+20m3.  15.  eORH-lQRH^. 

-14a46-24o263.  i«.  8x52/2 +14x2?/5. 

-40t;3+16t;4_56i;5. 

4L«-8L4+12L2. 
-6n3p34-8n2p3_24n2p4. 

-5T77+30T76-10T75+15T74. 
-6c«-45c2+12c5. 

8il5B2+16A4B3+8^3B4. 

a262c+a62c2+a26c2. 

-  18Z)4Tr2+27D3T73  -  9D2T74. 

2A^B-2AB^. 

24x10-48x9+8x8+64x7-8x6. 
14a26c+6a6c2  -  8ac2d. 


20-5a-5a2. 
12x2+32x2/. 
45.  a- 66. 
40.  3A-35. 

47.  13«2~lls^-5<2. 

48.  2a2&. 

40.  27P-2P2. 


10.  12o-426+6c. 

11.  4x2-8x+4. 

12.  a36+2a2624-a53. 

17.  12s5-20«4+36«8. 

18.  9AB2C-36A2C2. 
82.  7<3-7ai2. 
88.  5p3+3p2g. 

84.  A3-5A2B+6A52. 

85.  -6w2+18w3+10m«. 
80.   3x22/5-9x2/6+212/7. 

87.  120a563-8a365+8a26«. 

88.  4m6n2— 4»*5n3+12m*n4— 4m8n5. 
80.  2s2-3s+l. 

40.  -^T73+iT727-iVT772. 

41.  ia36+ia262-|-ia63. 

42.    Sx62/2-Jx42/8+Jx82/4-^a;22/6. 

48.   —  1.8m5+3.75m*n-5.1m8w2. 
44.   1.075p5-.025p«+.6p8-2p2. 

50.  /S8+iiS2+i5.  55.   -48r-19<. 

51.  -14B.  50.   -2x22/+2x2/2. 

52.  -2c.  57.  vi-12vho+8w^, 
58.   -15P-10Q.  01.  804. 

54.    -2w27i. 
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ANSWEES 


l^p.  81-#I 


FftgM  81-84. 


1.  n2+4w+4. 

2.  A2-A-6. 
8.  a:2_7x+l2. 

4.  6a2+5a-6. 

5.  62;2+262+24. 
8.   16(2-16«-21. 

7.  24b2+llb+l. 
32.  :t8-3jr+2; 
28.  A3-8A2+19A-20. 
24.  v^-^2t^+2vy^+w^. 

25.  M^-m. 

28.  ea;2— 5x2/4-3:— 6y*+52/—l. 
27.  5a;8+17rc2_i4a;-8. 


8.  12122+722+1. 
8.  6F2+297+35. 

10.  302/2- 532/+8. 

11.  -12Z>24-i4D+io. 

12.  4m2-36. 
18.  O2-100. 
14.  4TF2+12Tr+9. 


18.  6+17a;+12a^. 
18.  21+4/S-iS2. 

17.  25-406+1662. 

18.  10o2+lla6-662. 
18.  6p2_8p«-8«2. 

20.  25B2+10BC+C2 

21.  4A2-i2A;c+9c2. 
28.  42-lli2-20i22. 

28.  2afi-5a4+13o8-2eo2+26o-l3; 

80.  12n3-13n2+19n-12. 

81.  1253+7/52-65+5. 

82.  4+i2r+i3r2+6r3+r4. 

8a2+36ac- 1862-66c+40<^. 


84.  3722-i6i25+ll22tr+552-iaSfir+6W2. 


41.  2a;2+5a;-25. 

42.  10A2+i8A-4. 
48.   1-16^2. 

44.  B4-16A2C2. 
48.  rc8-.3;j^+3a:-i. 

48.  18-9j;+4i;8-.v». 

84.  973-1572-87+16. 

85.  m^—n^. 
58.   16-d4. 

57.  6p3+p2«-llp^-e<». 

58.  56-1. 
58.  xi2-zi2. 

80.  A4+10A3+35A2+50A+24. 

84.  2x2+2w;2.  87.   2/2-92/+6. 

85.  -a2+10a+12.  88.    -2vU 
88.   1^26.                     88.  AAB,                         88.  4n2-7n. 

70.  24rt6.  75.  «;2+l3it;+22  sq.  rd. 

78.  tt;2-j_i0|^— 24  sq.  in.,  where  w  inches  is  the  width. 


85.   ia2+ia+i. 

88.   -6n2-14np+15nr+12p2-.i0pr. 

87.  o3+a2-a-l. 

88.  -664+1968-1762+116-12. 
88.  32+10D-18D2-5D3+2D4. 

40.   -4«>5+8«;4+3w3-i7i^+i3ii7_3. 

47.  a«-6e. 

48.  n6+2n4-19n2-20. 
48.  2a3-5a2f-4ai2+3f3. 

50.  Ax2-35^2/2. 

51.  ic3+2x2-x-2. 

52.  2a3+3a2-llo-6. 
58.  6B8+5B2-12B+4. 
81.  3«2-.4i+io. 

.  8F2+3F-2. 


^p.  85-901 

ANSWERS 

li 

Page 

85. 

1.  a. 

t.  ^. 

17.  ab. 

25. 

-3aB. 

SS. 

-25xd*. 

2.  iV2. 

10.  P. 

18.  a;a, 

28. 

-3^4. 

84. 

4. 

«.  R. 

U.  a;9. 

19.  m^w. 

27. 

4P3w. 

85. 

Ij23. 

4.  y4. 

12.  AK 

?0.  62c4. 

28. 

-8Jlf5iV. 

86. 

-fw4. 

5.    ^6. 

18.  m?. 

21.  3x^. 

2t. 

-4a3. 

87. 

i^ 

6.  if*. 

M.  1. 

22.  4t;. 

8«. 

— 4a:4y. 

88. 

•~Jx22/22«. 

7.  t;2. 

15.  &2. 

2S.  2i2. 

SI. 

-3. 

88. 

-14F2. 

8.  a;. 

16.  z4. 

24.  2g«. 

82. 

3D2!;. 

40. 

81)2. 

Pages  88,  87. 

1.  2f»-3n.        8.  ix+Q.  5.  6+71/,  7.  96-2c.         8*  4^3- 

2.  4D+3F.       4.  3a-46.        0.  2P-60.        8.  l+2».        10.  6m+8n. 

11.  g-2t4-3t?.  12.   -Tr2+3PF^-2(72. 


18.  0^3- 1. 
14.  a«-a6+M. 

16.  -3<«+2. 
10.  x+y—z, 

17.  ii-25+(7. 

18.  «^+avt;-3»2. 


10.  3^4^-2^2^24-6. 

20.  3x4+5a:2+2. 

21.  2a-c-5d. 

22.  zx-'23^+Sy^. 
28.  2/3-3P+P2^ 
24.  a^+at-t^. 


25.    -AfiV+9. 
20.    -a2+7l^«8c. 
27.  n+J. 
.  3+2a;. 

80.  l+3f^a?. 


1.  a+2.        2.  iV-5. 


7.  .ff+7+ 
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H-8 
8.  &^4. 

14.  24-3. 

15.  5S+2. 
18.  2p-l. 

28.  y+U+^. 
27.  6^+1. 

L  1212-r.l. 


0.  w+13-1 


Pages  80,  00. 

8.  a;-3.         4.  P+4.         5.  (-2. 
90         11.  3x-2. 


10.  x+l. 

17.  X+3a. 

18.  4-5D. 
10.   a+6. 


m-10     18.  27+5. 


12.  3if-+ 


8.  y-5 

17ir-6 


4iS:-r6 


20.  X'-2y, 

21.  TF+5flr. 

22.  m+n. 


98.  r2-3r+i5^^. 
2r+3 

20.  52+B+l. 

84.  5+1. 

85.  xi+x^+l. 


28.  P-40. 
24.  a; +7. 
26.  a+1. 

-22f3 


80.  y^—yz+z^+ 


y+z 


81.  TF2-F2. 

88.  n^+7i^a^'\-a\ 

87.  ai/2-5t/+7. 
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t8.  4d^+6dl+9fi+-^^'  4«.  A2+3A+154 


80 


2d-3l  A-5 

^     ^         232+33-5  ^     g^-Sk 

4S.  n2+a2+an.  4S.  4;i2-12/i+9.  44.  x+2/.  45.  2t+2;  22 

46.  (8^+8<+2)H-(4<+2);  2^+1;  21. 

47.  1 +2^+2x2+2x3 -|-  ...  J  unlimited  number. 

48.  l+n-n2+n8 .  4t.  l+2y+22/2+22/8H . 

Pages  to,  tl. 
1.  6a«.     4.  24«8a.  7.   -24Tr2+^i+rf     10.  x««.         IS.  ySm. 

«.    X«».       S.    lOfiK  8.--1023a-l.  11.    tl7ll.  14.    -B6. 

«.    y8«.      6.    a2»+l62n+l.  t.    o6n  12.    M**"*.        15.    -2x8n 

'       16.  9il3»-*.  17.    -8xa.                 18.   -5»5/. 

It.  a2n+a«6»+a«c«.  21.   x2a— 2x02/6+2/2^. 

20.  xV-ic32/"+*+a;32/32»+3-  22.  P«+i+PQ»+P«0»+02n 

2S.  o2*-5*i'.         25.   r«-l.  27.  5o'»-2a«+i.           20.  x»+tr. 

24.  x*»-2/*».         20.  a''-a2».  28.   1+M2+M4.         80.  x4+x22/2+2/*. 

81.    F2n+72n  82.    a2«-a«6»»+62m.  88.    ^3a4.52ora4.5ar2a4.r3a 

84.  x2+2xy+^—x2— 2/2+^2.  86.   w2— mn— mp— np+n2+p2. 

85.  a2-a6+ac+6c+62+c2.  87.  u+v+w.  88.  2a+6-3c. 

Pages  03,  04. 

1.  a=-5.  8.  TF=2i.  14.   7=2.  20.   7= -6. 

2.  x=0.                    0.  P=15f.               15.  E--9.  21.  A  =  2H. 
8.  2/=i.                   10.  D=8.                  10.   r=l}.  22.  w=-i. 

4.  i2=A.  11.  ??i=5l.  17.  n=i.  28.  <?=12. 

5.  <=-4.  12.  X=-8.  18.  A:«7.  24.  w;=-2. 

0.  t;=i.  18.  c=5.  10.  iS=-l.  25.  o=2. 

7.  d=21.  20.  2=1. 

Pages  05-08. 

1.  17;8.    2.  22f;llf.     8.  36;  28.      4.  54;  32.    5.  17;  19.    0.  9;  10;  11. 

7.  Coffee,  35ff  per  pound;  tea  80ff         0.  8  Posts;  26  two-cent  papers, 
per  pound.  10.  28  of  lemonade;  15  of  cider. 

8.  32  one-cent;  19two-eent.  11.  200  gal.    12.  6.    ^8.  37};  90| 
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14.  37i  lb.  of  28-cent,  and  12i  lb.  of  36-cent  cofiFee. 

15.  3J  lb.  of  50-cent,  and  6f  lb.  of  65-cent  tea. 

16.  2  lb.  of  25-cent,  and  6  lb.  of  45-cent  spice. 

17.  44  doz.  at  28^;  36  doz.  at  30^. 

18.  66}  parts.  20.  2}  qt.         '    22.  8}  gal.  cream;  1}  gal.  milk. 

It.  6  qt.  21.  8  qt.  /"^WTt^A  gal.  cream;  7ff  gal.  milk. 

24.  25  oz.  25.  4  oz.  ^fSi^  $1200  at  5%;  $500  at  6%. 

27.  $2800  at  4%;  $2200  at  5%.  8S.  38  in.  and  12  in. 

28.  $1400  at  8%;  $2800  at  6%.  84.  42f  in.  and  17f  in. 
2t.  35  nickels;  16  dimes.                      85.  8  in. 

80.  11  quarters;  18  dimes.  88.  10  rd.  by  16  rd. 

81.  18  yr.  87.  18  ft. 

82.  Son's  age  10  yr.;  father's  age  40  yr.  88.  36  ft.  by  78  ft. 

Pages  88,  100. 

X.  $3,500,000.  4.  $6000.  7.  3%.  10.  $4.80.  18.  $14. 
2.  $8500.  5.  $1200.  8.  $6.75.  11.  $2.55.  14.  35ff. 
8.  $12,000.      8.  7yr.     8.  $1.56-.    12.  $6.79+.   15.  $20. 

Pages  100-108. 

1.  180  mi.  8.  4|  sec.  5.  3  hr. 

2.  39/7  mi.  per  hour.  4.  5i  hr.  8.  8  hr. 

7.  8 J  hr.;  21  i  mi.  from  starting  point  of  slower. 

8.  31^5  hr.  14.  32i  mi.  per  hour;      20.  16tV  min.  after  6. 

9.  3i  hr.  42i  mi.  per  hour.       21.  54x\  min.  after  4. 

10.  iihr.;6.6mi.  16.  2816  ft.  22.  lOH  min.  after  8. 

11.  1080  mi.  18.   If  sec;  2200  ft.         28.  65t\  min. 

12.  64  hr.  17.  f  sec;  1320  ft.  24.   4  mo. 

18.  A,  9  mi.  per  hour;        18.  21  iS:  min.  after  4.      25.  334i%  da. 
B,  12  mi.  per  hour.       18.   38t^t  min.  after  7. 
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ANiiJ\^B:B3 


[pp.  104^U3 


1.  72  gm.;  1440  gm. 

2.  289  gm.;  72.25  gm. 
8.  600  cu.  cm. 

4.  83i  cu.  cm. 


Puges  104,  lOS. 

I.  550  cu.  cm. 

f .  470588+  cu.  cm. 

7.  2724+  cu.  cm. 

8.  853—  cu.  cm. 


f.  2114—  cu.  cm. 
}P.  28.2—  cu.cm. 

11.  13.57+. 

12.  7.3. 


fmg^  106,  107. 

1.  21b.  0.  25iin. 

2.  12  lb.  7.  6f  in.  from  stone. 
«.  66f  lb.  8.  22}  in.  from  240  lb. 

4.  5  ft.  weight. 

5.  5f}  ft.  from  one  end. 

Page  108. 

1.  2X10+5;  3X102+4X10+7;  4X103+102+9X10+6. 

2.  1000d+100<j+106+a.  '     0.  47.  8.  74. 
8.  36.      4.  84.      5.  86.                 7.  42.  t.  321. 


0.  25f  in.  f  rofla  on^ 
carrj^g  the  more. 

IQ.  87Un.  and  22S  in. 

11.  25f  in.  from  end 
nearer  smaller  horse. 


1.  asaS,  6=2. 

2.  Jlf=2,^■=3, 

4.  a;=-2, 2/=*-3. 


Pages  110,  111. 

5.  n==5,k==l. 
0.  P==4,  iE=2. 

7.  3=5,  c=7. 

8.  !r=-2, /r=-3. 

fu^m  IU-118. 


0.  TF«5,  F=-5.. 

10.  w=4,  n«3, 

11.  ^=3,  a=7. 

12.  G=-6,!;=-3. 


1.  $3000  at  4%;  $2600  at  8%. 

2.  $800  p.t  6%;  $1350  at  7%. 
8.  20  dimes;  30  nickels. 

4.  6H  f^^'  from  end  nearer  boy 
weighing  80  lb. 

5.  27A  v^'  horn  end  pearer  smaller 
horse. 


«.  30  lb.  of  28-cent ;  10  lb.  of  36-cent 

7.  450  cu.  cm.  copper; 
150  cu.  cm.  zinc. 

8.  3.2—  cu.  cm.  gold; 
6.8+  cu.  cm.  nickel. 

0.  37. 

10.  4ft.;  6  ft. 
Panama  route,  5294  mi. 


11.  Present  route,  13,090  mi. 

12.  Present  route,  13,040  mi. ;  Panama  route,  10,088  mi. 
18.  Mauretania,  700  ft.  ;  Britannica^  207  ft. 

14.  New  Deutschland,  16,000  tons  ;  old  Deutschland^  717  tons. 

18.  9.62+  oz.  beans;  14.65 -f  oz.  pork. 
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1.  t^L. 


8.   i/»?4. 
B 


7,  n 


_8  +  36Q 
180 


8.  X 


2a 


4.  B'^ 


2A-HB 


9. 
10. 


H 

5.  F=|C+32. 
g    ^_33000H.I* 


11.  t^ 


IS.  x^7a\  y=4a. 

14.  a5=sl7n;  y=\Zn, 

15.  *--115;  2/=7. 

16.  a;«lln;  2/=— 4m. 

17.  Square^  6  in. ;  rec- 
tangle^  9  in.  by  4  in. 

18.  7. 
It.  16  yr. 

20.  86J^ 

21.  77^. 
26  lb.  phosphoric  acid;  61  lb.  potash. 

24.   1650  ft.  per  second.      25.  SO  lb.;  24  lb. 


A-1. 

F=asr. 

2a- 1 


4— a 


2k 


pan 
22.  84  lb.  nitrogen; 
2S.  42  lb.  tin;  14  lb.  sine. 

20.  Speed  of  current,  2  mi.  per  hour;  speed  of  crew  in  still  water,  4  mi. 

per  hour. 
27.  Local,  30  ft.  per  second;  express,  46  ft.  per  second. 


1.  aS. 

2.  R^. 
«.  ul^o, 

4.  AjIO. 

5.  pi4. 
0.  n«4. 

7.  5i«. 

8.  t^<. 

10.  i430. 

11.  L12. 

12.  /«. 

18.  iS24. 

14.  xi8. 

18.  f«i. 

18.  <?»• 


17.  »30. 

18.  iV46. 
It.  p60. 

20.  6«. 

21.  xV. 

24.  ri4r2*r8^. 

26.  W^^gK 

28.  iJSpi*. 

27.  a6i9. 

28.  7122/12. 

29.  A9n«. 

80.  w?i8ni2. 

81.  ai2««i|»9. 


Pace 
82. 


84. 
85. 
88. 
.87. 
88. 
St. 
40. 
41. 
42. 
48. 
44. 
45. 
48. 


118. 

9x^y^o, 

25M2iV8. 

4a4&8ci2. 

64w;20!;4. 

121ii2i\ri«. 

225x2^82". 

36t;«<8. 
81,Sfioiy4. 

256w4ni«p«. 

27D9TF18. 

125xi2r3. 

8a9n«6l2. 

64p«<i2yS. 

216F»n«^. 

4ii8. 


47.  9w6ni4. 

48.  64^10^12. 
48.  4ai86i8ci8. 
50.  100/22^878. 

81.  ilfi2Tri2. 
52.  9aH>b8ce. 

58.  —  rr*^/*. 

54.  -8a8«i2. 

55.  -27Bi8r«. 
58.  -64HV^w27 

57.  -8Pi576i2«- 

58.  -27L6!ri2, 
58.  -8wM. 
80.  72ai«. 

61.  72n;». 
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ANSWERS 


[pp.   120-124 


Pages  120,  121. 

1.   dbl;  ±2;  ±4;  ±9;  ±11;  ±7;  ±12;  ±6. 

2.    ±a2;    ztW^;   dtzX^;   ±P10;    ±^8;    ±A6;   ±2/5. 

8.    ±MT;  ±Dii;  ±^9;  ±A;i6;  ±3a;3;  ±4a2. 

4.  ±7^5;  ±5i;4;  ±10226;  ±6a2&3;  ±9x42/. 

5.  ±4TF3F6;  ±3w4n;  ±5d3^2;  ±ll/i2p2;  ±i5ri2r24. 

«.     ±12a3<5j    ±7w;7rf4j   ±13x22/32;    ±25i22m8. 

7.    ±14a56c2;  ±16^4^%;  ±21il7a;i02/3;  ±20m20ni5. 
8.  1;  2;  3;  4;  5;  6;  8;  10.  10.  A^;  n^;  t;  W^;  x7;  pi2;  rC. 

••   -1;  -2;  -3;  -4;  -5;  -10.       11.  t;7;2/3;  Af8;aii; -p3; -.^4; -2.2. 

12.    -w;6;  -!ri2;  -2x2;  -366;  -5P3. 

18.  4/22;  3t;2ig;  -^2mH]  -5ri2r22;  -^4^3^. 

14.    -pg2^3;  6Af3a5;   -3x42/322;  7^5;   -2FD4. 

15.  7d.        18.  lOx.        17.  4J&.        18.  4  in. 


1.     X*:±5. 

2.  <=±9. 
8.  A  =±6. 
4.  n=±10. 


Pages  121,  122. 


5.  2/=  ±4. 
8.  5=  ±8. 

7.  5=  ±11. 

8.  P=±15. 


17.  1  sec;  3  sec;  6  sec;  10  sec 


t.  a=±2. 

10.  ilf=±3. 

11.  p=±4. 

12.  D=±2. 
18.  2  in. 


18.  t;=±7. 
14.  iSf=±12. 

15.  pr=±5. 

18.  2  sec. 
It.  3  in. 


1.  w2-9. 

2.  il2-36. 
8.  w2-4. 

4.  x2-25. 

5.  A^-16. 
8.   n2-49. 

7.  w;2-t;2. 

8.  4a2-9. 

9.  25P2-1. 

10.  16iSf2-49. 

11.  100-9i22. 

12.  l-x4. 


Pages 
18.  36-4t;2. 

14.  4x2-25^2. 

15.  81M2-9!r2. 
18.  25a2-1662. 

17.  36TF2-49F2. 

18.  144£f2-25a2. 
18.  o4-81. 

20.  x6-16. 

21.  4A4-1. 

22.  49s4-16<4. 

28.  1-36x8. 
24.  a6-b6. 


123,  124. 

25.  X8-2/8. 

28.  P12-Q12. 

27.  16-A2. 

28.  1-36x2. 
28.  4M2-49Ar2. 

80.  25^4-144. 

81.  81-100D6. 

82.  o4-l. 
88.   16-TF4. 

84.  l-x8. 

85.  o— 6. 
I.   x-\-y. 


87.  D+1. 

88.  4+i2. 
88.  Zh-bt 

40.  9A2+1. 

41.  2/2-6. 

42.  12n3+l. 
48.  &S2-5. 

44.  6x+72^2. 

45.  ?i=2. 
48.  x=-6. 

47.  A  =  50, 

48.  i2=-2. 


pp. 

124-1261 

ANSWERS 
Page  124. 
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1. 

399.           6r  884.            11.  3591.          11 

I.  9991.         21.  68.96.. 

2. 

896.           7.  2496.          12.  6391.          « 

r.  12099.        22.  24961b. 

8. 

396.           8.  2491.          18.  6375.          18.  14396.        28.  35911b. 

4. 

1599.          9.  4899.          14.  8096.          It 

1.  $3.96.        24.  639l8q.rd. 

6. 

1591.        10.  4896.          16.  9999.          2C 

K  63.91. 

Pages  126,  126. 

1. 

o2+9a+20. 

22.  d2-26d+160.    . 

48. 

9x2+27a;+14. 

2. 

x2+4x+3. 

28.  a2+2a-15. 

44. 

36^-30^+4. 

8. 

Af2+8M+12. 

24.  x2+4a;-96. 

45. 

64x2+8x-6. 

4. 

3/2+112/+28. 

26.  n2+4n-32. 

46. 

16172+1217-10. 

6. 

n2+7n+6. 

26.   72+67-27. 

47. 

252/2+25^-14. 

6. 

t;2+llt;+24. 

27.  fi+3t-40. 

48. 

4c2-30c+36. 

7. 

^2-5^-36. 

28.  62-.55-.84. 

49. 

64t;2+56t;-144. 

8. 

A2+10A+21. 

29.  x2-12x-45. 

60. 

4x4+16x2+15. 

9. 

Z)24-10Z)+25. 

80.  2/2+5y-6. 

61. 

49A6+28A3-12. 

10. 

w2+15m+56. 

81.  m-m-m. 

62. 

144Pf4_48 172-320. 

11. 

ii:2+llK+10. 

82.   722_5/2_i50. 

68. 

4a2+14a6+1262. 

12. 

a;2+14x+48. 

83.  A2+10A-56. 

64. 

25x2-40x2/+122/2. 

IS. 

a2-8o+15. 

84.   w2+4m-192. 

66. 

Z^J^-VZkt-im. 

14. 

^2- low/ +16. 

35.  i*2«2w-99. 

66. 

16m2+24wn-27n2. 

16. 

R^-7R+Q. 

36.   C2+11C-126. 

67. 

8lZ)2+45Z>i;-24i;2. 

16. 

<2- 15^+36. 

87.  a:4+7a;2+10. 

68. 

49i;2-49,;ii,«18^. 

17. 

£«-19B+48. 

88.  a6+8a8-9. 

69. 

9a4+48a262+4864. 

18. 

m-im+^. 

89.   P4-14P2+48. 

60. 

25<4-10<252-.24fi4. 

19. 

1 

d2-17d+30. 

40.  2/8-4^4-77. 

61. 

64B4-24AB2C-4A2C8. 

20. 

/S2-1&S+72. 

41.  c4-6c2-40. 

62. 

16c4-68c2d4-.iiod4. 

21. 

w2-14»+40. 

42.  4a2+16a+15. 

68. 

l-2a-15a2. 

64. 

x+S. 

68.  r+a             71. 

y+5.                  74.  a;=3. 

66. 

n-3. 

69.  5-6.                    72. 

r~' 

r.                   76.  f;=13. 

66. 

A -5. 

70.  Tr+9.            n. 

w- 

•9.                  76.  n-25. 

67. 

f;-3. 
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ANSWERS 


[pp.  127-128 


1.  1056. 

2.  2652. 
8.  1806. 
4.  4224. 
6.  1638. 


6.  1684. 

7.  2544. 

8.  5624. 

9.  7221. 
10.  0016. 


Pace  18V. 

11.  8544. 
18.  7917. 
18.   12656. 
14.   10602. 
16.   63503. 


^18.   810.88. 

17.  2016  ml 

18.  812.24. 

18.   9016 sq.ft. 
11201b. 


1.  n2+6n+0. 

2.  a;2-f  10a:+25. 
8.   P2+4P+4. 


Puces  188,  188 

4.  a2-8a+lQ. 
{|.   Tr2-12pr+36. 
8.   <2-6<+9. 


10.  25ra-40r«+1682. 

11.  9C2_^48CD+64D8. 

12.  49io2-42iin,+9i^. 

18.  25^2+905^+81  T^. 
14.   10O62-206c+c2. 

16.  81F2+144FO+64C2. 
10.   16i?:2-56ii:L+49i:/2. 

17.  l44a;«+24xj/+3/2. 

18.  A2-30AB+225^. 
18.   1211^2+66170+902. 

80.  16i22-72/2n+81n2. 

81.  25A2+160AiC+2562S:2. 
28.  x4+2a;2+l, 

28.  o*-6o2+0. 

24.  n4+10n2+25. 

42.   t«4.         48.   F=-li. 


26. 


27. 

28. 

20. 
80. 
8J. 
88. 
88. 
84. 
86. 


87 
88. 
88. 
44. 


7.  m2+2wn+n». 

8.    rr2_23;y+j/2. 

8.  4a2+12al>+9b«. 
<4-20<2+100. 
a:4-2a;2i/2+2/4. 

9^4_24^s2+16«*. 
25u?6+20i£;3t;8+4t;«. 

2/8+2J/4+1.' 

16*4-8^2^+^. 
ait+102«+2^. 
144-168a2+40o4. 

81+270i23+225/2«. 
4p6  _  4j3^q^ + g^2. 
l-16(i8+64di6. 

il4-8A8+16il2. 

Jb^^li  46.  t4»-3. 


1.  1681. 

2.  3481. 
8.  5164. 
4.  1444. 


6.  4624. 
8.  7921. 

7.  6084. 

8.  6889. 


Page  128. 

8.  8464. 

10.  0801. 

11.  0604. 

12.  10201. 


18.  11881. 

14.  39601. 

16.  21904. 

16.  248004. 


17.  62601. 

18.  90601. 

18.  2mm. 

20.  998001. 


pp.  180-132] 


ANSWERS 


21 


VSage  ISO. 

1,  a2-f6«+c«-2a6+2ac-2&c.  6.  4ffi+ZQt^+i£^'-24:UU+i^M0'-129W. 

2.  4a;2+9i/2+^+12x2/+4a«+62/«.       •.  A^-^iA^+6A*+4A+l. 
8..  m2+4n*+p2_4wn— 2mp+4np.     7.   x^—i3fi+10z^—12z+9. 

4.  A2+9^+C2+6AB-2ilC-6BC.  8.  H+«44.t4+2r2s2-2r2<2-2«2^. 
•.  a2+6«-f ca-hrf2+2o*+2a€+2dd-fabc+2M-Hacd. 
10.  a*-f  !^-|-iia+ti;>-2a:i/+2a»-2*w-22/«+2yw-2«U7. 
IL  o«-2a«-a4+4o»-o2^2a+l. 
12.   H-4P-2P2_4P3-|-26P4-24PB+16P«. 


1.  x^+xy+^, 

2.  w2+mw+n?. 

4.  a4+x+l. 

5.  1+P+P«. 

6.  Z)«+2D+4. 

7.  82-f  3«+g. 

8.  5«+45+16. 
0.  25+5J/+2/2. 

It.  a«+2a&+4&2. 

11.  9«2-f3«+l. 

12.  (^+4£2g+16^. 

1.    X2— xy+y*. 

8.  m*— mn+?i2. 
4.  a?-a+l. 
6.  J/2-2J/+4. 

6.  9-3^+^. 

7.  16-4iV+iV«. 

8.  a:2-5a;+25. 
».  l-2ft-f«^. 


Pat«s  180,  181. 

18.  4^+^wv+9i^. 
14.  25JlfH5MiV+iSr2. 
16.   16A2+20AB+25B*. 

16.  100r2+10r+l. 

17.  962-f.l86c-h36d2. 

18.  16m+2SHD+49Dz. 
10.  aj2?/24-a:3/-fl. 

20.  4+2ofc-f  a262. 

21.  a*+a«+l. 

22.  m4+man2+n*. 

.   4o«+6a6«-f  8&4. 

Page  182. 

10.  ui^-Sm+Qv^. 

11.  P2-5P0+25Q2. 

12.  4m2— 2mn+n2. 
18.  9D^-SDt+fi. 
U.  16a^-20xy +252/2. 
18.  100i5:2-10Jfra+a2. 

16.  36m2--18mn+9n«. 

17.  52-7&(l+49(|2. 
IS.  4fia-10/fc+26c2. 


25.   16Tr44-4Tr2^+^2. 

it  M^+Mm^+m. 

27.  1+21/4+42/8. 

28.  a3-68. 

29.  rn?—rfi. 

80.  TTS-ys. 

81.  a^-1. 

82.  8as-l. 
88.  27«»-8j^. 

84.  648«-125<<. 

85.  x«-l. 

86.  1-8Z)«. 

10.  a^-a;2+l. 
fcO.  l-a«+a«. 

21.  Tr4_|f2B+B2. 

22.  4i^-62/2«2+92*. 
28.  26P4-5P2+1. 

24.  86-6a/2+a2t*. 

25.  49-14^3^2+4^6^. 

26.  H^-mK^^-K^, 

27.  9-3tt<+ti»* 
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ANSWERS 


[pp.  132-135 


82.  w8+w«. 
29.  a^+1. 
80.  l+o». 


81.  TTs+FS. 

82.  27P8+1. 
88.  64Sf»+l. 


84.  a3+1266«. 

85.  1+afi. 
80.  2/6+;8». 


87.  8+27A*. 


Pages  188-185. 

1.  o2»;  ^4n.  a^nj  ^2nj52n.  y2n+2;  ^n-2;  o4n+8. 

2.  9-X:2«;  25X2«+2F2a-2j   I44a4*6«*;  4974r-2|f4r+2. 
8.     diX";    ±y3c.    ±p2nQ5n.   ±^n+lj   ±t^x+3. 

4.    =ii4D3fl+4;  ±5X4«-iy4n+i;  -t9a2»i«+2. 

5.    X3«*  a6';    — P9»'  "ppanysn.  /3n+3j  ^3n— 3*    — y9»H-6. 

0.  8A3";  27a:3  +5^»-3j_64Mi2aA^6«;  -125c6»-3d6H-8. 

8.  3a;2»<3"»;  -^N^g^t;  -6a^H^^ 

0.  a;2»-l.  12.  a;2«-2/26. 

10.  72^-9.  18.  A2«4-10A«+21. 

11.  a2»+2-4.  14.   D4<+2D2<-24. 

18.  x2«-2xV+2/^'*- 

19.  72^+2  FT" +!r2». 


15.  N^+7N'^-S, 
10.   92/4«+12y2n_i2. 

17.  a2n+2a«+l. 
21.  25H^f-10H^fd^+d^. 

22.    9p4rf4-6p2dg2c^g4c. 


20.   4!/««+12!/3ai£;2a+9u;4o.  24.  x^+2xy+y'^-l. 

25.  a4+2a3+a2-l.  20.   w2-2mw+n2-p2.  27.  52_26c+c2-36 


28.  /S2+4/S<+4<2_9. 
20.  a2- 1006+2562 -c2. 

80.  m+mv+9v^-2^K 

81.  a2+2oc+c2-462. 

82.    P2-|.2Pi2+i22_Q2. 

88.  rr4+a;2+l. 

84.  o4+a262+64. 

16n2-9a;2-6a:2/-j/2. 


87.  4M2-9??2+6t?W7-t02. 

88.  9P2-16r2+8!r7-72. 

89.  a2+2a6+62-c2-2cd-d2. 

40.  x2-4a;2/+4y2-(2-f-2fe-22. 

41.  i22+4JaSf+4/S2-4r2+4ri7-t/2. 

42.  afi-2a^+x*-x^+2x-l. 
48.  l+2a+a2va4-2a5-o«. 


45.  x2-2ajy+2/2+5a;-5i/+6. 
40.   j^+2pq+q^-6p-6q-lQ0. 

47.  4172-12177+972+1017-157-24. 

48.  a:44-2ic3+5a;2+4x-12. 

49.  <*-2<8-3«2 +4^-140.  50.  n4+2n«-2n2-3n+2. 


pp.  137-  140J 


ANSWERS 
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Pages  187,  1S8. 


1. 

2. 

8. 

4. 
17. 
£0. 
21. 


2(a+&). 
3(x-22/). 
4(^-4AC). 
5n(i2+2Q). 


8.  m2(n2-m2). 
10.  2TrR{R+H). 

11.    s2/2(54+t*). 

12.  5wHw-2v). 


18.  9a;3(2a;2-l). 
14.   c2w(c2+2n). 
16.   7P3(PH-3). 
16.  x(a:2-a;+l). 

19.  vt{v+2t+t'^). 


28. 
24. 
SO. 
83. 


87. 


6.  3d(a;2-2/2). 

6.-A2(A-4). 

7.  7r(i22+/2'2). 

8.  a:4(a?2-f5). 
2Fi(27i+3F2+2F8).       18.  H^m -QHb -\-2h^). 
2nm8(4n2+3nm+2m2).  25.  2v^{Zv'2+4v^-S). 
3a26(a2-2a6+62).  28.    -x(a;2H-a;+l). 
27r(/224-r2+/2r).  27.    -I(a2+a6+b2). 
a2&2c2(a263-|-62c4+aSc2).  28.  2a;2(2a:4 -3a;22/2 4.4^:^8 -e^^). 
6M78d(4tu'^d2-2-H7w?8d).  28.    -2ilf2(5M6-6M4+8M2-~4). 
7a3y2  (82/3  -2aj/2  +4a22/  -  15a3) . 

1350;  7360;  71875;  78.54;  1024;  313600. 

621;  224;  624;  1216;  2024;  3024;  4216;  5621;  7216;  9021;  7209; 
7224;  5609;  5625;  9009;  9024. 

To  square  any  number  ending  in  5,  take  the  product  of  the  number  of 
tens  by  a  number  one  greater  for  the  himdreds,  and  annex  25. 

626;  2025;  1225;  4225;  7225;  3025;  9025;  5625;  11025;  13226. 


1.  (x-\-y){S-{-n). 

2.  (P-Q)(a+6). 
8.  ia+b){v-t). 

4.  (m-n)(2a;-3y).     . 

5.  (h-kK5w+u). 

6.  {x—y){a-h). 

7.  (A-5)(«-0. 

8.  (r-fi)(p+g). 

8.  (iV-Af)(B2-4AC). 

18.  («?-») (x-l).  . 


Pages  139,  140. 

11.  (a+6)(c+d). 

12.  (m+y){n+x). 
18.  (v-\-w){t-\-2). 
14.  (g-h)(W+k). 
16.  (m+n)(p—q). 

16.  ia-h){8-t). 

17.  (u-R)iv+S). 

18.  {n-\-t)(m-s). 

19.  {x+y)(x-\-z), 

20.  (p-q)(p+r). 


21.   (M-i\0(M+P). 

(f;-w)(2+t;). 

(8+y)(3r-2a;). 
24.   (2-m)(i+2). 
26.   (/i2-.m2)(A;2-l). 

26.  (a;~y)(TF2_72). 

27.  (F+G)(C+2). 

28.  (g-3)(p-2). 
28.  (i2-l)(ie-r). 
80.  (2-c)(a2+««). 
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fpp.  141-14« 


Paces  UU  tiS. 

1.  Yes.              4.  No.             7.  No.  10.  No.               M.  Yes. 

2.  Yes.            .  6.  No.             8.  Yes.  11.  No.               14.  Yes. 
8.  Yes.              6.   No.             9.  No.  18.  No.               16.  No. 

16.  Yes.        17.  a?2+2xi^+y2.        18.  a2-2a6+62.         10.  rn^^2mn+fi^, 

89.  442H-4A+1.               84.  364-a;2-12».  88.  n^ -I2rir2+Z^%^. 

81.  16-24^+9^2.                85.a2-20a+100.  89.  4iV2-32Ar+e4. 

88.  2&;2-30i;u;+9w2.         89.  2x^+l+x^.  30.  &44.42&2+441. 

23.  W^-\-4:9+UW.            87.  4P«+1+4P«.  31.   (a:+3)2. 


38. 

(iJ-2)2.          40. 

(4- 

-3Z)2)2.       48.   (3ri+5r2)2. 

65.   (cd+mw)*. 

33. 

a +4)2.            41. 

a(a 

;-3y)2.        49.  x(x^-y^)^. 

56.   (ftr-4/)2. 

34. 

(6-a)2.           48. 

2(n+5w)2.      60.  a2(a+2&2)2. 

57.   4»(3»+l)«. 

36. 

(1  +6n)2.         43. 

t{S 

-157)2.     61.   (P-3Q8)2. 

58.  «2(5+9«)2. 

39. 

(7W-2)^.       44. 

(4//+7d)2.       68.   (9m2+2n)2. 

59.   (ai-7<2)«. 

37. 

(r+l)2.            46. 

(56 

-6c)2.        63.  (5Tr2-4^)2. 

60.  36A(A+2)2 

98. 

(9 -.1)2.          49. 

v{2i 

^+9i;)2.      54.  x(rry+l)2. 

91.    -l(l+3o)2 

39. 

(x2+2)2.          47. 

(M 

-25i\02. 

PftSes  143,  144. 

• 

1. 

(f+2)(t+3). 

13.   (M+5)(M+6). 

85.   (2-5)(z-4). 

8. 

(a+4)(a+l). 

14.  (6+2) (6+10). 

29.   tf-9)(<-l). 

3. 

(w+2)(w+6). 

IB.   (y+3)(y+9). 

27.   (Z)-2)(Z)-8). 

4. 

(P+2)(P+7). 

16.   (A +4) (^+8). 

28.   (7-3)(7-7). 

6. 

(a:+5)(x+4). 

17.   (r+6)(r+9). 

29.   (a-4)(a-6). 

9. 

(5+8)(5f+l). 

18.   (m+7)(m+10). 

99.   (!r-8)(!r--l). 

7. 

(t;+2)(r+8). 

19.   (c+3)(c+10). 

31.   (|/-2)(y-15). 

8. 

(a+9)(a+l). 

29.   (p+6)(p+8). 

32.   (H-.5)(H-9). 

9. 

(ft +6)  (12+4). 

81.   (B-3)(B-2). 

33.   (I7--3)(T7'-1). 

10. 

(Aj+3)(A;+7). 

88.  (iV-4)(iV-l). 

34.   (m-4)(m-'8). 

11. 

(7+2)  (7+0). 

83.   (t(7-6)(t(7-2). 

36.   (c^S)(e-7). 

18. 

(d+3)(d+8). 

24.   (Q-7)(Q«2). 

39.  (B-ll)(B--5). 

pp.  144r-147J 
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ST.  «-7)(<-l).  ^ 

S8.  (F-h6)(F-3). 

t».  (a;H-3)(x-l). 

46.  (i2+6)(/2-2). 

41.  (iS:+4)(22:-l). 

42.  (8+7)(«-5). 

45.  (y+6)(y-3). 
44.  (aH-7)(a-4). 

46.  ((7+6)(C-2). 

46.  (m+7)(m-2). 

47.  (6+8)(6-5). 

48.  (x-|-9)(a;-4). 
40.  (B-6)(B+3). 


61.  (m-7)(mH-2). 

62.  (r-6)(r+2). 
5S.  (x+2y)(x+Sy), 
64.  (a+26)(a+56). 
66.  («;-3t;)(ix;-2i;). 

66.  (r-5«)(r-2s). 

67.  (p-'7q)ip+4q). 

68.  (C-7Z))(C+2D). 
66.  (y+7z)(y-2z). 

60.  (a6-6)(a6+3). 

61.  (mn— 7)(mnH-5). 

62.  (ff-24)(ffH-5). 


.   (F-6)(7+5). 
64.  a(6-10)(6-h7). 

66.  a;(y+10)(j/-9). 

66.  fi;2(t;4.ii)(e;«9). 

67.  d3(m+8)(m-7). 

68.  2«0-5)(«-23). 
66.  3(x-20)(a;-10). 

70.  6c(5+10)(6+ll). 

71.  f2(a+27)(a+3). 

72.  4«?(w-12)(n+5). 
78.  6t;(2/+17)(2/-2). 
74.  (6+a)(l-a). 


1.  (a+l)(10a+7). 

2.  (3<H-5)(<+2). 
8.   (3a;+l)(a;+3). 
4.    (m+2)(5m-|-2). 
6.   (27+5)  (7+2). 

6.  (3il+7)(.l+l). 

7.  (2r+3)(4r+6). 

8.  (35-5)(B-2). 
».  (y-l)(10y~7). 

16.  (a8f-l)(5-3). 
n.  (5fif-2)((^-2). 
12.  (5-4x)(3-2x). 
18.  (2P-6)(P-2). 
14.   (5-c)(l-2c). 
16.  (2-3A;)(2-A;). 

16.  (4i2-9)(fi+3). 

17.  (3w-2)(2m+7). 


PatM  146, 147. 

18.  (3Z)+5)(Z)-1). 

18.  (3a+4)(a-l). 

20.  (3i;-2)(t;+l). 

21.  (4£r-5)(ff+l). 

22.  (46+9)(6-3). 
28.  (3n+2)(2n-7). 
24.  (3L-5)(L+1). 
26.  (32^-4)(F+l). 

26.  (3fi+2)(/J-l). 

27.  x(2a+7)(a-4). 
.  d(2c-5)(3c+7). 
.   (32+4)(2z-6). 
.  2(5a;+6)(2a;-7). 

81.  3(4^+l)(3flr-2). 

.  2a(2y-9)(2/+2). 

.  5^(3l7-4)(Tr+l). 

84.  f^(6u7-7)(6u;+l). 


.  <(2Q+5)(Q-5). 

.  (2C+15)(2C+1). 

87.  (4x+3y)(x+%). 

88.  (2Af+iN0(M+7iN0. 
88.  (d-k){2d-k). 

40.  (2A-5/?0(3^-4F). 

41.  (76-2c)(26-c). 

42.  (7A-n)(il-4»). 
48.  (3iJ+20(7i2-4<). 
44.  (2fi-9r2)(fi+2r2). 

a.  iS(3!r-6!r')(r+r). 

46.  n2(4(?+d)(3Gf-2d). 

47.  2x(26-5d)(6+2d). 

48.  4(3r-4Z)(r+Z). 
40.  (3a2+2)(a3-l). 

.  3«(2ti;+9i;2)(^_2t,2)- 
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[pp.  147-150 


Pages  147,  148. 

18.  (x-9)(x+9). 

14.  (A -f  12)  (A -12).  ' 

15.  (l-4x)(l+4x). 

16.  (1-70(1+70. 

17.  (3+2B)(3-2B). 

18.  ih-\-k)(h-k). 
10.  (9m+8n)(9m-8n). 
20.  {x-7y)(x-{-7y). 


24.   (9Tr- 70  (91^+70. 

26.  (C+10Z))(C-10Z)). 
20.   (4a;-lly)(4x+lly). 

27.  2(5aH-46)(5a-46). 

28.  yHx+lKz-l). 
20.  w(w+l)iw''l). 
SO.   6ait+2)(t-2). 

81.  4m2(2m+3)(2w-3). 


21.   (4ie-5Z))(4i2+5D).    82.  t{H-{-5t){H-5t). 


2.   (N-{-2)(N-2). 
8.   (a -1-3) (a -3). 
4.   (7+l)(F-l). 
6.   (<+4)(/-4). 

6.  (1-P)(1+P). 

7.  (2-iy)(2+wj). 

8.  (fc-5)(fc+5). 
0.    (4-^)  (4 +5). 

10.  (H-SKH-^rS). 

11.  (7-m)(7+w).       22.   i2c-5d)(2c+5d). 

12.  (10-t;)(10+t;).      28.   (6^-/^)(6^+F). 

85.   4(l+3a0(l-3a0. 
80.  SWH5P-\-W)(BP-W).  80.    (a2+l)(a+l)(a-l). 

87.  {m^-\-n^)(m-\-n){7n^n).  40.   '7r(ri-fr2)(ri— r2). 

88.  (4+r2)(2+!D(2-!r).  41.  27rR{R+2HXR'-2H). 

42.  Area  of  shaded  border^  A^ — a2= (A  +a)(A  —  a). 
48.  Area  of  rmg= ttR^  —  irr^ =7r{R  +r) (R—r), 
44.  28.2744  sq.  in.       45.  4105+lb.       46.  300;  280;  720;  300;  760;  460. 

Pages  140,  150. 


.   7gK2V+g){2V-g). 
84.    (xy+Dixy-l). 


1.  (a+6+l)(a+6-l). 

2.  (x-y+z)(x-y-z). 
8.   (>S+r+5)(/S+r-5). 

4.    (^-fc+40(^-A;-40. 
6.   (2w+n+6)(2m+w-6). 


6.  (1+A+B)(l-A-By. 

7.  (2+2w;+t;)(2-2w;-t;). 

8.  (5a+6-c)(5a-6+c). 

0.  (6ri+r2-4r3)(6ri-r2+4r3). 

10.  (7V+3T-S)(7V-ST+S). 


11.  ix-\-y-\-a+h)(x-\-y-a-h). 

12.  (M-Ar+Tr-7)(M-Ar-TF+y). 
18.   (C+Z>+4^-P)(C+/>-4^+/?^). 


it 
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14. 

15. 

16. 
17. 

18. 

19. 


21. 


(l-x+v-t){l-x-v+t).  24. 

(m+n+h)(m+n—h).  25. 

(R  -2A  +B)iR  -2A  -B) .  26. 

il+x+y)il+x-y).  27. 

(ri  -f3r2  +r3)  (ri  +3r2  -ra).  28. 

(x2  -|-2x + 1 )  (x2  +20;  - 1 ),  29. 

(Tr-3D+2M)(Tr-3/>-2Af).      SO. 

(l-4x+z)(l-4x-«).  SI. 

(l+o+6)(l-a-&).  S2. 

(2+M-310(2-M+3F).  S3. 

54.  (TF-5^+2a-30(Tr- 

55.  (M-6d+2i\r+A)(M 
36.    (x2-8n+^-5w2)(x2 


(l+;i-7A)(l-ft+7A;). 

(A+3B+5C)(A-3B-5C). 

(4C7+2F-9Tr)(4[/-2F+9IF). 
(5+r-2a)(5-r+2a). 

(4r +2p  -3g)  (4r  -2p+35). 

(il  ~4B  -2C)(A  -4B+2C). 

(l+<-3m)(l-^+3m). 

(o+6+c+d)(o+&-c-d). 
(x —2  4-m — 3n)  (x —2  —  m +3n). 

(1 +p+x-y)(H-p-x+y). 

-5^-2o-h30. 

-6(i-2iNr-A;). 

-8n-^+5m2). 


2.   (m— w)(m2+mn+n2). 
S   (x-2)(x2+2x+4). 

4.  (A-lKA^+A+l). 

5.  (1-P)(1+P+P2). 

6.  (2-r)(4+2r+r2). 

7.  (3-0(9+3/+^). 


Page  151. 

8.   {2w-v){4:w^+2wv+vi). 
0.    (r-3t/)(!r2+3Tt/+9t/2). 

10.  (42/-l)(162/2-f42/+l). 

11.  (M-5N)iM^+5MN-\-25m), 

12.  (2ri-3r2)(4ri2+6rir2+9r22). 
18.   (4^-3a)(16^2+i2^o+9a2), 


14.   (67-5Fi)(36F2+307Fi+25Fi2). 


15.  (a6-l)(a262+ab+l). 

16.  x(3x-l)(9x2+3x+l). 

17.  a2(6-a)(25+5a+a2). 

18;  2P(<-2P)(<2+2«P+4P2). 

18.  3y(32/-2)(9y2+62/+4X 


(m — w2)  (m2  +mn2  -|-n*). 

21.   (2^2-.3)(4A44.6A2+9). 
(t;2 -4M7)(v4+4t;2i£;+16u>2). 

(5-Z4)(25+5Z*+Z8). 

24.   (SR^-V)(9m+SRW+V^), 


25.   47rr(r-2/i)(r2+2rA+4^2). 

26.  Volume  of  shell=j7rD3-j7rd3  =  j7r(D-d)(Z)2+Z>d+(i2). 

27.  19.37+  cu.  in.;  79.58+  cu.  in.;  381.18+  cu.  in.;  862.37-  cu.  in. 
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[pp.  152-165 


1.  (m+n)(m?— mn-fn^). 

a.  (iH-l)U2-AH-l). 
».   (l+p)(l-p+p2). 

6.   (^+4)(^2_4£f4-i6). 

6.  (3+t;)(9-3t;+t;2). 

7.  (54-0(25-5«4-^). 

8.  (D-f6)(D2-6D+36). 
t.   (l-f2a)(l-2a+4a«). 

10.  (l+3x)(l-3x+9a;2). 

11.  (4i\r+i)(i6i\r2-4ArH-i). 

12.   (2a+6)(4a2-2a5-f-62). 
18.   (j/+32)(2/2-32^z+9?2). 


Page  152. 

14.   (Tr+4D)0r2-4TfZ>-fl6D2). 

16.  (35+2r)(as2-asf!r+4r2). 

16.  (5ri+3r2)(25ri2-15rire+9n|2). 

17.  (4a+3<)(16a2-12(rf+9^), 

18.  2(2x+32/)(4a;2-6xy+9y2). 

19.  (a6-hl)(a262-o6+l). 

20.  (3+mn)(9-3mn+m2n2). 

21.  P2(34.p)(9«3P_i_p«). 

L  a;(2x+5){4aj2-10x+26). 

I.  3D(3D+2)(9Z)B-6D+4). 

24.  (i;+i2)(y2-,;^24.^). 

25.  (2i\r2+l)(4iV*~2iV^2+i). 
5(2a2  +36)  (4a4  -6a26+962). 


27.  7r(D+d)(D2-Z)d-fd2). 

28.  2(3/2i3+i22)(9i^i6-3i2i3i22+i222). 
20.  37rr(r+3/i)(r2-3rA+9A2).  • 

'20.  (w?2+t;2)(M;4-,^2^4-t;4). 


^  Pages  168-155. 

1.  ^2(^8 -1-3^ +1).        0.   a(a+3)(a+5). 

2.  2xy(x+2/)(a;+22/).    10.  M(M-3)(M-5). 


8.  (2u;+3t;)2. 

4.  w(wf3)2. 

6.  (P+6)(P+2). 

6.  («-6)(i-2). 

7.  (/2+6)(l2-2). 

8.  (n-6)(n+2). 


11.  d(d+5)(d-3). 

12.  t;2(l+i;)(l-i;). 
18.  5xy(x—y)^. 

14.  a(l-a)(l+a+a2). 

15.  Z)(D-5)(D+3). 

16.  (M+6)(M+7). 


17.  (6-|/)(7-y). 

18.  (TF-7)(Tr+6). 
10.  (a+7)(a-6). 

20.  <(<-2)2. 

21.  (2-B)(4+2B+B«) 
.  a;(a;+8)(x-6). 
.  a;(x-8)(x+6). 


94.   (Tr-5^)(TF-4^). 

26.   (W+5g)iW+4g).  27.   (a2+8)(a+l). 

26.    (H2+4<2)(£f^20(fl^-2f).  28.    (l+2m-t;)(l-2m+t;). 

29.  2/(a;+7)(x-4).  81.   <(a+8)(a-f  9).  88.    (i4 -10)(A-f5). 

80.  (iV-f8)(iV+9).         82.   (A+10)(A-5).        84.  (2a;+l)(aJ+l). 
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86.  («-5)(^+5<+25).  87.   (12L-M^)(12L+M^). 

86.  (az-bw){ag+hw).  88.   (a— 6)(a?— 1). 

89.  (t;-5)(tf-10).  40.   (xy-14)(xy+4),          41.   (2a-l)(o-l). 

42.  (Q2<3+3F)(02«8-3y).  44.   (m+n^Xm^-mn^+n^). 

48.  (aj-l)(y-l).  45.   (2^+B)(A+2B). 

46.  (t;+2)(t;2~2t;+4).  48.   (D2-5)(D2-2).  50.   (7^-^13)0^ --2). 

47.  (iw+30(tw+20.  40.    (a;22/2+5)(x«y2+2).       51.   (3a-hl)(2a+3). 
52.  (4w;-5)(3ii?-2).  67.   (i + 5) (<2- 5^4-25), 

58.    (3+r)(9-3r+!r2).  68.  (5m+n)(m-2n). 

54.  4M2(34-4J\0(3-4i\0.  68.  3(3y-l)(92/»+3y4-l), 

55.  (3a;-hy)(a;-f22/).  70.  (4£r-l)(3£r+2). 
5i.   (9B«+4C2)(3B+20(3B-20.  71.  (e+v)(36-6t;+t;2). 

57.  (a-2)(6-3).  72.  abiZx-l)(x+l). 

58.  (2m-6n)(m-2n).  78.    (2Z)+1)(4Z)2-2Z)+1). 

59.  F(y+7)(7-6).  74.   (6«~50(s-0. 

60.  {x+7y)(x-5y).  75.   (9x2+10v^)(9a;«-10t;i). 

61.  (a+3)(a-2)(a2-a+6).  76.   (iV-2)(iV+a). 
(p+l)(p-l)(g+l)(g-l).  TT.   i2x+a+h)i2x-a--h). 
(7w+l)(w+5).  78.    (3^+l)(9^-3^+l). 

64.  {2A-l)(A-\-3).  79.   (2.1+13B)(2AH-3B). 

65.  (2A-3)(A-1).  80.   (5v+tX25v^'-6vt+fi). 

66.  (a+26+c)(a+26-c).  81.    (2a-26+y+2)(2a-26-y-2). 
82.   (8B-l)(B+2).  88.   (ri+3r2+H-2r3)(ri+3r2-l-2r3). 

84.  5(2M+37)(4M2-6M7+972). 

85.  (^--0(^+<+»).  88.   (5-2)(3-|-2). 

86.  (3x-2)(x+l).  89.   (a;-2)(|/-2). 

87.  (A-l)(A+l)(i4+n).  90.   (3x-4)(3a;-5). 

91.   (Z)-6)(Z)2+6Z)-h36). 

92.  (}r+7)(Tr-7)(pr2-Tr7+F2)(Tr2+Try+y2). 

98.  m(n -h  10) (n-3j.  97.   {5Q+t){Q-lQt). 

94.  (l+aa-2f2)(l-a2+2/2).  eg.   (x-aXx+lXx^-x-}-!). 

95.  (3a-h3&~d)(3a-36+d).  99.   (t;+u>)(t^H-w^). 

96.  (t;-6^)(f^-f-6t;t2-f36<*).  100*    (i2-r)(i2-|-2). 
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[pp.  156-161 


1.  2a252. 

2.  3a^}^c^. 
S.  5Tr*F«. 

18.  2(y-hl)2. 


Page  15«. 

4.  Smnp,  7.  7wt^^. 

5.  SM^K  8.   7CZ)P8. 

14.   13(w-n)(m4-w)«. 


la.   l-«.     18.  a -6. 


20.  22-3.     23.  2o-3. 


10.  4(»4-02. 

11.  1{E-F)^. 

12.  2(a;-l). 
16.  ^-1. 
24.  A-\-B. 


17.   F-3.   10.  2a;(x+2).     21.  w-^-l,     28.  riraCra-n).    2S.  2m(m+2n). 


Fag 

1.  6a268.  8.  24wh^uK 

2.  30x32/4.  4.   l62AfW«. 
0.  2(x+y)^.  10.  3(ii 

12.  m+t)Hl-t), 
18.  (5+l)(>S-l)2. 
14.   (Z)+1)(D-1)(D~2). 

IB.  y(l-y)(l+y)(l+2y). 

18.  (P-0)(P+e)(2P+Q). 

17.  {l+2){t+3)(t+4). 

18.  («;+6)(v-5)(t;-l). 

18.   (A+2)(2A-l)(3iH-l). 

20.  (2x-5)(a;+2)(2a:+3)(a;-l). 

21.  2N(N-\-lKN+2)(N-{-S), 


157,   168. 

6.  42p3g3r2.  7.  I00a2m2w3. 

8.  84^5B3C3.  8.  eOieerS. 

B)3(^+B)2.  11.  2n2(n-l)(n+l). 

22.  2A;2(fc+l)(A;^l)(A;2+Aj+l). 
28.   (P+l)(P-l)(P2+l)(P+2). 
24.   (l-d){l+d)(l+d+dP), 

26.    2z2(l~2)(l+2)(z-2)(22+l). 

28.   12B2(B4-7)(B-2)2. 

27.  (a-6)(a+6)(a2+b2)(a2+o5-f62). 

28.  (a+6)2(a+c). 

28.   (a;-y)(a;+y)(x+t;). 
80.   (il2+B2)2(A2-B2)2. 


1.  2,4. 

2.  2,  -6. 

3.  o,  "~"t5. 

4.  4,  -4. 
6.  2i,  -2i. 
8.  2i  -2i 


7.  8,  -8. 

8.  2,  -2. 
8.  1,  -1. 

10.  2,  -2. 

11.  7,  -7. 

12.  -1,9. 
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18.  11,  -2.  18.  2,  -7. 

14.  18,  -3.  20.  3,  4. 

16.  -2,  -10.  21.  2,  -5. 
18.  2,-3.       .  22.   3,  3. 

17.  -4,  -10.  28.  9,  -6. 

18.  5,6.  24.   2,  i 


26.  -3,  J. 

28.  1,  -i 

27.  -iU. 

28.  0,  1,  -1. 
28.  0,  1,  -3. 


80.  0,  5,  -2. 

81.  0,  -2,  -i.       88.   1,2,  -2.       86.  2,  4,  -4.  87.  0,0,3,  -a 

82.  -1,  -3,3.       84.   i,  3,  -3.       88.  2,  -2,  1,  -1.        88.  0,0,3,4. 

88.   3,  3,  -3,  -3.  40.   1,  -1,  3,  -3. 

41.   Division  by  n  — 1  is  not  allowable  since  it  equals  0. 


I  ■ 
I 
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42.  8,  or -13.  44.  9  and  11.  40.  Altitude  24  in.,  base  12  in. 

48.   13  and  14.  45.  7,  8,  and  9.  47.  Altitude  8  ft.,  base  15  ft. 

48.  Altitude  9  ft.,  base  12  ft.  49.  Altitude  6  in.,  bases  8  in.  and  10  in. 

60.  Altitude  12  in.,  bases  12  in.  and  8  in. 
SI.  20  in.  square.  52.   1 6  in.  by  24  in.  5S.   10  rd. 

54.  6  ft.    55.   10  in.    56.  2  in.    57.  3  in.   58.    10  in.    59.   10  in.   60.   16. 
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1.  4^(A2-2B2).  8.  vn{l-w).  5.    P*(P*-5Qx). 

2.  xn{a+h).  4.  a«»-i<(o+0.  6.  rn-isn-i(s^+r^), 

7.  5va-iya--i(v-2y).    9.   (a6+a-6)(a6-a+6).   11.   (V-V^iV+W+t). 

8.  4M2«(2Af+3iV).      10.   (m-n)(m+n-fx).         12.   (x-a)(l+a:-a). 
18.  (x-yXx+y-l).  14.   (m2+l)(m+l)(m-l)(n2+l)(n-fl)(n-l). 

15.  2r22(ri+r2)(ri-r2).  19.   (p-g)(p+2)2. 

16.  (A+B)(i^+t+l).  20.    ix+y-z-w)(x-y-z-\-w), 

17.  (2+d)(a-6+c).   ,  21.   (W^+V^Xm-V^+l). 

18.  (n+5)(2/+l)(2/+2).  22.   (A-B+C)(A2+AB+B2). 

28.    (m+w+p)(wi+n— p)(w+p— n)(— m+pH-n). 

24.  (a-6)(a+6+c).  29.    -l(«+2)2(f-2)2.         84.    (ar+6)(x+l). 

25.  {w-u+v)(w-u-'V).  80.    -l(a;-2/2)2.  85.    {ax-\-h)(x-l). 

26.  (xn-2/n)2.  ai.    -l(2M+3iV^)2.  86.    (2?/+6)(2/+2a). 

27.  aKl-3<n)2.  82.   (a+6+2)(a+6+5).    87.    (2W-n)iW-m) 

28.  -1(3P-1)2.  88.    (x-2/-10)(x-2/+4).  88.    (av+l)(v+b). 
89.    (x«+2/")(a:*»  — 2/**).  41.    (lon+i;n)(w;2n— t^nt;n-ft;2n). 
40.    (2A2»+3B3n)(2A2n-3B3n).              42.    (1-Qn)(14.0n+Q2n). 

48.    (x—y)  (x2+x2/-f 3/2)(a;+3/)  (a;2  -xi/+i/2). 

44.  (l-n)(l+n+n2)(l+n)(l-w-fn2). 

45.  (D-1)(D2+D+1)(D+1)(Z)2-D+1). 

46.  (a-26)(a2+2a6+462)(a+26)(a2-2a6+462). 

47.    (R^'hr^)(R^-Rh^+r^)iR+r)iR2'-Rr+r^){R--r)(Ri+Rr+r^). 

48.  a,  2a.  50.  2t;,  2t;.         52.  w+v,  —w—v.  64.   9r,  —  7r. 

49.  n,  -n.       51.   3t,  -J^      58.   3+0-26,  3-a+26.       55.   6,  -6,  -n. 

67.  1768;  2196;  2538;  4154;  4316;  79870;  76638;  133614;  236160; 
230232;  9612. 
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1.  --1.            »•  -f.  «.  -f           4.  .-if.  ».  f 

«.  ?5.                8.   -^.  10.   --^.         12.  K  14.  -^. 

^  7.   .M          9.    1  11.  -^        1,.  ^.  15.  !L=^ 

105«               y*  P*                o*-6  a-6 

It.  -5 2^.  18.  2|±1^.  3x  1-05 


X— y    X— y 


a:«-l    x«-l    x«-l* 
a-&    0-6    a-6*  *  a«-<"    a«-<a  V-«a' 


1+r 


1-r    1-r    1-f 


11,  ?[.        12.  JL. 
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2.  i  4.  i           t.  f           8.  J|.       10.  A.         '"'  0          ""  2x 
18.  ???».  It.  f.             It.  ^.          22.  ^.  26.  ^^P^^ 

14.  §£..  17.1^.             20.^.             2t.  -^-.  20.^5^. 

16.  ;p^.  18.  i-.             21.  -^.           24.  -4-;;.  27.  i^- 

dad  dr                    2R                  ^+fi  t+2 

28.   1±£.  2t.  2!^.            SO.   — ?±Vli.  SI.  -^-^. 

1-p  2n-l                   a2-ho6-|-5«  H-z+x^ 

vizw^  88    1^:?.          84    ^.           85.       ^'     .  St    ?^. 

f;+ii;  72                    c2                  Af2+iV2  r+2 

87.  tlizn,  8t.   -^.            41.  f=l.  48.  |^J±. 

rir2  D+2                    72-2  6a-5t 


m2— n2 


40 


cn^.  ^^  2^^.  ^^  ^=P±1. 


m2-|-n2  c+d  a;+4  P-f7 
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9.  4A. 
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w-6 


7.  2}y. 

17.  M''N+ 


9.  8H. 
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2Nt 


n-2 


19.  F+3-1 


u>»~ui+2 
9 


P-3 


18.  f«+2r+3- 

19.  D2-?P+4-l 


i_ 

r+l 
8 


D+2 


K  o8-h2a?+4a+8-|- 


48 


a-2 


98.  n2-4»-|-7" 


8 


n+l 


91.  SA+W-b 


lOB* 


22.   t>2-f;/-ht2 


3il-2B 
2fi 


v+t 


24.  54+258+4-S2+g,S+16+ 


•  ^+^+i?S- 


16 


iS-2 


1.    ao»        *•    oo* 
a46c2 
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x+1 
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'  7224.3/24-2 
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o^— a62 


a^b— ofes     a^h—ab^    aPb—db^    a^b—db^ 


14 


x(g-'y)fa+i/)2     y(x-y)2(x4-y)  (a^+y) 


3 


(x-ryY 


(x-2/)2(x+|/)2      (a;~2/)2(a;+y)2      (x-3/)2(x+2/)2      (x-2/)2(x-f2/)2 


!•  A>  iS>  A"' 
••  A>  fi»  H- 
«.  **,  H.  it 

4x       3 


^    6x2'    6aJ2'    6aj8 


Parw  171,  172. 

6.  M,  H,  ii 

9.  A>  ^Ty>  tS- 
6x  ^^        8a4 


11. 


7.  H»,  i«,  ii#,  M«. 

8.  iV^r,  /A,  H*>  iii 


1864 


3cS 


I2a^b^     12a2&2c     12a?&26 


19. 


9<       20^     J6_ 
2^    24^'    24t« 


12.  ^,    ^,    JL 

jtyc     xyz     Qcyz 
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Ipp.  172-176 


It. 


A^-A    A^+A        1 
A2-l'  A2-l'  A3-1 


14. 


6n+3 


6n4-5 


15. 


1«. 


F2-4F+3 


2n3+7n2+7n+2    2n^+77fi+7n+2 
72+47+3 


73+272-117-12     78+272-117-12 


8i?2+22i2-21 


6Jg2+7ff-20 


24B3+34jB2 -59/2+15     24i23 +3452-59/2+15 
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wv^ 


20. 
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x^ 


21. 


6(a;2-2/2)      6(x2-y2)      6(a;2-2/2) 
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mS  125-6  l&Sf+lO 


180iS8+304S2-60/S     180iS8+3052_60/S     180/S3+ 30/52-605 


27. 


29. 


18. 


14. 


ad— he 
hd 

7 A -2 


ih 

«.  H. 

».  *.     4.  if.     5..  II. 

r 

23a 
12 

15      X2+J/2+22 
Xy2 

10. 

13P 
12 
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14n2  * 

11. 

7v 
20 

17    n+r2-r3. 
rir2r3 

12. 

27i2-14 
35 

IQ    7i2+47ri2+6iy 
47ri22 
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81    2m2+2n2 
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t;2-l* 

fi3— s 


8.  if  i 


19. 


20. 


2il2 

2M2+4JlfiV+20JV2 
Af»+3Af2Ar  -6Mm-^SN^' 
4R^ 


x2  +  l/2 
x2— y2 

-2fl 
l-a2* 


28. 


24. 


25. 


20. 


3x2+3 


2x2 -5x +2 
4v 


w+v 


-4 


a3+3a2-i3a-15 

2b2~18&c+6c2 
864_66Sc-  7162c2+54bc3-9c«* 


i22-^2 


^y^-yz-32z^ 


22/4  +52/82-  62/222  _  1 9 ygS  _  10z4 


81. 


2o2-8 
a2-l' 
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2. 
8. 


1-P2 


88. 


4a^ 


»2-ti2 


84. 


5-63g 
l-a;2" 


87. 
48. 
48. 


2+y 
3i22 


i22-l 
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12252  _/22s2-r2^+r2«2 

14j/2 -1-130 
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»«•-  — ftTII 

4fla?-|-46g— 4ob 

462 -a;2 


M+2Ar 
M2-iV2 

6a26-12b3 


40. 
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2^4-2a4+2o2<4-2a2 
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44. 
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«+! 

X 

2B+B2 
1+B  ' 

1 


1-f 
18. 


4. 
5. 
8. 


268 
a+6 


3^+4 

r+2' 

mn 

ti?2-14 
w-3 

14. 


8. 


10. 


ri+r2 
o2+b2 

■    ■     ■■»■■  ■  ^ 

a— 6 


B2-4A2(7 
4A 

11,  y»-y«+2y. 


18. 


1+474 


1+F+F2 


15. 


5-<-5<2 

2ti8~3m;2-t;» 
■ » 


Ig    4p2+5p<7+2(72 

-«    JB2+B6+62 

(p+9)2 

B2 

pAges  178,  178. 

1. 

A. 

2.  *. 

# 

8. 

fV-          ^-  A» 

8. 

1^. 

7.  tV. 

8. 
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10. 

BD 

^^        6 

"■$ 

11. 

1; 

18.   1. 

»-f 

12. 

32. 

52; 

20 

417    6n 

22.  2^ 

2 

19. 

o2+o6 

14. 

2 

1..  2 

y 

24    J^->^. 
5JV» 

27. 
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■  x-\ 

o+b 
a2+62* 

1 

m+2n 

28+3 
<-l 
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re~3y 


xi^xy^^ 


81.  vfi. 

32     gg-8x+7 
a;2-|-9a;+20 


88. 


84. 


85. 


r-5 


r«+7r2+7r4-6 
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R^+2RH+H^ 

3m*— 7mn-h4n* 
3m2-13mw-10w2' 


F-l-3 


87. 


.  Mx^=M,    and  -^X^' 
R    N     N  b'    a' 
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6-a 
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18. 
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8. 


10. 

2P2-1 


8Ef 
^-1 
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ri-3r2 
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28.  10-5Af. 
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36- 3c 
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x«-2a;22/+4xi/2-8y»  '^    ^ 


28. 
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"  3n«+8n2+8n+6 
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2^+0 


»2-i;«+(« 


1.  Jj/^. 
8.  i^. 

8.  /^y 

ay+h 
11.  Ji±2. 
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4.  10. 

c—2 


S     5 


14. 


r2*-frir2 


18 


8.  a^. 

7.  to. 


1$      2a;+l 
*  a;2+x+l 

17    ^-4 


8. 


m—n 

18.  2(. 
18.   -1. 
^         1 


2i22-l 


81.  ?:i!=p.^ 


2r2+2ra 


(ri-r2)(ri-r8) 


8.  1. 
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7.  1. 


(x-l)(x-3) 

9  2a-26 

(a-l)(a-3)(a-6)' 

10.  f.  U.  ^ 
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8.  1. 

n-3 


18. 


n 


18.  1. 

|.     <8+9<2-30<-88 

*  ^-18«2+71<-78 

1,    3P2-f8P+4 

*  P«+2P-3 


18 


'  a>+a2-a+2 


17.  1. 

18.  -1. 

18.  2ri±7. 
3n+9 


n 


81.  3x+2t/. 

3A«+8AB+4B«* 
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p.   190-20 

Pftf  es  100-192. 

3. 

8. 

12. 

15.  2T^r. 

22.    -li. 

20. 

-2f 

80.  2f 

6. 

9. 

-1. 

18.  2i 

28.    -i 

80. 

3. 

87.   -g 

1. 

10. 

2. 

17.   1. 

24.   5. 

81. 

li. 

88.   9} 

6. 

11. 

6. 

18.   1. 

25.   6. 

82. 

A. 

80.   3. 

-li. 

12. 

5. 

10.    -1. 

20.   5. 

88. 

1. 

40.  43. 

1. 

18. 

15. 

20.    -i 

27.  }. 

84. 

4. 

41.  6. 

2A. 

14. 

15. 

21.  25. 

28.  4. 

85. 

1. 

42.  % 

Pages  102-107. 

1.  248;  17.  8.  446;  122.  5.   126;  22.  7.  214  in. 

2.  128;  32.  4.  48;  36.  0.   14  ft.;  4  ft. 

8.  60  ft.  from  one  stake  and  90  ft.  from  the  other. 
0.  7.  12.  2.  15.  2|da.  18.  S^hi,  2L  4  J  da. 

10.  5.  18.  8.  10.   9i^9da.  10.   20  hr.  22.   43tV  da. 

11.  6.  14.  5.  17.  6fhr.  20.   10^  hr.  28.  3^  da. 

24.  6  da.  25.  15  min.  20.   lH  mi.  per  hour. 

27.  7H  DM.  per  hour.  28.   35  mi.  and  40  mi.  per  hour. 

20.  Motorcyclist  15  ml  and  automobile  25  mi.  per  hour. 

80.  4  mi.  and  6  mi.  per  hour.  88.  30  mi.  per  hour. 

81.  6  mi.  per  hour. 
20  mi.  per  hour. 


I.  a= 9. 

n 

2a 
I.  a=\.  ''• 

4.  t=!^-  8. 

4 

18.    P=-W. 

14.   c=-2d 


84.  15  mi.  per  hour. 

r. 

80.  2. 
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1^.    A  '^  *^C/  • 
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,-ST    ^_ST     j,_a 
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18.  L=2Ar;  A=A.        19.  y=t^;    ,=Zr|;    ^=Z^;    h^V^, 

2»-   ^=   ,(/,+,)''  ^-R(W+Ry ^  ' T'r • 

21.   0)V^RS,S=^;    (2)ie-^,    1^=^^    S^2irRH) 

(3)  if=-^,    V-^irR^H]    (4)  g^^"^*^^,    T^2irR^+2TrRH) 

(5)  T=27rR^+27rRH-S,  S--27rR^+27rRH-T,  ff=^H-r-27rlg2 

27ri2 
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24.  ^.=-fe;    (7=^;    r=^  2«.  ^=Ci^;  i2=|. 
1^           fr           fg  C 

ofi    ^       eg   .    rT_C^±nCr.  p    nE-nCr,    ^    nE-CR 
JSf-Cr'                n       '  C  nC 


29.  n=-J^;    ^=ri£^h^^;    i^^Ii^^    r= 


nE-nCR 


E-CK                E       '  nC     '              C 

80.   iiJ=-n!X.  81.    22 ^^^^^ 

12.  r=f^;    a=S-Sr+rf;  Z=a:=^±^  SS.   r^^^.       U.  10  ft 

o — 2                                        r  8/1 


Pages  202-205. 

1.  -i.  S.  9.  •.  la  18.  3i.  IT.    -2}. 

2.  li  r  6.  10.  8.  14.    -4}.  18.  1}. 

3.  It'r  7.  f  11.  4.  15.  5.  19.  i 

*.  lii  8.  it  12.  2i.  It.   -7.  20.   -A- 

21.    -10.  22.  ^^2ac2--4&2c-&c2,  j,^  ^^,  ac 


263+62C  2c -a 

24.   n^^±^^^-      25.  n=xy.       28.  iE= ^-^T^^ . 

a  rir2r8  +rir2r4  +rir3r4 +7i2r3r4 
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iww    J    wcE-\-tn'c'E — mcT  ^e    tt-    ^ — ^ 

Z7.   i— 28.    K« — ; — • 

mc  m-\-n 


.  He  divided  20  by  4  less  than  the  result  given. 
,1.  TT^JSL;     F-1^^;    ^_W-Tr.>,  M.  4t  ft.  per  wooiid. 


PatMM<-^MI8. 

1.  J.  8.  xiiv*  5»   »•  ''•  «• 

2.  A-  4-  *  copper;  t  tin.         6.  tMtf;  6}.  8.  Vif ;  7.8 -f. 

2.  Cast  iron  7.2;  brass  8.4-;  gold  19.2-f ;  oak  1.0+;  ash  0.8+;  cork 
0.2+ . 

10.  3.14+.  11.  3.14+. 


1».  ' . 

x-y 

18. 

66'          ^**  *• 

18.  29,120. 

20. 

25  and  60. 

12.  12and2S. 

21. 

2}  and  4}. 

15.  if,  «,  i 

10.  A  $915;  B  $1220. 

17.  A  $400;  B  $800. 

Page  202. 

1.  3.    2.  1}.    8.  5i.    4.   54.    5.   12.    $.  48.    7.  144.    8.  21i.   2.   14i. 

10.  ^.  11.  ^'  12.  ^.  18.  -^.  14.  r*.        15.  ^ 

a  2/  r  6— o  oc 

10.  Family  of  three  members,  $48;  other  family  $64. 

Page  210. 
1.  15.^       2.   15.         8.  40.         4.  3.        5.  a«.        0.  mn^,       7.  l-««. 

8.  12.      0.   18.      10.  9x5.       11.   pfi,       12.   -.       18.   l-n-n2+n». 

a 

14.  fff.  10.    ±6.  17.    ±14.  18.    ±3.  10.    =tn«. 

20.    ±10^2.  21.    =t(«+722). 

Pages  211-218. 

1.  3i  in. ;  5  in.  8.  72  ft.  8.  773  yd.  1  ft. 

2.  60  rd. ;  75  rd.  4.  67  ft.  1  in.  0.  4800  ft. 
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7.  60yd.  11.  AD,  7i  in.;  DB,  41  in. 

8.  (1)  2  in. ;  (2)  16|  in. ;  (3)  12*  in.  W.  AD,  33i  yd. ;  DB,  26}  yd. 

9.  16  in.  18.  10  in.         ' 
10.  AD,  17J  ft. ;  DC,  22}  ft.  14.  450}  in. 

IS.  6  in.;  4}  in.;  AD  16  in.  and  DB  4  in.,  or  AD  4  in.  and  DB  16  in. 

PatM  21S-215. 

1.  1201b.  2.  601b.  8.  9601b. 

4.  12  in.  from  point  of  application  of  resistance. 

5.  150  lb.  7.  266}  lb.  8.  48  lb.  11.  50  lb. 

6.  16}  lb.  8.   1001b.  10.   120}  lb.  12.   18  tons. 

/ 

Page  220. 

1.  d^2&U       8.  c=5u;.        5.  t;s32^      7.  9  ohms.  8.  8;  9xB2y. 

2.  c=30u7.      4.  i-.06p^.     6.  601b.        8.  R^i^L,       10.  6P=77;  25. 

Pftfes  22»-281. 

1.   w+n.        2.   16,  24,  32.        3.   |±^.       4.  ^±^.        6.    ±6a2(a-6). 

3+6n  x4-8y. 

••  (;;:^2  ''•  *=i«J  A=A;  A=A. 

8    g+t/^    6  18.  37}.  14.   144  ft.;  256  ft.;  1600  ft.       15.  i- 

5       x-2/         le.   I6cu.  in.     17.  2.4+ in. 

Pages  282,  288. 

1.  a=5,  6= -6.  8.   p=2,  g=3.  15.  m=8,  n= -2. 

2.  m=12,  n=~2.  8.   i2=3,  r=7.  18.   TF= -21,  w;=29} 
8.  x=4,  2/=3.                    10.   M=2,  iV=5.              17.  /=2},  <  =  0. 

4.  8=5,  <=7.  li.  A=12,  A:=ll.  18.   xi  =  13,  a:2=17. 

5.  w^^,  v=-lA.  12.  a:=7,  2/=10.  18.   a=14,  6=14, 
8.  i4=-2,B=-3.  18.  ri  =  l,  r2=}.  20.  t;=16,  mj=12. 

7.  a;=-l,  i/«4  14.  B=-3,  C=ll. 
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PageSU. 

1.  m=2,  n=3.                •.  e=35,  /«20.  17.   Tr=3,  D=4. 

2.  x=12,  a=l.              10.  12«7,  !r=9.  18.  a=5,  <= -7. 
8.  r=2,  «  =  1.                 11.  7=15,  n=8.  10.  a;  =  l,  y=i. 

4.  ri  =  13,  r2=17.           12.  a;= -1,  x'=3.  20.   7=2,  P=3. 

5.  A  =  4,  5=-5.           IS.  A=2,  A;=5.  21.  <=1,  7^= -4. 

••  P=2H,  g=7A.         14.  B=4,  0=-3.  22.  i^^liV^,  r=-liJi 

7.  ^=-2,  t;=8.             15.  y=J,  2=|.  2S.  !(;=},  T7= -1}. 

8.  ilf=2,  iV=l.  10.  L=-2,  0=li. 

Pftf  es  2S5,  286. 

1.  a=3,  6=2.                 9.  i)=-ll,  0=7.  17.  a;=8,  j/=l. 

2.  a;=8,  3/=4.                10.  ^=8,  A;=l.  18.  a=i,  m=4. 

8.  m=3,  n=l.               11.  A  =  Ui  5=5V  10.  (i=-2H,  2/-7Jf 

4.  xi=I7,  a:2=13.          12.  ri=l,  r2=--li.  20.   r= -11,  <=7. 

5.  i2=6,  5=2.              18.  r=7,  /=3.  21.  a=24*,  A;=5f 

0.  7=1,  <=5.                14.  t;=5,  8=7.  22.  a=5,  6=4. 

7.  a=-3,  2= -7.         15.  M=4,  6=3.  28.  i;= -4,  «?=!}. 

8.  p=9,  g=2.  10.  il=5,  p=-5. 

Page  280. 

1.  a;=7,  y=3.                 5.  a=4,  6=}.  9.  fc=JH,  rn^^^i^. 

2.  v=7,  ti?=4.                 0.  p=-7i  9=-17i  10.  x=-^y  3/=-tV 

8.  i^=-2,  «=-3.          7.  n=7i,  «= -fj.  n.  7=-lH,  P  =  lif 
4.  Af=-3,  6=24.          8.  L=6,  d=8. 

Pages  287-242. 

1.  21,  8.             8.  24,  96.          5.  6,  27.  7.  4?  ft.,  5f  ft. 

2.  -6,  15.         4.  8,  56.            «.  \{.  8.  86tV  ft.  from  one  end. 

9.  3i  ft.  from  one  end.            11.  81Jlb.,  661b.  13.   481b.,  721b. 
10.  4i  ft.  from  C.                     12.  24  lb.,  18  lb.  14.  36  oz.,  54  oz. 
15.  A  $1800,  B  $4500.                        17.  $920  at  5%,  $1080  at  4%. 

10.  $7500  at  5%,  $4500  at  6%.  18.  $9000  in  3%,  $7200  in  4%  bonds. 

19.  N.  Y.  City  4's  $8000,  U.  S.  Steel  S's  $14500. 
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20.  10  dimes,  40  nickels.  22. 

21.  12  $5  bills,  4  $10  bills.  2S. 
24.  83.                  2S.   126J^  53^. 

26.  36*,  72^  72^ 

27.  10  ft.,  18  ft. 

28.  Length  15  in.,  width  8  in. 

29.  Length  1004  ft.,  width  760  ft. 
SO.  12  ft.,  9  ft. 

81.  22A  in.,  Q^T  in. 

82.  2  mi.  per  hour. 

88.  2}  mi.  per  horn*,  4  mi.  per 
hour. 

84.  15  mi.  per  hour,  35  mi.  per  hour. 

85.  6  mi.  per  hour,  42  mi.  per  hour. 


14f  lb.  of  25HJent,  35f  lb.  of  32-cent. 
750  cu.  cm.  copper,  250  cu,  cm.  zinc. 
88.  90  ft.  per  sec,  60  ft.  per  sec. 

87.  Passenger  540  ft.,  freight  720  ft. 

88.  Passenger  480  ft.,  freight  576  ft. 
80.   16  gal.  cream,  4  gal.  milk. 

^0.  9f  f  gal.  cream,  6^  gal.  milk. 

41.  42  1b.  tin,  141b.  zinc. 

42.  28.85+ oz.  bread,  10.03 -foz. 

mutton. 

48.  No,  because  it  would  require  a 
negative  quantity  of  bread. 

44.  200  children,  320  adults. 

45.  m=5^  in.,  n=4f  in. 


1.  x^a,  y=h, 

2.  x=a— 6,  y=a— 6. 

8.  x=m,  y= — 
m 

^     2R+S'    ^    2R-{-S 
5.  a;=-l,  y^A-^-B, 


2^ 


7. 

8. 

0. 

10. 

11. 


X— 


p2+g2' 
1 


y= 


2/= 


1 


n+^2'    ^^     ri+r2 

x=2pf  2/=ig. 

x==Ri+R2,  y-Ri- 

1     .  1 


Pftf  es  242,  248. 


x= 


y= 


p-\-m-\-n  p-fm-fw 


tw 


vw 


P+Q  P+Q 

14.  x=18o-246,  2/=366-24o. 

15.  x=a—b,  y=a-{-h. 
18.  x=im,  y=n. 

17.  x=2yV«',  J/=3i^t;. 
3m+12n 


18. 


10 
20 


m+Sn 
_g8_         8 


'   1+q     1+q 
PI  Wl 


*   P-\-W*    P+TF 


21.   100^-120001/  ^^u^^  ^^  ^c,^^   12000x-100d  ^^y^  ^^  ^^^ 


gal.  milk. 


mw—aw 
m—n 


gal.  cream. 
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Pases  245,  246. 

1.  x«7,  y*3.  5.  x=i,  i/=l.  9.  x«5,  y=l. 

2.  a;=4,  y=10.                 «.  x  =  3,  j/=2.  10.  x= -2,  y=-3. 
8.  a;=2,  2/=a                   7.  a;=2,  y«3.  11.  a;=7,  y=9. 

4.  x^4^y  y  =  lW.  8.  x=-l,  2/=4.  12.  a;=4,  y=3. 

PatM  247-242. 

1.  m«l,n«2.                  6.  ri=3,  r2=2.  .     ••  o-Wi,  6--^. 

2.  p«-2,g=3.              «.   P=5,  0=2.  10.  <=i,  T-i. 
8.  A«i,5=i.                 7.  i^=6,  r=4.  11.  il=2,  B  =  7. 

4.  tr=3,  i;=»4.                  8.  a;i=-i,  X2=-i.  W.  x-^j^,  y»-i|. 

oc  — oc  ac  —ac  4m  n 

15.  a;=m,  y=n.  17.  lOjf  hr.,  IT^V  hr.    10.  A  30  da.,  B  24  da. 

10.  20min.,  16min.        18.  56  hr.,  105  hr.  20.  53i ohms,  160 ohms. 

Paces  250-252. 

1.  o«l,  6=3,c=5.    '     2.  P=6  Q=l,i2=2.      8.  w»l,  t;=i,  w-J. 

4.  ri=i,  r2=J,  rs-f  10.  a;=»2,  y=f,  «  =  f. 

5.  il= -7,5=8,  C=l.  11.  m=lj,n=-l},  p«-li. 
0.  x=l},  2/=— li,  2=  — i.  12.  8 in.,  Sin.,  12m. 

7.  A=4,A;=5,2=6.  18.  24  in.,  20  in.,  16  in. 

8.  p=2,g«3,r=4.  14.  61^,611%  56r. 

0.  a=20,  6=10,c=30.  15.  P=48°,  Q=64^  l^=68^ 

16.  x=9,  y=5,  2=7. 

17.  Vertices  9  in.,  15  in.,  23  in.  from  points  of  contact. 

18.  4  m.,  6  in.,  9  in.  10.  0.168  in.,  0.392  in.,  0.452  in.         20.  432. 

21.  29.6+  oz.  bread,  2.9—  oz.  butter,  8.7-f  oz.  beef. 
22.  Impossible.    28.  8.9  oz.,  4.5+  oz.,  2.8+  oz.     24.   Ists  4, 2ds  2,  3d8  1 

Pases  258,  254. 

1.  M=6,  iV=8.  8.  ri=8,  r2=10.  5.  a;=l,  j/=l. 

2.  W^l\yW^-'4:,  4.  a=0,  6=0.  6.  a;=10,  y=5. 

17a       _m 
^-  ^"33c'    ^""lec' 

_      7mn— m+6n  7mn— m+6n 

*•  ^~2m2+2w2+2w-2n  ^^     w2-6n2 
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10.  r«6,  s=»6,  ^=6, 10^6. 

11.  a;=l,  2/=«2,  2=3,  ti;=4. 

12.  p=«2,  5=— 1,  r=--3,  «= 
It.  384. 


5. 


14.  Q2Hy  SI2it' 

15.  4  lb.  of  first,  3  lb.  of  second. 

16.  Altitude  0  in.,  base  12  in. 

17.  6  persons,  $2. 


1.  2a+5. 
».  l-8y. 
8.  m^— 5n. 


7. 
8. 
9. 
8.  2^+5<-7.  10. 

18.  m'— 3m2n-|-3mn2— n*. 
18.  2P«-5P2+4P-3. 


4.  x2-x-f2. 


Pages  257,  288. 

1  +  6-624.53. 

7il4-f3A2-2. 
r2-5r-2. 
a?-f  2a6  +62. 
2w;2— 10+4. 


11.  Af2-3MiV+2Ar2. 

12.  z^-xy+y^. 
18.*  3p2-2pg-552. 
14.  7 -37+272. 
18.  a^-x2+x-l. 


17.  t;»-2t;2^+3tni^-4u;». 


1.  86. 
».  43. 

8.  76. 
4.  162. 
8.  203. 


8.  132. 

7.  127. 

8.  9.82. 
0.  3.5. 


Page  280. 

10.  12.1. 
U.  11.2. 
12.  2.15. 
18.  2.236. 


14.  1.732. 

15.  0.774. 
18.  1.095. 
17.  5.291. 


18.  0.670. 
10.  6.090. 

20.  0.866. 

21.  749.84. 


Pages  262,  288. 

18.   4V2^  19.  }V2. 


1.  2V2I  7.  2V7. 

2.  2V3.  8.  4V37         14.   4V5;         20.  iVW, 
8.  2V6.           0.  5V3I         18.  IIV2".        21.  }VT. 
4.  3V3.  10.  3V6.  16.  13V  2".       22.  AV5I 
8.  3V2r  11.  6V2.          17.  I2V3T        28.  ^y/T. 
8.  5V2;  12.  5V5!  18.  IOV3I       24.  T^Vel 

81.  aVh,  84.  7xW^.  87.  3Tr^V3^.      40.  a(a-6)V^ 

82.  262Va.  85.  2^V2t^  88.  k^Vdv. 

88.  5in\Gnn.         86.  5P2V2F.  80.  ZBW5AB. 

42.  2.828,  4.242,  7.070,  8.484,  5.656,  15.554, 18.382, 0.707. 
48.  8.464,  5.196,  10.928,  8.660. 


25.  ivs: 

26.  jVs. 

27.  iVu. 

28.  ^Vl05. 

29.  Avg: 

80.   ^y/QQ. 


41.  ^oT 


w                                            ANSWKKS 

[pp.  263-266 

^ages  2«8,  264. 

1.  SV2.                8.  2V5.                15.  6>/2. 

22L    -2xyVi, 

2.  3V3.                 9.  4V7.                1«.  f V2. 

28.  Sa^bVb, 

8.  3V2+3V3.     10.  5V11.              17.  V-V3. 

24.  4nVmn. 

4.   V5.                 11.  5V2.                18.    -fVB. 

25.  3«;2V2t;^ 

5.  2V2^                12.  2V3.                19.  -^V5. 

26.  24pgV3pg. 

6.  2V2:                18.   V5.                 20.    -V-v1 

>. 

27.   (2r+t)Vt. 

7.  6V2.                14.  lOVg.              21.  5a2Vi. 

28.   (w+t;+M;)Vittmj.                             29. 

ia+db+ac)Vbc, 

1 

Pages  284,  265. 

• 

1.   VT5.                  6.  2V3.                     9.  2V7. 

18.  3-2V5. 

2.  Vl4.                 6.  3V5.                   10.  35V3. 

14.  6+4V3. 

8.  V33.                  7.  3V7.                   11.  6. 

15.  2O-9V0. 

4.  V65.                 8.   IOV3!                 12.  44V3. 

16:  I6-6V11. 

17.  6+2V2+3V3+V6.                     18.  5V3- 

4V5+V15-4. 

19.  2V7-4.        20.    -4-8V3.        21.  1. 

22.  IH-2V30. 

28.   II-3VT4.                                 28.  ahVab. 

88.  a?2— y. 

24.  V6+4V22+V33+44.             29.  2x4V^. 

84.  r2+8-2rVi. 

25.  I2-V14.                                  80.  p^V^. 

85.  2a2-66+aV6. 

26.  2V3+3V2-2V6-6.               81.   10whV2i. 

86.  m—n. 

87.  rVs.                                          82.  mnV21. 

Page  266. 

1.   iV2.             8.  2V5.            5.   V3.              7.  1 

K6. 

0.  ivTo. 

2.  V3.              4.  iVsO.           6.  V2.              8.  2V2. 

10.  v^. 

11.  —Vmn,                        14-   i"^- 

19. 

8V5+8V3. 

^                                  15.  10rV2r. 
12.  Va;2+a;.                     16.  2-\^. 

20. 

12V7+12V6. 

21. 

2V2T-f2Vl9. 

2                                 17.  2V3+2. 

22. 

2+V3. 

"•  P^^P-                         18.  6V3-6V^. 

28. 

9-f4V5. 
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24.  4i-iV77.  , 

25.  i+iVs. 

26.  11- Hv^. 


27-3f-iJVT4. 
a-Vb 


a;Vx-fxVy 


28 


a2-6 


1.  y2-f2y+i. 

2/ 

2.  22+4-1. 

8.  ?+62+l 
0  a 

4.  n 


Paces  267,  268. 

6.  0.70. 

7.  0.92. 

8.  0.85. 
•.  0.86. 

10.  0.93, 

11.  9.05. 
11^.  4i;  4i. 
19  7^;  7tV. 


14.  8tV;  8tV. 

15.  IOtV;  lOi^r. 

16.  12i;  123fV. 

17.  lVn-2a;+3x2 
re 

^^-  — Vw3+n8. 


*••  ^jVB2-4^c. 


2    2n 
5.  0.84. 

20.  |V2+i--iV6-iV3.  21.   fV^+iV2-iV42-iV7. 

21.  AVi5+T^rV5-AV3+A.         24.  i+iVe-Jvls. 

22.  iV2+iV5-i.  25.  tV-t^V5-AV3-AV15. 

2^     (x-\-Vxy—Vxz)(x+y-^z—2Vxv) 


27. 


28. 


x2  +2/2  +£2  -2x2/  -2x2  -22/z 

(a-b+Vac-V6c)(a+6-c--2Va6) 
a2 +62 -|-c2 -2a6 -2ac -26c 

(1  —m— Vn+V?nn)(l  +m— n— 2Vm) 
H-m2 +n2  — 2m  — 2n  — 2mn 


1.  3,  4. 

2.  2,  ~5. 

8.    -2,  -7. 

4.  -3,  J. 

5.  -J,  -li. 
e.  J,  -3J. 
7.  4,  -i. 


Page  270. 

8.  h  -i.  15.    -2,  IJ. 


0.   4,  2. 

10.  11,  -7. 

11.  1,  -2. 

12.  4,  7. 

1».   -i  i. 
14.  3,  -2i. 


16.  2,  -If 

17.  -10,  |. 

18.  3,  -If. 

19.  6,  -1. 

20.  -1,  -9. 

21.  28,  -20. 


22.  I  8i. 
28.  5,  -li. 

24.  3,  -2i. 

25.  i,  -3. 

26.  2,  -2. 

27.  6,  -3. 


48  ANSWERS                              [pp.  271-274 

Paces  271,  272. 

1.  ±2.  11.   ±V^.           21.   ±V5.                 81.   dzl.58. 

2.  dL5.  12.  d=25.  22.  dz3.  82.  d=1.22. 
8.  =fcl3.  18.  itlj.  28.  ±7.  88.  ±0.51. 
4.  ±7.  14.  ±V7.  24.  ±1.  84.  ±1.92. 
8.  ±iV30.  15.  ±2.  25.  ±5.  85.  ±2.91. 
8.   ±V^^.  18.    ±V'^.           26.    ±i>/30.              86.    ±1.67. 

7.  ±V^^.  17.    ±iVl3.           27.  0.                         87.    ±3.05. 

8.  ±iV7.  18.    ±li.                 28.    ±V^=Ol.            88.    ±4.47. 

9.  ±}V3.  19.   ±jV2.             29.   ±2.                     89.   ±4.12. 
19.   ±V32.  29.   ±^^"H.         89.   ±2.64.                49.   ±3.60. 

Pftf  es  278,  274. 

1.  2,  4.  17.  tV=*=tVvT41.  88.  4,  11. 

2.  2,  -6.  18.  T^u  ±T^ir>/l3.  84.  3,  -6*. 
8.  9,  -1.  19.  J±V3.  85.  6,  -3. 

4.  11,  -2.  29.  14,  -8.  86.  0,  4. 

5.  -4,  -10.  21.  3i±iV=^.  87.  2±iV3. 

6.  2,  -3.  22.  4,  -3.  88.  5§t±^V^. 

7.  5,  6.  28.    ±1.  89.  4.54,  -1.54. 

8.  -7,  2.  24.  7,  -6J.  49.  18.28,  -3.28. 

9.  -6±V2T.  25.  3i  ±T^r\/ll85.  41.  0.20,  -0.53. 
19.    -i±}V33.  26.    ±5.  42.    -1.77,  -6.23. 

11.  3,  -i.  '     27.    -3}±iV793.  48.  0.16,  -6.16. 

12.  I,  li.  28.    -i±iV5.  44.  0.45,  -0.36. 
18.    -i  3.  29.    -i±iV85.  45.   13.85,  -2.52. 

14.  i,  2i.  89.  i±J>/37.  46.  2.05,  -2.30. 

15.  7,  -1}.  tl.  2±jV3.  47.    -1,  1.4. 

16.  -l±iV4r.  82.  3,  -t.  48.  2.05,  -2.65. 


pp.  276-2831 


ANSWERS  ^® 

Pages  27e,  277. 

l=fcV337  M.    -2;  i 

42  8&.  2,  -t. 

j8    l=fcV217-  34.  2±V5. 

1^  85.  7,  3t. 

1».    -1,  lA^  ,e.o.  -5. 

20.  =:^'  87.  3.  i. 

—1  -k\/T7  ^*  ^»  *• 

^*-  2  89.  -4f,  i. 

L  1±V^.  40.  3,  -5. 


J_  42.  4.  -1. 

»*•  -4    ^-  a.  4,  -U. 

,..  3.  -1.  «•  2.  -24- 
-1±V3  *••  657,  -157. 

1,    I^V'^TTO.                   *'•          2         *  47.  150,  -1.45. 

30                           28.  3,  -6i.  48    1.38,  -1.13. 

14.  4±2V3.                        2».  6.  -1.  4,    2.16,  -4.16. 

»•  2,  li.                             »••  !•  1-  50.  1.37,  0.12. 

18.  3±2^HI.                    81.  i^y^^-  51.  2.34,  -3.84. 

.  FaK«*  378-28S. 

1    12,13.     2.15,16.     8.10,21.    4.8,42.  5.6,8.     8.  A-     7-3,4 

;t        o-«.or7m    4iii  8.  500  ft.  by  596  ft. 

8.  5in.,2m.  orTin.,  4in. 

m    ft  44-  rd.  !••  ^  ^^-j  ^  ^^''  ^^ 
10.  6  in.  square.              18.  6.4+ ra. 

11    2  ft                             !*•  13.9+  rd.  n.  12  in.,  16  in. 

W.  7.9- ft.                     15.  3.2-rd.  18-  5hr. 

18    30  mi.  per  hour,  40  mi.  per  hour, 

u               9%    sOi*  28.  24min.,  18min. 

20.  36  mi.  per  hour.        28.  »u^  ,Ki^:„ 

1,               O.A    »K  *7.  15Jmin. 

21.  40  mi.  per  hour.        24.  85.  «o    irci,. 
26.                              25.  160  acres.  28.  13  nr. 


9.  V,  —2,        10.    -a,  — &. 

z  n  ' 


50  .       ANSWERS  [pp.  283-289 

29.  8lir.,  10  hr.  80.   10  mi.  per  hour;  30  mi.  per  hour. 

SI.  9.9- in.,  6.1+ in.    84.   129.4+ ft.  87.  2.16+ in. 

82.  8.1— in.  85.  20  in.  square.  88.   1.56+ in. 

88.  9.7+ in.  80.  13  in.  by  22  in. 

80.  Hind,  12  ft.,  front,  10  ft.  42.  Bases,  8 in.,  22  in.; altitude,  8  in. 

40.  37Jin.,  Siin.        48.  7.16+ in.,  0.84- in.      45.  10  ft.     47.  3.8+ ft. 

41.  356.7- ft.  44.  18.62-,  3.38+.  40.  4  ft. 

Pages  284,  285. 

1.  ±iVS.     3.   ±o.         8    ^=^^^^+1^.       4.    3r,  -Jr;  Jx,  -2a;. 

a  2 

5.  2Ay  A]  \WiW.  0.    — 27n— n,  n;  —y—2m,y, 

7.  -r=bVr2-s.       8.  2,  -1;  n,  -i. 

2  n 

11.  m,  -n.  12.  _l±lvS2n.  j-J'""-^    . 

--    (?-2gdb  \/(?-^-4q(?+4q=^+8d^  ..     l=bVl+86f  _Li-t/" 

10.  8.9+ sec.  17.    -v±Vi^+648^  jg    3^^^ 

-  5L  dz  V57L2 + 19200LHD 
*••  8L 

y 

Page  285. 

9^aA~TT      *•    -^y^i'  -    9=bV501  ,.    7±V229 

2.  ^2±V-11.      ^     _^^  ^^  7.  -^5—.  10.   — ^g— 

8.  1,  -^.  e.  i±^.         '•  'T^'  "•  *'  '*• 

'  6  •.  3,  §. 

Pages  287-280. 

1.  a=l,  6=2;  a=2i6=-?.  4.  A=2,5=l;  A= -1,J5= -2. 

2.  a;=3,  y=  —2;  a;=  —3, 2/=2.  5.  w=2,  t;=5;  w=  —5,  t;=  —2. 

8.  m=l,  n=4;  m=4,  n  =  l.  0.  <=1,  t;=2;  <=4,  «;=  — 4. 


pp.  289-292]  ANSWEKS  51 

S+V^^           -39+3V^^^. 
7.  n 2 '  r2= ^ , 

3-V^r5  -39-3V^^ 

8.   p  =  V2,  3=2^/2;  p=  -  V2,  g=  -2V2. 
».  12=7,  r=0;  12=li  r=lli.  10.  c=  -2,  d=3;  c=6,  d=  -1. 

11.  M=l+}Vl5,iV=l-iVl5;  M=l-ivT5,  iV=:l+iVT5. 

12.  a;=  -5, 2/=2;  a;=  -10,  j/=  -8.  17.  a=2,  6=2;  a=2,  6=2. 

18.  a;=5,  j/=7;  a;=  -4-j7^,  j/=  -7^-        18.  t;=4,  to=7;  t;=  -7,  ii7=  -4. 

14.  TF=2,  Z)=i;  TF=i,  Z>=2.  19.  7=1,  <=5;  7=  -3,  <=  -3. 

15.  A=  -4,  Aj=  -3;  A=i  A;=  -Ij.  20.  a;=3,  a;'  =  l;  a;=li,  x'=  -2i 

le.  E=l,  F=6;  E=6,  F=l. 
21.  y=9+ V89,  2=  -4-V89;  y=9- V89,  2=  _4_|->/89. 
22.  m=-8,n=-3;  m=9i,  n=2i.  80.  A=4,5=5;  A=5,5=4. 

28.  12=10,5=3.  81.  3  and  5,  or  -5  and  -3. 

24.  !r=2,  <=-6;  r=2,  <=-6.  82.  12  ft.  and  16  ft. 

25.  0=3,  6=2;  a=2,  6=3.  88.  59.39+  rd.  by  19.39+  rd. 
20.  m=lj,  n=i;  m=J,  n=li.  84.  36rd.  by80rd. 

27.  p=ll,  g=-8;  p=8,  g=-ll.  85.   12in.,7in. 

28.  0=3,  <=1;  0=1,^=3.  80.  15ft.,8ft. 

29.  i/=12,  t;=4;  w=  -If,  t;=  -5f .  87.  3  ft.  by  4  ft.  by  12  ft. 

88.  6hr.,  31ir.  40.  5hr.,71ir.  42.  S^irD^, 

89.  12  da.,  6  da.  41.  S^-irlD^,  48.  S^^irVH, 

Page  292. 

7.  x=8, 2/=6;  a;=  -6, 2/=  -8.  8.  x=4,  y=10;  a;=  -5, 2/=  -8. 

9.  a;=1.8-,2/=l.l  +  ;  a;=-2.8-,  j/=3.4-. 

10.  x=2, 2/=  16;  x=  -7uV,  J/=  -Hii 

11.  a;=14,  j/=5;  a;=^— 14f,  y=  — 6f.  18.  Imaginary. 

12.  a;=20,  j/»10;  x=|^,  j/=-2^y.         14.  Equal. 


)2 

ANSWERS 

[pp.  292-297 

Pages  202,  208. 

S. 

2,-1. 

5.   -3, 

-4. 

8.  2,  i.           10. 

1,- 

-J. 

12.  6,  -}. 

8. 

4,-2. 

6.  3,  - 

-4. 

0.  J,  -3.       11. 

2i, 

-2J. 

18.  2,  -1§. 

4. 

6,  -2. 

7.  5, - 

-3. 

PaCM  204,  205. 

1. 

a7. 

5.  t;W 

8. 

P«.          18.    «16. 

10. 

xfi\ 

10.  615. 

S. 

JNTii. 

6.  A^. 

10. 

d2S.         14.  Q15. 

17. 

o8». 

20.  F*»+*. 

8. 

a;20. 

7.  r2*. 

11. 

aio.        15.  ib3«. 

18. 

P6«-1. 

21.  0^. 

4. 

(W. 

8.    1/20. 

U. 

720. 

_ 

1.  p*. 

2.  Af. 

8.  w8. 

4.  i2». 

5.  iVt8. 

1.  0l2. 

2.  zso. 

8.  Pi2. 

4.  ri8. 


0.  /«. 

7.  a;«. 

8.  Qw. 
0.  i;*. 


6.  2/>o. 
0.  <«2. 

7.  B84. 

8.  k^L 


Fi«e205. 

10.  m«. 

11.  B». 

12.  A;i«. 

18.  pr*». 

Page  200. 

0.  iSrioo. 
10.  mM. 

11.  ^M 

12.  «HH>. 


14.  i24«. 

15.  X*". 
10.  .4«+3. 
17.  y^+2. 


18.  o*». 

14.  «?2"w. 

15.  a;«"»«. 
10.  Q2o^. 


18.  F«+6. 

10.    Z2. 

20.  Gio. 

21.   XB. 


17.  2/«»-i. 

18.  i2«^6». 

10.  [72«n-n» 

20.  28. 


1.  8ai«. 

2.  X8y8. 

8.  32iVi5Mio. 

4.  oi26i8c6. 

5.  P32/16t,24. 


630 


Page  207,  §  101. 

0.    W;8Bt,14249. 

7.  625i48J540. 

8.  ?n60n40p30. 
0.  81724P8. 

10.    024n72.  —    X242/24224 


12. 


18. 


32^30 

P20 
al6il6cl6 


14. 


15. 


10 


finm 


pp.  297-304] 


ANSWERS 


53 


1.  a\ 

2.  j/». 

4.  ^. 


1.  n-*. 

2.  ar-i«. 
8.  u;*. 

4.  pr-4. 

5.  r-2. 

6.  iVi7. 


5.  28. 

6.  P«. 

8.  TF». 


7.  1/8. 

8.  Z>-8. 

10.  A;8. 

11.  r*. 

12.  a. 


Page  287,  §  182. 

8.  nB. 

10.  o*. 

11.  t;2. 

12.  t*. 

Pace  288. 
18.  X*.  18.  -B*. 


18.  m. 

14.  p«. 

15.  B«. 
18.  <«. 


14.  P*. 

15.  ^A. 
18.  K^, 

17.  n*. 

18.  7«. 


28.  6*. 
21.  L*. 

.•a;«. 

24.   lF-«. 


25.  «-w. 
28.  mso. 

27.  a*. 

28.  D^. 
28.  fcA. 
88.  -B*. 


17.  W^. 

18.  A;i2. 
18.  (?4. 

.  m25. 


81.  y*. 


I.  ar-8. 

88.  r^. 

84.  7-4. 


a». 


88.  m^ 


1.  4.  8.  32. 

2.  27.  4.  i.  8 

11.  o--«+a-2-10a-i+8. 

12.  r-«-l. 


Page  288  (Supp.  Ex.) 
5.  i  7.  A*. 


n*.  8.  A;*. 

18.  <-2-ri+i. 

14.  m-i+w-i. 


16.  i\r-«-2i\r-«+l. 


1.  53485f. 
4.  X- 


^— y 


-,;32. 


Pages  808-804. 
2.  3549.6+. 

5.  t^^^^^F^r;m^-^;r^  ^'' 


8.  L=rV2-V2;  9.2 


47r2/' 


47r2wi 


••  »-=^2-fc^^'^'  ^=*2-i^^''"'='"=4-i^-   ■ 


7^  e^jSQ!l, 

8.  21.86+. 


8. 


10.   K^. 

11.  26.81+ lb. 

12.  28  in. 


52.fc2-a2 

26 

17.  16(2r<+w)(2r<-«t;). 

18.  (42/44.i)(22/2+i)(22/2-l). 


18.  4a(4a2-36+c). 

14.  (2a +36)2. 

15.  (3a;-22/)2. 
18.  w(57n2+n)2. 

18.  n(m2+n2)(7n+n)(7n--n). 
20.  22/(2x-2/){4x2+2x2/+2/2). 


54 


ANSWERS 


Ipp.  300-304 


SI. 
22. 


24. 


6m(m+x)*. 
ia+x){d+y). 

(r-3)(r-i). 


. }. 


27. 


06+52  J. 


28.  2 


gll    b2H-2bcH-cg-ag 
26c 


2a;2-xH-l 


81. 


x3-2x2-3a; 


x-2 


•2    Q^^-Q^     a2~2a6H-b2 
•     a2-62  '         a2-62     * 


o2+2ab+b2 
a2-62 


88. 
84. 
85. 


6a 
0. 


22x 


45 
2x-3 


2     1 

X2 -. 

a;2 


87. 
88. 

81. 

56. 
58. 


2a:3+3x2-2x-3 

VJL, 
4m 

X 


40.  .n^^i^ii^ii. 

C*+c262+64 

41. 


3x+3 
42.  2. 

a6c— 62c — oc  4- 4a6 


48 


6-c 


44     Q^'f^—^ 
a 

45.  x=4,  y=3. 

46.  a;=8,  j/=2. 

47.  x=5,  2/= 7. 

48.  a=12,  6=8. 
48.  ^  =  10,  w=5. 

50.  i-ll^V,  2=6H. 


_o6cm  +  acdn     , hcdn—ahdm        52.  x=4,  2/=6,  2=2.    54.  20%. 


bc+ad 


y 


hc+ad  58.  ^S,  2/=7,  2=6.    55.  0^70. 

13ibu.of60-cent,26ibu.of90-oent.  57.  8^  7^,  4^.  58.  1 A  gal. 


61. 
62. 


64. 
65. 


2o2-4a+2. 

m+1 

m 

5.76. 
1.414. 

4axy/Qx, 
(x+y)y/x-y, 

^Va^-\-ax. 

2{a+x) 

-i-Vx2^. 
x— 1 


e7.  5f. 

26 

68.  a2-46. 

69.  2. 

70.  li,  -5i. 

71.  4,  -If. 

72.  1.786,  -1.119. 

78.  6  yd.  square; 
7  yd.  square. 

74.  x=3,  2/=2; 

a;=15f,  2/=— 4i. 


75.  a;=5,  t/=3; 
x=-9j,  j/=-6J 

76.  20  rd.  square; 
30  rd.  square. 

77.  a26c*. 

78.  o336i0c6. 

78.  a;2V"».' 

80.  4- 

ab 

81.  3»+<. 


STONE-MILLTS   ELEMENTARY  ALGEBRA 

ANSWERS 
SECOND   COURSE 


Pages  2,  3. 

1.  By  writing  them  side  by  side,  with  the  sign  X,  a  dot,  or  no  sign  at  all 

between  them. 

2.  5n;  xy;  2ah. 

3.  By  enclosing  each  in  parentheses  and  writing  these  side  by  side,  as  in 

Ex.  1. 

4.  {t-4){2t-i-3). 

5.  aa]  nnn;  {x-y){x—y)(z—y){x—y), 

6.  Exponent;  base;  a  power. 

7.  Nmnerical  coefficient.  8.  2;  12;  6. 
9.  No;  3a  =  12,  0^=64;  3a=30,  a3  =  1000. 

10.  1,  monomial;  2,  binomial;  3,  trinomial;  2,  binomial;  4,  pol3rnomial; 

1,  monomial;    1,  monomial;   2,  binomial;   4,  polynomial;   5,  poly- 
nomial. 

11.  81;  256.  ,      16.  528. 

12.  60.  17.  64. 

13.  16.  18.  113.0976  cu.  in. 

14.  49.  19.  132  sq.  in. 

15.  179.  20.  7439.3088  cu.  in. 

Page  4. 

1.  20.  3.  19.  5.  30.  7.  2300.  9.  2092. 

2.  20.  4.  20.  6.  36.  8.  2487.  10.  25,004. 

Page  5. 

1.  -8;  4-15;  -6;  +2;  -2;  -18. 

2.  -8.  3.   +5.  4.   -5.  5.   -2.  6.  +6.  7.  +3. 


ANSWERS 


[pp.  5-9 


1.  +3a. 

2.  -7w. 


Pages  5,  6. 

3.  -15W.  5.  +2a2&». 

4.  -hl2<*.  6.   -6i\r. 


9.  +47^ 

13.  3a«+2o6-26«. 

14.  6a;-3. 

15.  -SA^-5B^+SA*B. 

19.  160.  21.  1440. 

20.  520.  22.  4800. 


7.  +9a^. 

8.  -4a6. 


10.   -Tj/*.  11.   -4A;. 

16.  -3i^-5j/«-4i/-10. 

17.  7a— 55— c. 

18.  3u^-i-2wv-4iu^. 

23.  1440.  25.  1860. 

24.  6500.  26.  314.16. 
27.  62.832. 


1.  2a -86 -4c. 

2.  Sa^+¥. 

3.  3x2-5a;4-4. 

4.  2a«+4a*6-2a5«. 

5.  -3a«+10a+3. 

6.  28+2^+^. 

7.  Sx^+2xy+3y^. 


Page  7. 

8.  a»+3o«+2-5a6+6». 

9.  2H-12t;+2t;«. 

10.  2a. 

11.  4a:2+2x-|-5. 

12.  -3a2+2a. 

13.  2a;2-2x2/+5i/». 


Pages  7,  8. 

1.  -2;  +4;  +7;  -6;  +4;  -|-7. 

2.  -27;  +12;  -6;  -15;  -3;  -4. 

3.  +6;  +36;  +6;  +40;  +14;  +7. 

4.  +2;  -9;  -6. 

5.  +18;  +7;  +4;  +19;  +14;  +24. 

6.  -6**.  8.  63.  10.   -5  subtracted  from 

7.  110.  9.  56.  11.  12;  6;  -10. 


-6;  -1 


Pages  8,  9. 

1.  +12a;  -9F;  -4a;;  -4^;  -29P». 

2.  -12a6;  +22/*;  -512;  -i-^Ww;  -5ir/p. 

3.  +n2;  -13n«;  -9n«;  -7n*;  0. 


pp.  9-13] 


ANSWERS 


4.  lOx;  -Uv;  -SS, 

5.  -2x»- 11x4-4. 

6.  -2a+46-c. 

7.  4o2-f4a+l. 

8.  — 6m+4n. 

9.  8x»-4a:«-|-&r+5. 


10.  3r*. 

11.  -3A«B+3A5». 

12.  -2a:»-3a:*+4x-l, 

13.  4a-3a«;  6a»-4a-2. 


14 .  y — 62  subtracted  from  3y — « ;  2v + 5«. 

15.  2r*-|-6!r-10.  16.  2a5-26». 

Page  10. 

1.  3a.  4.  3<-5o.  7.  Q-2v, 

2.  2a; -y.  5.  5-x-a^.  8.  26*-2a5. 

3.  -2n.  6.  M.  9.  -3Tr. 

10.  [4a-66][-2a+26].  11.  lP+Q-R]lP-Q-\-R]. 

12.  [xH-52/+a][a;^5y-3a]. 

13.  ia^'-¥)-ix*-\-2xy+y^). 

14.  (2a6~a«)-(?n«-n»). 

15.  (a«-a6+6*)-(a:»+2a:y-y2). 

16.  (a»-b»)-(x»-3a;«y+3a;y»-2/»). 

17.  (56~2a)-(3r4-4.s-0. 

18.  (a*-¥)-{'u^-v^'\-v'). 


Page  12. 


1.  720. 

4.  840. 

7.  700. 

10.  252. 

2.  480. 

5.  3400. 

8.  90. 

11.  3i. 

0.  o4U. 

6.  9600. 

Pages  12, 

9.  1600. 
13. 

12.  17,500 

l.'+12;  +15;  -32;  -14;  +27; 

2.  +8;  -56;  -30;  +36. 

3.  -42;  +40;  +36;  -135. 

4.  -6;  -16;  +60. 

5.  +63;  +64;  -125. 


35. 

6.  +1;  +360. 

7.  +4;  +16;  +9;  -1;  +8. 

8.  -1;  +36;  +100;  +36. 

9.  -8;  +20;  +52.        10.  -65. 


4  ANSWERS  [pp.  14-17 

Pages  14,  15. 

1.  a^•  a^o;  x^o;  w";  P".  3.  15a«;  307«;  182«;  2861°. 

2.  f/«;  <«;  7)12;  ryiis.  4,  ^.i2a8;  -40x«;  -12iV». 

5.  -24a*6«;  +18mV;  +48a:«y". 

6.  a*-a6;  2w*n+37nn2;  -4a:32^H-12x2/». 

7.  36n»-60n«;  24il«-32A«4-8A*;  x*-a:»2/4-a;y. 

8.  -15^4-35^-10^;   -3irR*-\-QirE?T-3irR^T^. 

9.  a;«-4x-21;  w;*-8w;«+15;  N*-10N^+2SN-24, 
10.  a*-l;  2/«-l;  i8_2^+i.  n.  o^+a^+l. 

^2.  8s*4-26s3-21s2+26s-15. 

13.  -12x«-3x^4-38a:»+23x2-16x-40. 

14.  -4D*-16Z>»+19D2  4-12/)-12.  15.  n^-l. 

16.  p»+6p«4-llpH-6.  18.  8l2/*-625.  20.  4ta^+a. 

17.  A*-16.  19.  t;i2-x"'.  21.  14x-47. 

22.   -3^-18x2+351/2.  23.  2^-10. 

24.  2n*-2w3-4n2-13n+5.  25.   -2(?_22Q4-10. 

26.   -2xV-2?/.         27.  ^;  i;^^;  x^.         28.   -125x«i/9;  36idV«;  -Sfl"!*^" 

29.  x2+6a;+9;  a2-2a54-b2;  4a2-12a64-9&*. 

30.  9m2H-30mnH-25n2;  a^+l^-\-c^-\-d;^+2ab+2ac-{-2ad-^2bc+2bd-{-2cd. 

Pages  16,  17. 

1.  2«.  6.  8a«b».  11.  a2»68n^ 

2.  10*.  7.  9a86*.  12.  a;'«2/2«2»«. 

3.  6*.  8.  1000a«6i«.  13.  2»a2«5«. 

4.  30*.  9.  400x22/12.  14.  a'^^b'^, 

5.  20«.  10.  27,000a:«2/i5.  15.  64a"6«. 

16.  n2-16.  23.  49w22-4n2. 

17.  X2-100.  24.  x2+7a;_|-io. 

18.  /?-!.  25.  r2-llTH-28. 

19.  m;2_36.  26.  72+57-36. 

20.  9-^.  27.  2/«-13i/+42. 

21.  4a2-962.  28.  4a2+l6a+l5. 

22.  36r2-82.  29.  25a;2-20a;-21. 


pp.  17-19]  ANSWERS 

30.  144P«+48P-46.  35.  25cP-120d-hl44. 

31.  64a«-|-72o-hl4.  36.  9a:«+24x2/H-16j/«. 

32.  x^-\-2xy+y^.  -37.  225m«-60mnH-4n*. 

33.  4n2+20n+25.  38.  l-8^+16«*. 

34.  i?-14i2+49.  39.  81-|-367+4y». 

40.  3^+y^+3^+2xy-2xz-2yz. 

41.  16r?i2-j-9n2+p2-24r?in+8mp-6np. 

42.  l-4xH-6a;2-4a:«H-a:*. 

43.  16a2H-46«+25c«H-16a6-40ac-206c. 

44.  o*H-a«6-a«fe2~o6»+6^ 

45.  x«-|-3/2H-2*+w;2_^2x2/-2x2-2xti?-2y2-2yti?+2zti?. 

46.  81+108^-64^.  49.  64J»f*H-16M«-3. 

47.  9K2-49L2.  50.  256f;2^-«*. 

48.  a;V+2a;2/-143.  51.  196A«-1. 

52.  1681;  4896;  9991;  4225;  6804. 

53.  11,009;  8464;  3684;  1575;  6241. 

Pages  17,  18. 

1.  4-2;  +6;  -2;  -8;  +3;  -7.       7.  4a;«-2;  -3m*+2mn-4n». 

2.  +6;  -7;  -8.  8.   -2a5+66«+3a*. 

3.  o»;  t^;  7«;  IJ^^;  n*.  9.  -3r»-4s»+5r2«. 

4.  8a;«;  4P<;  162/i«;  7T*.  10.  8TP+7T7«y-9T7y*+3y». 

5.  13a«;  -4^*.  11.  7a;V-6y*-8a:*. 

6.  -SxV;  «•.  12.  iW«-iMiV+iV». 

Page  19. 

1.  n+5.  8.  i2+9. 

2.  a;-4.  9.  a^+a+l. 

3.  6+a.  10.  9-3w+m*. 

4.  <-6.  11.  l+x+a^+x*. 

5.  y+4.  12.  s— f. 

6.  3-t;.  13.  A^-AB-\-&, 

7.  l-5iV.  14.  a«-2a!>-5a-106+25+4i*. 
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ANSWERS 


[pp.  ao-23 


Pmge  20. 

1.  x^+^x+S,  rem.  3.  4. 

2.  2a:»+8x«H-23x+95,  rem.  376.      *    5. 

3.  a''H-2o*+a+9,  rem.  17.  6. 

7.  F*+3P+972-f  807+91,  rem.  266. 

8.  2r2-5r+15,  rem.  -52.  9.  A*+A^-4A+17,  rem.  -76. 
10.  n3-6n2+39n-234,  rem.  1395. 


3n2-2n+3,  rem.  6. 
y^-9y^+lSy-U,  rem.  56. 
^-2/+8,  rem.  64. 


Pa^e  21. 


1.  B\ 

5.  (m+n— p)r*. 

2.  tU to  a  factors. 

6.  (2a-36+c)2/. 

4.  ia—h-i-c)x. 

7.  (4aH-9n-56)a:«y. 

8.  (a+6+c)a;+(&+c+a)y+(c+a+6)2. 

9.  5w-3n+4p. 

20.  x8». 

10.  (A-C)x-(B-\-D)y. 

21.  x"». 

11.  2ax-5by+{^c+a)z. 

22.  a;""^. 

12.  -7. 

23.  2'=a~b«. 

13.   [&c+2/-4«]  [5x-32/+4«]. 

24.  M3«;  5«*+*. 

14.  x^\ 

25.  12a:»"»-«y«~'"*. 

15.  a«+*6»+*. 

26.  8JV«-*7«. 

16.  -6i22«+«. 

27.  l-3iV+2iV2. 

17.  A^-B^. 

28.  x»4-2r- 

18.  a*»-6*». 

29.  A'^-hA'^B^+A^^^'+B"". 

19.  T^-t^. 

30.  ZanK 

Pages  22,  23. 

1.  6a»(a--3). 

9.  4T(iP+r«+Kr). 

2.  3mn(5m*+4mn+3nO. 

10.  87i(7i-272+F8). 

3.  2x»(2x» -7x2/2+5^). 

11.  3m*n(m*— 2?miH-n*). 

4.  2xi2(i2+2^). 

12.  a:»(l+a). 

5.  7f^{t:^-'^tv-2v^). 

13.  a"(6»-l). 

6.  -A(A2+A+1). 

14.  th)^iv^+t^). 

7.   -l(a2  4-2a6+62). 

15.  P-(P+Q). 

8.  a;»j/««<(a»«4-aJ»y+2/««). 

16.  5a»-V~Ko+23/). 

pp.  24-26] 


ANSWERS 


1.  (3A4-4)(3A-4). 

2.  (2t+6)(2t-5). 

3.  (l+7n)(l-7n). 

4.  (5x4-82/)(5x~82/). 

5.  (9F-fl)(9F-l). 

6.  (2P+3Q)(2P-3Q). 

7.  (5/eH-4)(5l2-4). 

8.  (6i;4-7it^)(6t;-7it^). 

9.  (a-26)(a2+2a6H-4fe*). 

10.  (M-3)(M2+3ilf+9). 

11.  (l-4A;)(l-|-4fc+16fc2). 

12.  (a;-6i/)(x2+5a:y+252/«). 

13.  (6-r)(36+6r+r2). 

14.  (7n-f3n)(m2-3mn+9n«). 

29.  (x+2/)(a:-y)(a;«+?/)(x2- 

30.  a(m-\-n){m—n){m^+n^). 

31.  p»5'(p+«)(p'-P9+92). 

32.  7rR{R+H)(R-H). 

33.  8vKt^-2/)(»»4-2i;i+4««). 

34.  {o+6-|-c)(o-f6-c). 


Pade24; 

15.  (AH-1)(A«-A+1). 

16.  (2r+l)(4r«-2r+l). 

17.  (l+4P)(l-4P-fl6P«). 

18.  (6p4-2g)(25p»-10pg+4^). 

19.  (217-l)(4IF«+2Tf+l). 

20.  (3+«)(9-3«-f«2). 

21.  3(a-h26)(a-26). 

22.  5(l-2iV)(l+2iV+4iV»). 

23.  6(2x4-y)(4x«-2xy+i/«). 

24.  (x-l)(a;+l)(x«+l). 

25.  (y+2)(y-2)(2/*-y2+2^)(2/*4-2/2+2*). 

26.  (A-B)(A4-B)(A2-|-B»)(A^+5<). 

27.  (l+0(l-0(l+<+«*)(l-^+«^). 

28.  (m«4-n2)(m<-m2w«+n0. 

35.  (Tn—n-\-x}{m—n—x). 

36.  (p4-9-r)(p-g+r). 

37.  (»+«+w7+w)(f+<-w^-w). 

38.  (M-iV+P-e)(M-iV-P+Q). 

39.  (2i4+B+C-3D)(2A+B-C-f3i>). 


1.  (x-5)«. 

2.  (2a+l)*. 

3.  (3<-4t;)«. 

4.  (1+7P)«. 

5.  (12-6r)«. 

6.  (w+5)(n4-2). 

7.  (x-9)(a;-2). 

8.  (A-8)(A+7). 

9.  {w+7v)iw-5v). 
10.  (!r-10C7)(T4-3C7). 


Page  26. 

11.  (4a-3)(2a-l). 

12.  (2F-r5)(F+6). 

13.  (5M-4)(3ilf4-2). 

14.  (4i2-|-3r){3i2+4r). 

15.  (2x-^7yK5x-dy). 

16.  (8pH-3^)«. 

17.  (4Tf-9)(}FH-3). 

18.  (L-|-7tf)(L-2»). 

19.  m(n-9)(n-f-6). 
29.  6n(ar+2/«)*. 
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ANSWERS 


[pp.  26-28 


21.  4a(F-f5)(F-3). 

22.  2n{2k-Bm)(k+2m), 

23.  -B(B+1)2. 

24.  A2(3m-2)(2m+7). 

25.  (5ri-2r2)(ri-2r2). 

26.  6(6+Z))(l-Z)). 


27.  /(r-15y)2. 

28.  -4(H-3<?)2. 

29.  2ir(2/e-7)(iJ-2). 

30.  3(57i+T^2)(37i+4y,). 

31.  (x4-&-2)(x+6-3). 

32.  (m-n-hiw-l-t;)*. 


33.  (4A+45-9C)(A+B4-3C). 


Pages  27,  28. 


1.  {a'-h']-e){a—h—e). 

2.  (x-\-y+l){x-y-l). 

3.  (a— 6)(n— m). 

4.  iy-\-x){y-z). 

5.  (a;+2/)(P-Q). 

6.  (5A+5-C)(5^-B+C). 

7.  (m— n+«+0(w— w— v— 0- 

8.  (B+A+2C)(B-A-2C). 

9.  («-0(P-5). 


10.  (n+l)(a-6). 

11.  (y-l)(7-t;). 

12.  (R-r)(R+r+l). 

13.  (14-22/+z)(l+22/-z). 

14.  (l-36+m-2n)(l-36-m+2n). 

15.  (F-4<)(iy+4/+!;). 

16.  (24-rf)(o-&+c). 

17.  (o+6)(w2-fwH-l). 

18.  (x— 24-y— w')(aJ— 2— 3/+Wj). 


Page  28. 

1.  (n«+w+l)(n*-n4-l).  2.  (H-a+2a2)(l-a4-2a2). 

3.  (a^+x-^l)(x^'-x-\-l)(x*-a^+l). 

4.  (^+2toH-3t;2)y2_2ft;+3i;2).  5.  (y24.3y_j_3)(y2_3e;_|.3), 

6.  (2a2+2a5+5b2)(2a2-2a5+56*). 

7.  (2M2+4MiVH-5iV2)(2M2-4MiV4-5iV*). 

8.  (i?+3i2r-3r2)(/P-312r-3r2). 

9.  (6A«+4Ar-5r*)(6A2-4Ar-5r»). 

10.  (7y*+3y^z+2z'){7y*-Sy^z+2z^). 

11.  (217*+6172iy3^5^)(2i^4_eTFV»+5ii;«). 

12.  (8a«6»4-2a6+l)(8a262-2a6  +  l). 

13.  (m*4-4m2x7/2-3xV)(w*-47n«xy«-3xV)- 

14.  2x(2iP+5iJr-5r«)(2i?-6i2r-5r2). 

15.  ^t(v6+3v^t+^fi)(ifi-3v^t+At^). 

16.  3a(5a«+2ofc2c+2&*c«)(5a«-2o6«c4-2Mc«). 


pp.  30-32] 


ANSWERS 
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1.  (x-l)(2xH-l). 

2.  (x+l)(3a:4-2). 

3.  (22/-l)(j/-2). 

4.  (4w-l)(n+2). 

5.  {t-S)(2t-3). 

6.  (3A-f5)(A-h3). 

7.  (y-5)(37+2). 

8.  (x+2)(x-2)(a^+l). 

9.  (a4-l)(o+4)(o-5). 

10.  (y-lXy-2)(y-Z). 

11.  (6+2)(b2-6-l). 

12.  (P-l)(P+3)(P+5). 

13.  {n+l)(n>-2). 

14.  (t;-4)(t;+6)(2t;-l). 

29. 


Pages  30,  31. 

15.  (r-l)(3r*+7'+2). 

16.  (o+2)(a2+a+l). 

17.  (i2-f3)(iP-i2-l). 

18.  (s+3)(«4-4)(s«+l). 

19.  («-l)(«4-l)(2*+l). 

20.  (a-6)(a4-6)(a+26). 

21.  (x-j/)(2x-y). 

22.  (x-\-y)(3x-y), 

23.  (w+2/)(m-y)(m+2y). 

24.  («-22/)(s4-3j/)(«-3y). 

25.  («-d)(i+2<i)(«+3d). 

26.  (A-B)». 

27.  (N-^aXN-\-2a)(N-Sa). 

28.  Ina20-b»o,  leta^ft. 


Page  32. 

1.  (o-6)(a«-fa«64-a<6«+o«6»+a«6*+a6«+6»). 

2.  (x-^l)(xfi-x^+x*-3*-\-x^-x-\-l). 

3.  (a-26)(a*+2a«64-4a*b»4-8a6>+16fe*). 

4.  (l-0(H-<-f<*H-^+^). 

5.  (I~n)(l+w4-n*4-n»4-n*+w«4-w»). 

6.  (a-6)(a»o_|_o95_|. ^ab^^h^o)^ 

7.  (a-f b)(aio-a»6+ -a6»+&'°). 

8.  {R+r)(B^-R'h+ -Rr^^-^r^), 

9.  (/e-r)(/e«+iP»r4- -f iJr"+  r"). 

10.  (2a;+32/)(16x^-24a:ay-f36xV-54x2/»-f81^), 

11.  2(l-2B)(l+25+4B«-f8B»-fl6B^4-32B'^4-645«). 

12.  (w*+n)(w^— m"nH-mVi'— m*n*H-n^). 

13.  (s^+y'Kx'-xY+y*).  14.  (H-a2)(l-a«4-a*-a»+a«). 

15.  (x'+y')(x^-x*y*+y*). 

16.  (n«+l)(n"-ni'>+w«-n«+n*-w«+l). 
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ANSWERS 


[pp.  32-34 


17.  0^+vj^){v*-i^W-{-w^){v^^'-v^vfi+w^), 

18.  5(14-P2)(l-P2+P*-P«-fP«).      19.  ^l+N^){l-m+N*). 

20.  (a+6)(a*-a»6+a26»-afe»+6*)(a"-a»&»+6^°). 

21.  (l+2/)(l-.2/+2/i-ya+y4)(i_2^^2/io_2/i6+2^o). 

22.  (a+l)(a-l)(a2+a+l)(o'--a+l).       • 

23.  (x+2/)(a;-y)(a;2+a;y+l^)(x2-a!y+2/*)(a:«+2/')(a:*-a;V+2/*). 

24 .  (m + w)  (wi — n)  (m*-|-m'n +m*n2 +mn'  +n*)  (m* — m^n +mW — mn'  +n*) . 

25.  (l-i)(l+i)(l+^2)(i+(4)(i^^8).  26.  (16-a»)(16+a»). 

27.  (a4-l)(a--l)(a«4-o«+a*+a»+a*+a+l)(a«-o8+a*-a8+a2-aH-l). 

28.  (p-3)(p+9)(P*+9*)(P'+g'). 

30.  (l-P)(l-|-P-f.pt)(H-p8  +  p6). 


Pages 

1.  (2iV+l)(Ar-l). 

2.  a(a;2+8a2)(a;2-8a*). 

3.  a6(w+l)(3w-l). 

4.  (2P+13Q)(2P+30). 

5.  i(^-6)(5i-f66). 

6.  {2V-W)iV-W), 

7.  (a;4-l)(a;-l)(x2+4). 

8.  {x—z){y-z). 

17.  (l-x0(14-a;<+60. 

18.  (a;+t/4-2)(a;4-2/-2)(ic-y+2)(ic- 

19.  (V-vXV+vy, 

20.  a(2/+10)(2/~3). 

21.  (c-6)(a+d). 

22.  (p4-3)(p-2)(p2~p+6). 

23.  (8«+9)(9f-5). 

24.  (a+l)(a--l)(64-l)(&-l). 

25.  (2«^3<)(«+4<). 

26.  -a^N-Say. 

27.  (l+2m«)(l-2m«)(14-4m*). 


9.  (w  4-3)  (71*4-6). 

10.  (2a~26+y4-«)(2a-2b-y-t;). 

11.  (3i2-4r)(3i2-5r). 

12.  (fi24-BC4-C^)(fi*~BC4-C2). 

13.  (x«4-4a;3/-2/«)(a:*-4a:y-|/»). 

14.  (T»4-7)(r3-6). 

15.  (A«+7ifc»)(^«-5A;«). 

16.  y(2/-3)(14-y)(l-y). 

2/ -2). 

28.  (a-b)(a4-b-3). 

29.  n(c4-n*)(b+«n). 

30.  (a*-6«-c*)«. 

31.  (a;-4a*)(a;-a«6«). 

32.  (n4-2a;)(n-aj-2/). 

33.  (2io«+3tw;4-3f;«)(2tu»-3tw4-3t>»), 

34.  (A4-C)(A-C)(B4-C); 

35.  (i?-3)(K«4-2X4-2). 

36.  (n4-3)(n«-2n-l). 


pp.  33-36]  ANSWERS  1 1 

37.  (D~l)(D-3)(D+5).  42.  {2t-h)(t-a). 

38.  2(6+F)(36-6F+F«).  43.  {2H+h){H+2a). 

39.  (l-a;+a-6)(l~a;-a-h6).  44.  {z-l){az+h). 

40.  (p2-hP+l)(p2-P+i).  45.  (a;V+7a)(xV+2a). 

41.  (ax+l)(x+6).  46.  2(ll-|-w)(10-t;). 

47.  5c(2c-3)2. 

48.  (l+20n2)(l-2Qn«+4QV-8Q»n»+16Q*n8). 

49.  (l~(i)(l+(i+cP)(i+d84-rf8).         53.  (^a-36-2)(a-6-4). 

50.  (2/-l)(3/-3)(t/-7).  54..(7a+764-3c)(a+6-2c). 

51.  (L--l)(L-2)(L-3).  55.  (a;+3)(x-4)(a;«-5). 

52.  (5a;-y4-32)(5x-2/-3«).  56.  (a+l)(a-l)(a-A). 

57.  6(m+2)(m-2)(2m+3). 

58.  a(a+6)(a*-a6+62)(a«-a»6»+&»). 

59.  (v-0(«'+0(«^+^)0'*+^)  («'+«'). 

60.  (P*+P-6Q)(P«-P+60).  62.  (7»(28V-83(72+l).  ^ 

61.  (l-n)(l+n«)(l-n«+n*).  63.  (a;+j/)(a:«-a;2/+2/«+l). 

64.  (M-iV)(l+M«4-MxV+iV'). 

65.  (l-a)(H-a4-a*)(H-a8-fa»+a»4-a>2+a"+a"). 

66.  (ir+2-f2a-y)(x4-2-2a4-2/). 

Page  34. 

1.  6.  2.  12.  3.  72.  4.  6a«&>. 

5.  2maK  9.  a;«-|-y.  13.  /2-5. 

6.  x-1.  10.  7iV24-5i\r+5.  14.  2v+2L 

7.  r-1.  U.  p+g.  '  15.  P2+5P. 

8.  a+b.  12.  l-|-a;+a;*.  16.  m-2. 

» 

Page  35. 

1.  1512.  5.  225iri2V(i2-r)(2i2+r)». 

2.  1800.  6.  (x+l)(a;-l)*. 

3.  2016.  7.  2a:*2/(a; +2/) (x» -//»). 

4.  144aio6».  '  8.  (i\r+l)(Ar-l)(i\r+2)(Ar2-f  1). 

9.  {m—n){m-\-n)(in^-]-mn-^n^){m^+n^). 
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10.  1~7».  12.  (P2+Q*)*(^-W. 

11.  6a«(a-l)(a+3)(a«4-l).  13.  (t^+t;)«(u?~t;)«. 

14.  (y+l)(y-l)(y+2.)(y-2)(y+3)(y-3). 

15.  (3!r+2)(3r-2)*(9r2+6r-f4). 

16.  (6M»-7JlfW-2MN*)(3M«+MA^-4iV»). 

Pages  35,  36. 

1.  (l-\-x){l-xy.  2.  (a-6)(2a-26+l)(2a-26~l). 

3.  (4c-l)(c2-2).  4.  (a;-y)(x+2/)(a;24-2^)(x*+y*)(x8+2/«). 

5.  32(2»-i-l)(2^-*+23'-»+2«'-2+2*-i+l). 

6.  {xy-S){s^+Sxy+^).  13.  (F'-1)(F"  +  F'+1). 

7.  a2«(a"-6»).  14.  7i(fc*»-w«"-0- 

8.  (x»-2)(a;'»4-l).      '  15.  (a'»-b")(a»+fe'*-c"). 

9.  (^»-f7t;'»)r/''-4t;»).  16.  (36»+5c»)(26'»-3c»). 

10.  (p»+g")(p»-5").  17.  (a;»-2+2/""^*)(a:"-2-y"+2), 

11.  (A"+B'')(A«-B»)(A2'»+B2'»).      18.  (/2'»+r)(iri2»+l). 

12.  a;(a:««-2/'').  19.  (7«+7'+l)(F«-F'+l). 

20.  (iv«+i)(Ar*«-iv««+i\r2«-iv«+i)- 

21.  (22»+l)'.     22.  (a«-62+3a6)(a2-62-3a6).      23.  2(2»-i+l) (2-4-1). 

24.  (a+6)(a*-a«6+a«6«-o6»+6*)(aio-a56»+fe^®). 

25.  (S^-S^S^+l).  31.  2F'-3. 

26.  (2«+2*)(2«-2»).  32.  x+S. 

27.  (2«-3*)(2««4-2«3*4-3*).  33.  2a -3. 

28.  (6+a)(3-2a).  34.  a-5. 

29.  D"»-l.  35.  a;i2-2/« 

30.  a««4-&».  36.  (a:+2)(x-2)(x-5)(a;*-f4). 

37.  (962/»- 362/* -4262/)  (66* -266+28). 

38 .  (a»  - 6'*)  (a» 4-6")  (a*- +6*»)  (o«» 4-a»6«  4-6*") . 

39.  (2P*4-1)*(2P'-1)«.  40.  (a;-y)2(a»+i-6»-i). 


Page  38. 

1. 

-f 

2. 

-1 

3.  i 

4. 

— 

5. 

2x2 

6. 

4a6 

7.  - 

1 

8. 

rr 

3y* 

5c* 

^ 

iJ 
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9. 
12. 
13. 


m — n 
3 


f 


X 


10. 


1    _^x+l 


x—1    x—1    x—1 


l+2m       3m        m-2 
a-]-b+c+d 


18. 


(a— 6)(o--c)(a— d) 


mn 

I  ■  ■  ■  ^  ■  ■■  I 


11. 


b—a 
w — n 


-1 


16. 
17. 


(a— 6)(a— c) 


(o— 6)(a— c)(a— d) 


1.  5 


2.  i. 


11. 

12. 

13. 
20. 


x+1 


3'.  f . 


4.  }. 


x^+x+l 
a^-ab+¥ 


14. 


15. 


16. 


Page  39. 

5.  \. 

6.  ^, 

4p+5g- 


7    ^ 


8. 


2A« 


9    ?^ 
^'  36 

10. 


2/P 


17. 
18. 
19. 


to— i; 


{F^xy 

1 


yl2-AJ5+JB» 


Page  40. 

!•  14j  A»  A'        ^»  H>  }i»  H-        5.  i/W>  3?2^»  ^5-        7.  |j,  f  J,  J}. 

2.  A,  A,  A.    4.  jj,  A,  it.    6.  ^Vif,  /A,  m.    8.  m.  m,  m. 


80a    12a2  _35_ 
60a8'  60a»'  60o» 


12    1+a^    1-a?    

l-x2'  l-x«'  l-x* 


,^     a^c'^      a26»      62^3           a(a-6)(o2+6^)   6(a+6)(a*+b*)  a6(a+6)(a-6) 
10.  ■»,««>     «,  ^  «>     «,«  ^'  ■i^» ^ — T\ >  : — n » : — T, 


a^\^&  a^h^f?  a^¥c^ 

2  <n2  «i8 


11.  -^^^ 


p2       n« 

y  


a*-6 


14. 


a*-b* 


a' 


15. 


mnp  mnp  mn'p 

&-2t 

(«+3)y-3)(«~2/  y+3)(<-3)(f-2) 


M^N-m'  M^N-N*'  Mm-N*' 


f»-f-2<-3 


14 


ANSWERS 


[pp.  40-42 


16. 
17. 
18. 
19. 
20. 


R^-R-Q -SR+21 

(R-7)(R-2){R+2y  (/2-7)(i2-2)(i2+2)' 

mhi+mn^    2mhi+2mn^+2n* 

6g-f3 5x4-5  

(x-|-l)(x+2)(2x-f  1)'  (x+l)(x4-2)(22;+l/  (a;+l)(x+2)(2a;4-l)" 

6— c c—a o— b 

(a--6)(a-c)(6-c)'  (a-6)(a-c)(6-c)'  {a-h){a'-c){}}-cy 


7x4-14 


2/2-22 


^, 


■x^* 


p2_ 


t 


(x-y){x-z)(y-z)'  {x-y){x-z){y-z)''  (x-y)(x-t)(j/-»)' 


1.  Ih 

2.  iJ. 

7s  4-3 


Paftee  41,  42. 

4.  m* 


5. 
6. 


64-a 
2a« 

x-2 
2x«  * 


7. 
8. 

9. 


a«-f[)«4-c» 
abc 

4N 


l±2t 
1-^' 


10.  ' 

11. 

14. 

17. 

18. 

19. 

20. 

21. 

22. 


2r«4-14r-6 

(r  4-2)  (r  4-7)  (r  4-8) 

2a^4-ob4-&^ 


12. 
13. 


JRH 
H^-R^' 

7«4-18 


15. 


(a— 6)(a— c) 


M=^P  -  MW  4-MiV2  -Pm+F^-  NP^ 


iM-N){M-P)(P-N) 
24r«-8riP 


(ra-l?)(9i^-iP) 

18n»-360 
(n2-16)(na-25)* 
4fcc2_45j2.^gq2d_8y^ 

(o2-62)(c2-cP) 
16x*-1476 


(x*-81)(x*-l) 


£ 


23. 
24. 
25. 
26. 
27. 


3F4-6 

74-3' 

ab 


a— 6 

1 
l+R' 

m4-w 

54-22/ 
4— y  ' 


16.  0. 


pp.  42-45] 
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28. 


30.  0. 


29.   -^. 

x-y 

.,    2Z>-Z>»4-1 

1 

Pages  43,  44. 

1.  A- 

4. 

8. 

/"    7.  if.                   10.  1. 

^       8.  f.                     11.  m»n. 

2.  f 

5. 

A- 

3.  4. 

6. 

H- 

9.  y--                  12.  a:»~x»+a;-l. 

16.  62-26+1. 

14    ^+1 

• 

17.               ya 

15              ^^ 

"•  ^ii- 

19.  a4-6. 


20. 


26.  2n. 

27.  B. 


21. 
22. 


a±b 
a2 


23. 


24. 


h-k 


25. 


-2P8+2P'-hP-l 

28.  x^-yK 

29.  2X*-2. 


30.  -«2_2. 

31.  4M*-llM+2. 


1.  i 

2.  M. 

2m2 


9. 
10. 


15jw 

2R 
3 


11.  x^—x. 


12. 


6-y-y« 


3. 
4. 

13. 
14. 
15. 
16. 


Page  45. 

20. 

A. 

a* 


5.  27. 

6.  ^. 


t-1 
t 

12w2+llwn-5n.* 


7/ A. 
8.  A. 


17. 
18. 
19. 
20. 


a^-ab 

x«+2 


M-N 
(^-{-tk+k^' 
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21. 


rir2+rir3+r2rs 


Pages  46,  47. 


1.  1^.  .  7.  ^.  13. 


2.^.  .8.  ^^^.  14.     2 


n+w  x+l 

3.  f  ,.  ^^  15.  -^±tl 

M«*  ^      a^+*2ab+¥'  *"•  4a;+3 

5.  -'.  11.  t+s.  17.     "^^ 


2/*  '  n/2H-r 

6.  :r^.  12,  ^±^-  18.  2.98-. 


Pages  47,  48. 

*•  T  ^'  2+27*  ^-   "■^-  *•  ^T5^r=^' 

0» ,^ •  O.   U.  7.    1. 

oatr 

9.  w^v,  11.  1.  13.  -• 

a 

10.  Vt^-  12.  — ^  14.  x. 

<e         1  -^  a«+6«  ^„       ab  ^.    ., 


Page  51. 

1.  n=3.  4.  a;  =  l.  7.  iV=8.  10.  H=-V. 

2.^  =  10.  5.  P=-2.  8.  a =24.  11.  m=4^5V 

3.  F  =  6.  6.  A;=2.  9.  a;=H. 


pp.  53-56] 


ANSWERS 


17 


1.  n=6. 

2.  7  =  1. 

4.  A=A^ 


Page  53. 

9.  P=-3. 
10.  a  =  lf. 
f.  11.  r=-8. 

8.  2/= -27.  12.  a;=6. 


5.  i2  =  i. 

6.  (  =  1. 

7.  iV  =  i 


13.  X=9. 

14.  6  =  10. 

15.  y^2il 

16.  B=-i. 


1.  o=4. 

2.  a;=2. 

3.  ?H=8. 

4.  ^=5. 


Pages  54,  55. 

5.  6=2.  9.  a=-3. 

6.  7=-f  10.  A;=-3A. 

7.  i2  =  l.  11.  a;  =  2}. 

8.  <=4.  12.  n  =  ll. 


13.  Tr=-13. 

14.  a;=0. 


m*— n* 


1. 

x  = 

5m 

2. 

n  = 

2P 
1-P 

7.  6  =  ' 

8.  R  = 

3.  7  = 


Pages  55,  56. 

1+d 


2d 


na-y 

4.  a;  = • 

n 


L  = 
9.  L  = 


2A-A6^ 
S-irLr 
S-ttLR 


S 


12.  i2  = 

13.  is:= 


^{R+r) 

S-r(R^+T^) 
^{R+r) 


5.  A  = 

6.  ^  = 


BC 


10.  H  = 


B-C+BC 

12a +126 
3a +6 

37 


T(/?-hr«+/2r) 


Dd+df+Df, 
11-  ^-      /+Z)      ' 

Dd-DF , 
J     F-d-D* 

f^F^d' 
,    Ff-Df+DF 


r2Tir^i^  -{-TiTir^i  -\-r1r2TATi  -\-rir^irh  -{•rir^rir^ 
H  ..  H 


;  etc. 


A^  = 


ND(D-l){R+2y  KD(D-l)(R+2y 

H-2KND{P-l) 
^        KND{D-l) 

P(460+!r)(460+O.        ^  H(7.6t  - 138)  -460P(460+0 . 
*  7.6^-7.9^-138    '  460P+Pi+7.9H 
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138H +21 1600P -h460Pr -f  7.9i/r 


t^ 


7.QH-PT-AmP 


rr(273+0.        ,     7P(273+0.  rP^(273+0. 

P(273-|-0   '  P'(273+0'  7(273+0  ' 

p,^yP(273+0      ■    273FP+7P<^-273rP^ 

r  (273+0  '  7'P' 

„    2737'P'+F'P'<-273yP 

^^ — vp 

Pages  57-61. 

1.  24,  26.  5.  18  nickels;  15  dimes. 

2^  371  lb.  of  20i  grade;  6.  $3500  at  6%;  $6500  at  5%. 

621  lb.  of  28^  grade.  7.  $16,000  at  4%;  $9000  at  51%. 

3.  3  lb.  of  24^  grade;  8.  $4000  at  4%;  $8000  at  8%. 

6  lb.  of  30ff  grade.  9.  5^  gal.  cream;  54^^  gal.  milk. 

4.  6}  lb.  of  dOfi  grade;  10.  17}^  gal.  cream;  2}f  gal.  milk. 
31  lb.  of  80^  grade.  11.  25  gal.  12.  3f  qt. 

13.2  1b.  16.  $7.20.  19.  6  hr.;" 36  mi. 

14.  30  lb.  tin;  20  lb.  zinc.      17.  $2.50.  20.  4  hr. 

15.  24  yr.  18.  26|in.;  211  in.    21.  1650  ft. 

22.  lOif  min.  after  2.  24.  lOfJ  min.  after  8. 

23.  40^  min.  after  3.  25.  54tS:  min.  after  7. 

26.  65Amin.    27.  586iJ  days.      28.  Dec.  29, 1913.     29.  115iH<iays, 
30.  398Jifl  days;  April  3,  1910.     31.  3f  days.  32.  5A  days. 

33.  131  br.  35.  25  mi.  per  hour.       37;  li{  mi.  per  hour. 

34.  8A  hr.  36.  15  mi.  per  hour.       38.  — ^ 

Pages  62,  63. 

1.  n  =  l.  2.  A  =3.  3.  a; =31.  4.  a: -7. 

^    .     A  .he  _  5b 

5.  i=4.  6.  aJ=^3T'  7.  w=-5-- 

2TE-2RTE        _2TE-2RTE  5p7-3pJB7. 

^'^-    ZpR-5p    '    ^       3/27-57   '  2/2^-27   ' 

y    5p7-3pie7 
2RE-2E 
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9.  7hr.  10.82.  11 .  30  mi.  per  hour.  U.  4. 

13.  1:18  p.m.  the  next  day;  1129.6  mi. 

15.  ih  17.  A  19.  AV  21.  if  33.  IMi 

16.  A.  18.  A  20.  A  22.  A«r.  24.  li. 

Page  66. 

12.  4|^  C;    -Hi**  C;    -7^  C;    -23i**  C;    -28^  C.;    -20^  C.,- 
93i°  F.;  69^  F.;  104°  F.;  46^  F.;  14**  F. 

Page  67. 

1.  x=6, 2/=2.  4.  x  =  2, 2/  =  3.         7.  x=9,  y=2.       10.  Parallel. 

2.  a;=4A,  2/  =  lA-      5.  a;  =  3,  y=-6.     8.  x  =  5,  y  =  7. 

3.  a;«3,  y=2.  6.  a;=2, 2/  =  3.         9.  x==17,  y  =  13. 

Pages  69,  70. 

1.  m  =  5,  w=7.  10.  a=2,  6  =  1.  19.  Z>  =  lH,  ^^A- 

2.  A=4,B-3.  11.  E=7,F=9.  20.  A;  =  i,s  =  i. 

3.  x  =  5,j/  =  l.  12.  m  =  15,n=8.  21.  a;=  — 1,  y=3. 

4.  V-6A,  ^--lA-  13.  a  =  17,%  =  13.  22.  o=20,  6=32. 

5.  /J«-2,  r=-3.  14.  t^=9,  t;  =  2.  23.  a=-7i,  6=-17i 

6.  r-6,  «=6.  15.  r=-ll,  r'«7.  24.  to  =  10,  n=24. 

7.  p  =  13,  (z  =  17.  16.  F  =  l,  C=-l}.  25.  a;=a-6,  y=6-a. 

8.  M=4,  i\r=-6.  17.  A  =  12,  B=-3.  26.  z=a,  2/=6. 

9.  x=2i^,  y  =  7A.  18-  2/  =  6,  2  =  7.  27.  a;=a,  y= . 

W+n*         2w— n  ^  p*  —1 

ae—od  ae—bd 

31.  x=A,  y=A.  33.  A=i,  B=i.  35.  v  =  i,  «»-i. 

32.  a=-i,  6=-i.  34.  m=-l,  n  =  i.  36.  M  =  i,  iV  =  i. 

Page  72. 

t 

1.  a  =  l,  6=2,  c=3.  3.  M  =  0,  iV=  -4ii,  P=  -iJ. 

2.  a;=2,  y«3,  »=4.  4.  r=7A,  s=3A,  ^==0. 
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5.  A=2,  B  =  0,  C  =  0. 

6.  x=  —7,  y=S,  2  =  1. 

7.  a=4,  6=5,  c=6. 

8.  a;  =  l,  f/=2,  2=3,  w  —  4. 

9.  P=2H,9=A,r=-m,s 


51? 


=  Ot3 


10.  £;  =  J,  G  =  0,  //  =  4,  X=  -2. 

11.  a  =  J,  6  =  i,  c  =  l. 

12.  a:  =  T*j,  2/  =  },  2  =  i. 

13.  x=a+6, 2/=a— 6, 2=2a. 
i4.  See  §  60  for  solution. 


Page  74. 

1.  a;=6,  y=2.  2.  All  three  meet  at  one  point. 

3.  By  multiplication  by  3  and  transposition. 
4.  They  are  identical.  6.  They  are  parallel. 


Pages 

1.  A,  $2400;  B,  $1200. 

2.  $6400  at  5%;  $3600  at  8%. 

3.  $15,000   in   bonds;      $9000   in 

stock. 

4.  301b.  of  20f*  grade;  201b.of30fi 

grade. 

5.  12  lb.  of  40<f  grade;  8  lb.  of  65(^ 

grade.  . 

6.  35^  gal.  cream;  4f  gal.  milk. 

7.  97if  gal.  milk;  2jf  gal.  cream. 

8.  46fV    qt.    mixture;     131^    qt. 

alcohol. 

9.  90%;  80%. 

10.  Gold,  11  oz.;  silver,  7  oz. 

11.  Gold,  15i  lb.;  silver,  4 J  lb. 

12.  Tin,  30  1b.;  zinc,  15  lb. 

13.  Fahrenheit,    176°;    Centigrade, 

80°. 


74-78. 

14.  Fahrenheit,  662**;    Centigrade, 

350^ 

15.  1261b.;  901b. 

16.  33ilb.;  26f  lb. 

17.  15  mi.  per  hour;    30  mi.  per 

hour. 

18.  Passenger,   66  ft.   per  second; 

freight,  44  ft.  per  second. 

19.  Man,  40  yr.;  son,  10  yr. 

20.  20  hr.;  16  hr. 

21.  30  hr.;  24  hr. 

22.  9  in.;  12  in.;  15  in. 

23.  12  in.;  16  in.;  22  in. 

24.  4  in.;  8  m.;  12  in. 

25.  Sides  are  divided  into  12  in. 

and  16  in.,  12  in.  and  24  in., 
16  in.  and  24  in. 

26.  8hr.;  9  hr.;  12  hr. 


1.  26.     • 

2.  -35. 

3.  -1. 


Pages  78,  79. 

4.  36.  7.  16. 

5.  -10.  8.  10. 

6.  -10.  9.   -30. 


10.  ad— he. 

11.  2x. 

12.  o«-l. 


>p.  80^84] 

ANSWERS 
Page  80. 

4 

1.  x  =  ly  y=2. 

5. 

ij=5,  r=4. 

9.  P  =  1A,Q  =  1tV 

2.  M=2,  iV=3. 

6. 

1^=**,  ^=ltt. 

10.  m  =  4,  n=4. 

3.  p=3,  g  =  l. 

7. 

^  =  H,2/  =  1A- 

U.  a=-A,  V=-H. 

4.  a  =  l,  6=4. 

8. 

Page  81. 

12.  m  =  J,  w=2f. 

1.  -22. 

5. 

0. 

9.  268. 

2.  -107. 

6. 

70. 

10.  a-26-fc. 

3.  177. 

7. 

10. 

11.  X* +22/2- 2x2- 1/2. 

4.  4. 

8. 

250. 

12.  l-n2. 

21 


Page  83. 

1.  a;=4,  2/  =  l,  2=2,  6.  r  =  if,  s  =  l-A^;  ^=A 

2.  A=5,  B=2,  C  =  l.  7.  a;  =  3,  2/=-4i,  2  =  5i. 

3.  p  =  l,  g=  —1,  r=4.  8.  m^^^j  n  =  ih  f^=ih 

4.  M=-2,  Ar  =  3,  P=-l.  9.  A=6,  B=4,-C=2. 

5.  a  =  10,  6  =  —  6,  c  =  l.  10.  Indeterminate. 


Pages  83,  84. 

1.  a  =  lHi,  ^  =  77^.  4.  a  =  5,  6  =  7.  7.  a:=2,  2/  =  l,  2  =  1. 

2.  m  =  J,  w  =  i.  5.  m  =  i,  n  =  t.  O'^oV* 

3.  a;=2,  t/=3.  6.  A  =7,  B=9,  C=6.     9.  7  =  lH(B+6+>/56). 
^-     „        tijd2      T^        y>di  ^^  6+c         a— c        a— 6 

»»•  ^'=5:+d3'  ^'=dH:^-        "•  ^=-^'  ^=^'  ^=^- 

bdr-\-cpf—bqf       __ pde — adr -{-agf  '     _acr—cpe-\-bqe 
~~     acf-\-hde      '  acf-\-hde      *      ""      acf-\-bde 

2  2  2 

13.  x  =  f,  2/=l»  2=2,  14.  x  =  — j-j;^ — >  2/  =  — r-T'   2  = nn — 

^'  "^     *'  a+o— c  a— 6+c  — a+6+c 


32 

ANSWERS 

[pp.  87-a 

Page  87. 

1.  5.               7.  10m»n*. 

13.  AK 

19.  2xy^2^. 

25.  BHPN^P. 

2.  9.               8.  IIAB*. 

14.  «*. 

20.  3m*np^ 

26.  2. 

3.  n».              9.  2p*gr2. 

15.  2x2/2. 

21.  2. 

27.  3. 

4.  P«.            IQ.  3x^2*. 

16.  3P*Q». 

22.  3. 

28.  xif. 

5.  4a62.         11.  3. 

17.  5a*¥. 

23.  a^¥. 

29.  2A»B*. 

6.  QV^.        12.  4. 

18.  4II^«7». 
Pages  88,  89. 

24.  4x2/*. 

30.  j^^s*. 

1.  A -3. 

4. 

7m2+2/. 

7.  n*-3n-|-2. 

2.  2«+3. 

5. 

6a -46. 

8.  14-5fc+2A;«. 

3.  1-57. 

6. 

Sx+y. 

9.  ^-5^ 

-2. 

10.  5iP-4fi«+3. 

15.  1 

-2a: -2x2 -4x3. 

11.  a2-a6+6^ 

16.  1 

+-42/-82/2+322/3. 

12.  6a+6-2c. 

17.  1 

-Ja  — ia'— ^0?. 

13.  ic-52/H-32. 

18.  X- 

-3. 

14.  «3-2i;2^5y_2. 

19.  m 

-2n. 

1.  47. 

2.  92. 

3.  362. 

16.  80  inches. 


Pages  9Q,  91. 

4.  806.  7.  1.27. 

5.  1635.  8.  0.43. 

6.  8.3.  9.  0.086. 

19.  4.37  4-  inches. 


17.  11.49—  inches. 

18.  21.95+  inches. 


20.  29.39+  inches. 

21.  10.39+  inches. 


10.  3.464.  13.  0.447. 

11.  2.645.  14.  1.268. 

12.  4.472.  15.  0.223. 

22.  94.10+  sq.  in. 

23.  322.49+  sq.  in. 


1.  3.2. 

2.  3.9. 


Page  92. 

,3.  4.6.  5.  6.3.  7.  7.7. 

4.  5.3.  6.  7.2.  8.  2.5. 

12.  2.3;  2.7;  3.6;. 4.6;  5.3. 


9.  1.5. 
10.  3.5. 


pp.  96-97] 

ANSWERS 
Pages  95,  %. 

1.  2^ 

9. 

2^2; 

17.  i^. 

25.  2Rr^. 

2.  3a/3: 

10. 

3^. 

18.  ^245, 

26.  2B^AW. 

3.  2^. 

11. 

2«2. 

19.  IV2: 

27.  4x»yV6y 

4.  6a&. 

12. 

2^,    , 

20.  H6. 

28.  aSs: 

5.2^ 

13. 

iVs: 

21.  oftVal 

29.  6^6. 

6.  2^ 

14. 

iVlO. 

22.  m^ylSmn. 

30.  xy-^hx. 

7.  2^ 

15. 

iVe^ 

23.  2xy^^l2y. 

31.   t<7l>2V3lO. 

8.  5^2^ 

16. 

i^4. 

24.  t;*5t;f. 

32.  Q>/2PQ. 

33.  ^^^16a;V. 

39.  ll&^. 

45.  2^^^x^y. 

34.  l■^lab, 

40.  ^V35»<. 

46.  ^*9a6^. 

1 

a— 0 
42.    — 1 — y 

1 

36.  2^V6mn. 
3^ 

z2-62. 

47.  ^,VX-i??. 

Imn+n*. 

48.  2A/I-2V3; 

37.  2^  >^ 

1 

»-4AC. 

49.  BA/1-3V5: 

38.  g^^5a«6c». 

*2/+a;2/*. 

50.  (a-6)Va+6. 

Page  97. 

1.  5-\6I 

8.  ^j^. 

15 

.  aVal 

2.  2V3; 

9.  f  ^ 

t6. 

.  GwiA/w — n. 

3.   V5! 

10.  i€2. 

11.  7>S; 

17 

18 

.  7mVm— n. 

4.  14>l6? 

.  3.1*A+B. 

5.   ^ 

12.  3V3. 

13.  4Vn^ 

19 
20 

•  3.  VSx^. 

6.  24^. 

.  10  V -3*. 

7.  J^. 

14.  20*?; 

23 


24 


ANSWERS 


[pp.  98-103 


1.  1^5^,  i^^,  ff^^^. 

2.  ^/y^,  v^T^,  ^F». 

3.   -^8^    *9^    ^/^. 

5.  {y^iW^,  ]/^^,  J/c^. 
11.   {/16.  12.   V5] 


Page  98. 

6.  -^  C 

7.  iJ^266,  ^216,  pK64. 

8.  y/729iV»,  ^^32^^ 

10.  {/mii^,  Vl^^y  uQ^- 

13.   V3.  14.   <S8. 


1.  V35. 

2.  6. 

11.  i 

12.  -^ 

13.  X  ^^a;*. 


3.  8V2. 

4.  3^. 


Pages  99,  100. 

5.  7^ 

6.  2^. 


14.  w^200n. 

15.  t^l72S(*. 

16.  2ilS, 


17.  .«/2^360. 

18.  FiK6^SF7. 

19.  ^a^-ab, 

20.  <m^-n^. 


21.  (x+y)<x^ 

22.  1. 

28.  mVwn— nVmn— m-^+wVm. 
29.  a;+Vxy"-fy.  '    30.  n+14+8Vn-l. 

32.  p+g+r4-2Vpg+2Vpr+2>/gr. 

34.  J/2V2+V2:  37.  Vi 

35.  VK  38.   ^. 

36.  Vl75. 


7.   {(360.  9.   Vi 

8.  VF         10.  1. 

23.  28+17 VS; 

24.  -1-VlO. 

25.  2+2^l3, 

26.  2>/6r 

27.  a+264-3Va6r 


31.  a-^b, 
33.  i7?>/2'. 

40.  Va»67 

41.  -S^P. 


39.   C 


1.  i^. 

2.  iVlO. 


43.  ^/^. 


3.  tVSl 

4.  2V2: 


44. 


\/-- 
\<'^ 


42.   ^64m«n».  _ 


11.  —  Vww. 

12.  5V2r. 

13.  3V5V. 


Pages  102,  103. 

5.  *V21. 

6.  i^!5, 

14.  j^^/l6^ 
2^ 

15.  ^x. 

16.  I8V3--I8. 


7.  i>/2r 

8.  1^. 
17. 


9.  2%. 

10.  i^T, 


18.  2-V2. 

19.  2+V3I 


pp.  103-108] 


ANSWERS 


25 


20.  H-fVlO-H6-iVl5.  24.  ^lx^-\-^ly'. 

21.  M^/S-H-  25.  jV3"-iV2"-iV6; 

22.  (^)(Vm+V^).  26.  T'VVf-H^'^+lHa+isVios. 

23.   Va"-V6:  27.  iVl6-jV6. 

yo    'p^—pq—pr—p^lpr—q'>lpr-\-r'Spr  —  p^lpq-\-q'^pq—r'^pq+2p'^gr 


P'+(f+r^-2pq- 

-2pr- 

2qr 

Page  104. 

1.  3V3! 

9. 

8a*b*Vo6. 

17.  2. 

2.  25^ 

10. 

36x*. 

18.   ^ 

3.  16^ 

11. 

10000m«n«{fm%2. 

19.   C 

4.  16  C 

12. 

243piY*. 

20.   *5n«. 

5.  405^5: 

13. 

16(a«-6»)2. 

21.  y^a^. 

6.  x^x. 

14. 
15. 

V2: 

22.  7r»«*V2l 

7.  N^^N. 

23.  -(/a^-b*. 

8.  <7{fr 

16. 

*5: 

Pages  105, 

106. 

24.  ^a. 

1.  6i. 

9.  K 

17.  2t. 

2.  Si. 

10.  ii. 

18.  m. 

3.  9i. 

11.  a^W. 

19.  (fV6+l)t. 

4.  lOi. 

12.  4mnH*. 

20.  3aH\ 

5.  25i. 

13.  (a+6)i. 

21#  3X+2/V-1. 

6.  V6  V-1. 

14.  (3x-4^)i. 

22.  16+2f. 

7.  2V3  V-1. 

15.  7i. 

23.  2m—5ni, 

8.  2V5  V-1. 

16.  ISi. 

24.  -4-23i. 

•      25.  (a-c)-(h+d)i. 

X 

Pages  107, 

108. 

1.  t. 

3.   - 

-i.              5.  1. 

7, 

.  -t.              9.  -10. 

2.  1. 

4.  i. 

6.   -1. 

8. 

.  i.                10.  -12. 

96  ANSWERS  [pp.  108-111 

11.  -42.  16.  -30.  21.  42(K.  26.  1. 

12.  -72.  17.  -14i.  22.   -1080.        27.   -169. 

13.  -10.  18.  -18t.  23.  3.  28.  h-a, 

14.  -ab,  19.  -VfO^PT.      24.   -13.  29.   -a?-i^+2xy^xy. 

15.  -2V15.  20.  -nWw  V^    25.  3.  30.  a«+6». 

Pages  108,  109. 

1.  -5i.  7.  f  13.  J -it. 


2.  -it.  8.  2.  14.  l+l>P3+i>P2-jV6. 


3.  -5i.  9.  it.  15.  ^-fV-5. 

4.  -7i.  10.  fa.  16.  i-}V3+iV^+lV^ 

5.  -Vn  V"^  11.  ft;.  17.  i-A^^s! 

6.  2.  12.  2^-  18.  ^164-2-^15 +3 >/6  4-3. 

*'•  — ?+i;^ —  ^-  ^+^+^+6i*- 

Pages  110,  111. 

1.  0.632.  9.  7*^y.  17.  Yes. 

2.  0.654.  10.  A*B.  19.  V7"-V3^ 

3.  0.674.  11.  x«Vx^  20.  V5+V6. 

4.  0.606.  12.  Ry^lS^E',  21.    V5+3. 

5.  0.912.  13.  \/a^-2i!ydb'\-}/W.  22.   ^12-1. 

6.  0.547.  *14.  Yes.  23.  2+^2^ 
7.0.806.  15.  Yes.  24.  4-Vio. 
8.  a»6».  16.  Yes.       _  25.  Vf+Vll. 

26.  ^ 27.  2 ^*  7 

29    3>P3+3V2"  gg-y«+2a:yV^ 

31.   -V^.  32.  J+iV^.  33.  114-1-7 V^^. 


pp.  113-115] 


ANSWERS 


27 


Pafte  ili. 


i.  2x*-10s=0;  pure. 

2.  4n*-|-10n-2=0;  complete. 

3.  12^5 -7^+21=0;  complete. 

4.  3V»-10F+12*0;  complete. 

5.  4a2-7a+6'=0;  complete. 


6.  j/*+y+l=0;  complete. 

7.  2r«-6r-3=0;  complete. 

8.  5P^-3^0]  pure. 

9.  a*+l=0;  pure. 

10.  r«-4-0;  pure. 


11.  5r»-0;  pure. 


1.  n-1  or  4. 

2.  A;«4or8. 

3.  P=2or  -8. 

4.  A  =  -lorli. 

5.  v—2  or  — i. 

6.  /  =  4  or  .— 3i. 

7.  A;=-ior3i. 


Pages  113,  114. 

8.  iV»-iorl|. 

9.  :r  =  5  or  —3. 

10.  p««6or  -4i. 

11.  d==3or  -1}. 

12.  x=4  or  —1. 

13.  n«5  or  — SJ. 

14.  «-6or  -IJ. 


15.  y=4or  — |. 

16.  ^=-1  or  —9. 

17.  Z>=6or  -1. 

18.  a=Jor8i. 

19.  x=2or  -2. 

20.  g—4  or  5. 


1.  y=*2. 

2.  F^^H. 

4.  A-=fci 

5.  p«=tjV2r 

7.  n-=tjV-30. 

8.  G«=fc}V=T. 

9.  b-=±V37 
10.  «==fciV^ 


Pages  114,  115. 

11.  x«=b3. 

12.  Ar»*iV68^ 

13.  a  ==±=4. 

14.  2=±2V5^ 


15.  A=«±V-23. 
i6.  n=*iVl3. 

17.  <-*l. 

18.  a=*3V^ 

19.  K^^7. 


20.  m=»*6. 

21.  B-^t-^ 

22.  x=*2.45. 

23.  M=*1.32. 

24.  «==fc0.77. 

25.  «=*0.45. 

26.  Z>==t3.06. 

27.  «»=tel.41. 

28.  H==fe6.56. 


28  ANSWERS  [pp.  116-119 

Pages  116,  117. 

1.  n=2or  -12.  12.  H^^^^^^^K  23.  m=-7or  -IJ. 

2.  A- -3  or  i.  13.  /  =  lJori.  24.  d=5orli. 

3.  x«-4orlf.  14.  /2  =  -lor  J.  25.  2/  =  lor2f 
-4.  i'=8  or  i  15.  F«7  or  -IJ.  26.  Ar=^=fci>^. 

5.  r=-3orA-  16.  w==J=fcV3l  27.  /=4or3f. 

6.  2/= -2  or  -|.  17.  G  =  l  or  -f  28.  a:=-2or  -IfJ. 

7.  iV  =  f  or  -J.  18.  £;  =  J=fcfV^.  29.  a= -7.46  or  -0.54. 

8.  A;  =  lJor  -J.  19.  a;=J±iV3.  30.  F=-4.79  or  -0.21. 

9.  Z>  =  f±|>/57.  20.  n=2or  -IJ.  31.  w  =  1.28or  -0.78. 

10.  8=3  or  -i.  21.  t;=--l±jV-10.  32.  Z>=0.70or  -1.20. 

11.  2=2iori  22.  a=«-15=±:V298i 

Pages  118,  119. 

1.  Q=3or5.  15.  /2=A=±:^T'^l7.  29.  c  =  3orf. 

2.  2=9or-7.  16.  x  =  i±jV73l  30.  r=3or|. 

3.  a=-4or  -12.  17.  x=-8=fc8V2!  31.  7=4  or  -f 

4.  x=-lor2i.  18.  p  =  V=^iVi3i  32.  n=3or-5. 

5.  t;=-6or  -J.  19.  n=-i±iV^^  33.  A  =  ior  -4f. 

6.  Ar  =  }or-3i.  20.  w  =  i±i>r=3i  34.  Q=4or-l. 

7.  6  =  J  or  -f  21.  v=0or2.  35.  s  =  13or-4f 

8.  y  =  lJorf.  22.  2/=2±V5.  36. /= -5  or  -1. 

9.  /=i=fcjV4r  23.  g^i^i^^.  37.  5  =  1.28  or  -0.78. 
10.  B=  -^«=fcxV">'i6r.  24.  /2=3  or  -f  38.  t;=0.86  or  -0.46. 
il.  n  =  3±}>/52l  25.  F=3or  -6i.  39.  w=0.30or  -1.13. 

12.  F=t*&*?V>'--1039.  26.  6=6  or  -1.  40.  a;=5.16or  -1.16. 

13.  P=2or  -IJ.  27.  H.^-i^i^,  41.  r  =  1.19or  -1.69. 

14.  A;  =  J  or  -4.  28.  n=0  or  -5. 


pp.  119-124]  ANSWERS  29 

Pages  119,  120. 

1.  v=^a.  6.  t—2moT  — n. 

2.  x=2noT  — n;  n^Jxor  —x,  7.  y=6or6+2. 

3.  x  =  io=*=lVa*-4d.  8.  P=-lor-^. 

n  — I 

4.  t;==-«=±:V«2-/.  9.  n=2a=fcaV2r 

5.  w=aor6.  ,  10.  /2=  —  2m  or -?j — . 

^  2n 


ad— he 


13.  F«Oorw»-n.  16.  C^^5yj^^' 

H.N^^^^'f^.  17.  L=-i. 


t5.E^^y^.  18.Z>=^.^i. 


J,    P  _  XAT (fi +2)  :^  VXW^ig' +AK}mR  -\-4K*m  +AKNRH  +SKNH 

2KN{R+2) 


^    ,^-513^V263169t4g,  ^1.  r^  ^yj^^-y^  ^yj^. 

^     -Hr^^l2HV-SHh-^       _-HR^<\2HV  -ZWR^ 
^^'  ^^  2H  '    ^~  2H 


Pages  121,  124. 

1.  12i;  17f.  9.  30  rd.;  60  rd.  17.  12  in. 

2.  10  in.;  Sin.  10.  24  ft.;  18  ft.  18.  1200  sq.  rd. 

3.  16in.;12in.  11.  PC  =  12.2-.  19.  1500  bu. 

4.  20 in.;  24 in.  12.  3  mi.  4712  ft.  20.  140  acres. 

5.  768sq.  in.  13.  5.414 in.;  2.586 in.  21.  14. 

6.  20  in.  14.  0.546  ft.  22.  100  ft. 

7.  20  in.  by  40  in.  15.  7.64  rd.  23.  35  ft. 

8.  6  in.;  4  in.  16.  45}  ft.  24.  6  in.;  8  in. 


iri^-A 


30 


ANSWERS 


[pp.  12i-127 


25.  24inin.;  ISmin. 

26.  15f  min. 

27.  45  mi.  per  hour;  30 

mi.  per  hour. 


28.  2i  hr.  31.  64  sq.  in. 

29.  12.  32.  4  in. 

30.  1  mi.  per  hour;  2  mi.     33.  14  in. 

per  hour.  34.  582.74—  sq.  rd.     35.  1  ft. 


Page  125. 

1 .  Real,  unequal,  and  free  of  surds.      8.  Real,  unequal,  and  free  of  surde. 

2.  Real,  unequal,  and  involve  surds.     9.  Real  and  equal. 

3.  Imaginary.  10.  Imaginary. 

4.  Real,  unequal,  and  free  of  surds.  11.  Real,  unequal,  and  involve  surds. 


5.  Imaginary. 

6.  Imaginary. 

7.  Imaginary. 

16.  c=-2i. 

17.  c=±20. 

18.   C=:*:16. 


12.  Real  and  equal. 

13.  Real,  unequal,  and  involve  surds. 

14.  Real,  unequal,  and  involve  surds. 

19.  c  =  J.  22.  4mn=-25. 

20.  c=8.  23.  n2  =  16m. 

21.  c=5i.  24.  m«*=4n. 
25.  m«=8n. 


1.  a:*-8aj-f  12=0. 

2.  a;2-10x+9=0. 

3.  a;2-f8x+15=0. 

4.  a;2-ftc-16=0. 

5.  x2-|-a;-42=0. 

6.  a:2 4- 14a; 4-24=0. 

7.  x2-5a;-50=0. 

8.  a:*-h23a;-f60«0. 

9.  a;«-f2a;-99=0. 

10.  6x*-&r+l-0. 

11.  25a:2_i5a._4a=o. 

12.  24a:2_a._3„o. 

13.  24j::2+26a; 4-5-0. 

14.  aj2-4aa;H-3a»-0. 


Pages  126,  127. 

15.  x^-\-2nx—5mx  —  lOmn=0. 

16.  a;«-2x-4=0. 

17.  a;2-f8x+13=0. 

18.  x2-2a;+7=0. 

19.  a;2-f6x-fl3=0. 

20.  n=2or  -3. 

21.  i=f  =fcjV^^ 

22.  a  =  l!or  -1. 

23.  F=TV=*=A>r=^. 

24.  iNr=4or  -1. 


25,  r==f  =fcJ>P7. 

26.  ^  =  --i=»=iV37^ 


27.  a;='ia=fciVo2-126. 
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PB&68  128,  129. 

1.  a;-5or7.  3.  »«— 6or— 8.  5.  x«2or-6}. 

2.  x=8or— 9.  4.  a;=8or3i.  6.  a;»— 5or4f. 

7.  Eeal,  unequal,  and  free  of  surds.    Graph  meets  x-axis  at  two  distinct 

points. 

8.  Same  as  Ex.  7. 

9.  Real  and  equal.    Graph  touches  x-axis  at  one  point. 

10.  Imaginary.    Graph  does  not  meet  x-axis. 

11.  Same  as  Ex.  10.  12.  Same  as  Ex.  9. 


1.  Real  and  free  of  surds. 

2.  Real  and  free  of  surds; 

3.  Imaginary. 

4.  Imaginary. 

5.  Real  and  free  of  surds. 

6.  Real,  involving  surds. 

7.  Imaginary. 

8.  Real,  involving  surds. 

9.  Imaginary. 


Pages  129,  130. 

10.  Real  and  free  of  surds. 

12.  2fe-i-iV^^)(5-i+iV=15). 

13.  5(P+*-*V5l)(P+i+f>Pl). 

14.  3(6-i-iVl3)(6-i+iVl3). 

15.  9(d+J-iV-5)(d-f|+jV=6). 

16.  (n-ll)(n+13). 

17.  (2y^l)(5y+S), 

18.  7U-A-AV^:^447)U-A+AV=447). 

19.  (r+l-V=^)(!r+l  +  'HPl4). 


1.  n  =  l,  -J=fci>P3; 


2.  a  =  l,  -l,i=*=i-\P3, 


3.  y-8,  -i*}V--3: 

4.     X^ly     -1,     =fcV'^ 


5.  y^S,  -3,  =fc3V-L 

6.  «  =  1,  -1,2,  -2. 


7.  ik  =  2,  -2,  «fc2V^r 

8.  i\r==fcV57=*=V^. 

9.  s  =  lj,  -i=»i.fV^^ 


Pages  132,  133. 


10.  A  =  -J,{=»=iV--3. 


11.  flr=2,  -2,  ±iV-6. 

12.  m  =  l,  -2,  l^fc-^PF, 

13.  Jg?==biV6;  =fciVi4l 

14.     C=::±:f'NP3;    =tiV^^ 

15.  a;«=l,  -1,  -2. 

16.  ««1,2, -2. 

17.  r«3,  =fcV=T 

18.  a  =-5,  +2,  -2. 
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19.  «=-4, -l,i:*=jV-3. 


20.  A«l,  =*=V-1,  -i^i^l'^. 

21.  P=0,  -2,j*i^pn9: 

22.  n=0, 1, 1, 1. 


23.  4,  -2,  ±2V-3. 

24.  3,-3,  :*=3APr. 


25.  1, -l,i±jV-3, -i=fci-sP3; 

26.  2,  -2, 1:*:V^  -l=fc>P3^ 


1.  x=^V6,  ±2V-2. 

2.  a==fclV6;  ±JV-15. 


Pages  134,  135. 

13.  d^l^fc-^^l^fcVl 

14.  A  =  =fcl,  =tV^ 


3.  F==fcjV6;  :±:iV-10.  15.  c  =  l,  -2,  -}±iV-3. 

4.  n=-l,  -2,  l=±:V^,i=fclV^.  16.  i/=0,0,  -3,  -3. 


5.  p=2,  -1|,  -1±>P3, 
i>P3. 


3 

7 


6.  |/  =  1,1^_-1, -1,  =bV-l, 

7.  2/^^,  ^^,  o,  — «5. 

8.  <  =  -l,  -1,1,  -3. 

9.  n=-l,2,  -2,3. 

10.  P=-{=fciV89;-i=tjV33! 

11.  x=-i±iV5;  -}=*=ivi7: 

12.  m=:i±iV^i=fciV^- 


17.  n=4±jVl7J=*=iV23l 

18.  t;=-|=fcH.%f=»=V3^ 

19.  R  =  i^i<^i^i<^. 

20.  6  =  f=fciV^^i±jVi7r 

21.  Tr=0,0,  -5,  -5. 

22.  a;  =2, 4,  -|±jVl7\ 

23.  n=3=fcVi4;"-i=fctV5l 

24.  a  =  l,l,  -J=fcjV5!_ 

25.  2/  =  l,  -1, -|±iVl3. 

26.  D  =  l,  1,  i±iV^ 


^.  X  —  o,  u,  I  • 

3.  ic=  —1,  6,  — 5. 

4.  X^^j   ~~^j  ^>   ^o« 


Page  136. 

5.  x  =  -2,  4,8,^-8. 

6.  One  real;  two  imag;mary. 

7.  All  nftil;  two  equal. 


1.  x=3. 

2.  ^  =  5. 

3.  <=61. 


Pages  140,  141. 

4.  a;  =  14. 

5.  n=9. 

6.  a==  — 5. 


7.  t;  =  14. 

8.  m=4. 

9.  «=7. 


pp.  141-^1451 
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10.  ik=7. 

11.  D=-2. 

12.  a;=-8,40. 

13.  Af=-4. 

14.  <  =  5,  iff. 

15.  A  =  144. 

16.  d  =  16. 

17.  s-9. 

18.  n=-2f. 

19.  n=2,3. 

20.  Impossible. 

21.  ^  =  4. 

22.  Impossible. 

23.  Impossible. 

24.  Impossible. 

25.  a  =  l. 


26.  Impossible. 

27.  p=8. 

28.  a=-iS.    _ 

29.  .T=V=*=iVl3. 

30.  i=0,  -1. 

31.  2/=0,  =tV-T 

32.  x=4. 

33.  x^H, 

34.  n=6i. 

35.  a  =  '|. 

36.  8=9. 

37.  A;  =  l. 

38.  R^l, 

39.  n^i. 

40.  a  =  16. 

41.  A=0,  -12. 


42.  JV=2. 

43.  r=3. 

44.  a;=3,  -If. 

45.  n—0,  —3. 

46.  <=3,   -J. 

47.  r=5,  -4|. 

48.  a =4,  20. 

49.  Impossible. 

50.  J=^. 

52  t=^-r=^ 

53.  s=trf  — i(/^. 


1.  a;=l. 


Page  142. 
2.  a;=5.  3.  a;=6. 


4.  re =4. 


Pages  144,  145. 


1.  r  = 
'  2.  ^  = 

3.  a  = 

4.  x  = 

5.  m 

6.  x  = 

7.  r  = 

8.  /  = 
t;  = 

9.  N 
10.  a  = 


2,s  =  l;  r=-l,s=-2. 
=  4,  A;=2;  ;i=2,  fc=4. 
=  5,  6  =  1;  a=-7,  6=-5.  . 
=  1,  2/  =  3;  x=2i,  2/=-3. 
=  7,  n=2;  m=2,  n  =  7. 
=4,  2/  =  2;  x  =  Sh  2/=-f 
=  10,  JK=-1;   r=-4,  i2  =  2i. 

-i=fciV^95i; 
=  i=fcH-951. 
=2,  P  =  i;  iV  =  i,  P=2. 
=5.  6= -5;  a=0,  6==-10. 


11.  7  =  15,  F  =  10; 
!r=-16i,  F=-10J. 

12.  a;=-4,j/=-3j  x  =  f,  j/=-li 


13.  m  =  2+8V^,  n  =  3-8V-l; 
w  =  2-8V^,  n  =  3+8V^. 

14.  fc=7,  n  =  4;  fc=-4,  n=-7. 

15.  a;=2,  2/=2;  a; =2,  2/ =2. 

16.  A  =  li,B  =  |;  A  =  i,B  =  li. 

17.  p  =  8,  g=-ll;  p  =  ll,  g=-8. 

18.  i  =  4,  w  =  12;   t^-5h  w=-lf 

19.  P=4,  Q  =  5;  P  =  5,  Q=4. 
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20.  x  =  ia+iV5a«-|-46*,  x^ih-i^l^+i^,  • 

y==-Ja-JV5«2+46».  y  =  Ja-lV26-a*; 

21.  a;  =  im+iw,  2/  =  im  — in;  a;  =  Ja  — iV26— a*, 
x  —  im  —  inf  y  —  im+in,  y^ia+J^/26— a*. 

22.  rc^J^+jV^H^,  24.  c2=:4ir5. 


Pages  146,  147. 

1.  a;«4,  fc«=l;  a?*4,  ib=— 1;  a;=— 4,  A;  =  l;  a?—— 4,  A;=— 1. 

3.  r=4,  ,s=3;  r=4,  s=— 3;  r— — 4,  «=3;  r—— 4,  s=— 3. 

4.  m=Hi05,  n=|>P5;    m=|Vl05;    n=-i<^]     m=-fVi05^n== 

iV^;  w=-fVi05^n=-fV^ 

Aa/QT;  TF=-tVV65,  y=-AV91. 

6.  x=5,  y =3;  a;=5,  y  =  —3;  a;=  — 6,  y "=3;  a;=  — 5,  ^=  —3. 

7.  t;=6,  ^  =  1;  t;«6,  /«:-l;  »=-6,  <  =  1;  v=-6,  <=-l. 

8.  /2=5,  D«?;  JBt=5,  D«-2;  /2=-5,  D-2;  ie«-5,  I>«-2. 

9.  a  =  i-^^  ft-iVS";  a-iV27  &=--i>/2;  a--*-^  6«i>5;  a--!'^, 

5--iV2: 

10.  P*2,  0=3;  P=2,  0--3;  P=-2,  0=3;  P-:-2,  0  =  -3. 

11.  a;  =  J,  2/=5;  a;  =  f,  2/=-5;  a;=-J,  j/=5;  x  =  -§,  2/=-5. 

12.  ^=:6,i2=f;  £;=6,  i2=-i;  ^=-6,  «=J;  ^=-6,  «=-f 

13.  C=6,  y=9;  C=6, 2/=  -9;  C=  -6,  j/=9;  C=  -6,  j/=  -9. 

14.  r=4,  r'=2;  r=4,  r'-~2;  r  =  -4,  r'=2;  r»-4,  r'='-2.     • 

15.  x-i  y-};  x  =  i,  y*=-i;  a;*-l,  i/-};  a;»-i  y»-i. 


pp.  148-150]  ANSWERS  85 

Pages  148,  149. 

1.  x-2,  y-l;  X--2,  y--l;  x^i^l2,y^i^;  X'm-l^,  y^-l^S. 

3.  m=2,  n=-6;  w=-lj,  n=5J;  w^-l  +  ^Ssj  n--l  +  V38; 
m«~l->/33,  n«-l->S3. 


5.  x=4,  i/=4;  x  =  -4,  i/=-4;  x«4V3i  j/=-4'>/3;  X--4V31  j/=4V3. 

6.  7=0,  (if=Vl9;  y»Agf=-Vi9;  F-3,  ^=-2;  7= -3,  ^=.2. 

7.  P-V5,  Q=0;  P--V5;Q-0;  P=6,  Q=-3;  P=-5,  Q»3. 

8.  a=0,  6=3V3;  a=0,  6«=-3V3;  a=3,  6»-3;  a«-3,  6=3. 

Page  150. 

1.  x-3,  y=4;  a;=-3,  y=-4;  x--i^,y^i<S;  x^-i^y  y^-fVj 

2.  m=2,n»=4;  m=-2,n=-4;  m=  V2^  n=3V2;  w=  -  V2^  n= -3'\51 

3.  A  =  l,  B=2;  A«-l,  B=-2;  A  =  V3;b=0;  A--^B-0. 

4.  ^=3,  fc  =  l;  /i--3,  ik=-l;  ^^tVia  ik  =  -f VlO;  ^=-|VlO, 

6.  «  =  5,  i--2;  «--6,  «-2;  iB=V V^,  <=jV^;  /g-^VV^, 

7.  ir-1,  y=5;  a;--l,  y=-6;  rc  =  14,  y=-8;  a?- -14,  y=8. 

8.  M==2,  iV=5;  M--2,  iV=-5;  Jlf  =i4V3;  iV-=  -  V3;  itf  =  -4V3; 

iv=>/3: 

9.  a=2,  6=5;  a=-2,  6  =  -5;  a=4>Si  6=3^S";  a=-4>S^  6=-3V2^ 

10.  p=8,  g=-5;  p=— 3,  g=-5;  p=3,  g  =  5;  p=-8,  5  =  5. 

11.  F=5,  C=4;  F=-5,  C=-4;  P=>/3,  0=3^3;  P=- Vsj  C= -3>/3. 


12.  «;  =  1,  flf=5;  i;=-l,  flf=-5;  i;=fV-10,  flf=-tV-10;  t;  =  -tV-10, 

flf=tv^^io; 
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Page  152. 

1.  x=— 1, y=2;  a;=2, y=— 1.  2.  p%— 2, g==5;  p=5, g=— 2. 

3.  a=6,  6  =  1;  o==-6,  6=-l;  a  =  l,  6=6;  a=-l,  6=-6. 

4.  w  =  l,  n=6;  m=6,  w  =  l. 

5.  P=3,  Q=2;  P=^2,  Q=3;  P=-2,  Q=-3;  P=-3,  Q=-2. 

6.  ti;  =  6,  t;  =  2;  io=  —2,  t;=  — 6.  7.  x  =  5,  y=  —3;  x  =  3,  y^  —5. 

8.  x=5, 2/=-l;  a;  =  -5,  j/  =  l;  x  =  l,  2/=-5;  a;=-l;  2/=5. 

9.  A=l,B=-3;  A  =  -1,B=3;  i=3,B=~l;  A  =  -3,B  =  1. 
10.  w  =  3,  n=2;  m=  -2,  n=  -3.       11.  s  =  3,  /  =  1;  s  =  l,  ^=3. 
12.  x  =  i>/5'+i^2/  =  iV5"-i;  a;  =  iV5"-J,  2/  =  J_V5+i;  x=-jV5+i, 


13.  a=4,  6=5;  a=5,  6=4;  a  =  >/-14-5,  6  =  -V-14-5; 


a=-V-14-5,  6=  V-14-5. 

14.  TF=6,  F=9;  TF=-9,  F=-6. 

15.  r  =  l,  r'=5;  r=  —1,  r'=  —5;  r=  —5,  r'=  —1;  r  =  5,  r'  =  l. 

16.  x=5,  y=3;  x=  —5,  y=  —3;  x=3,  y  =  5;  x=  —3,  y=  — 5. 


Page  154. 

1.  w=2,  n=3;  w=3,  n=2.  5.  P  =  l,  Q=3;  P=3,  Q  =  l. 

2.  t;  =  3,  /=0;  t;=0,  ^=-3.  6.  a  =  l,  6=3;  a=3,  6  =  1. 

3.  o=5,  6=  —2;  a=2,  6=  —5.  7.  ii;  =  4,  t;=2;  it)=  —2,  t;=  —4. 

4.  a;  =  4^2,  =  i;  a;  =  i^y=4.  8.  M  =  3,  iV=2;  M=-2,  Ar=-3. 

9.  x=3,  y=3;  a;=  —3,  y=  —3;  a;=3,  y=3;  a;=  — 3, 2/=  —3. 

10.  r  =  3,  8  =  1;  r=  —3,  s=  —  1;  r  =  l,  s=3;  r=— 1,  s=  —3. 

11.  a  =  2,  6=3;  a=3,  6=2. 

12.  w=0,  n=0;  w  =  jV6^n= -f  V6;  w= -jV6^n  =  f  VeT 

13.  t;=0,  <  =  1;  v  =  l,  /=0;  t;=  -2,  /=3. 

14.  x=  -7,  2/=7;  a;  =  3,  2/=2;  rc  =  l,  2/=3. 

15.  w=0,  n=0;  m=5,  n  =  l;  w=  —5,  n=  —1. 

16.  0=2,6=7;  a  =  i,6  =  li;  a= -i+i>P3^6=0;  a=-i-}V^6=0. 
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Pages  155,  156. 

1.  w  =  l,  n=2;  w=2,  n  =  l;  m  =  i-|-jV— 55,  n  =  }  — jV— 55; 

m  =  i-iV-55,  w  =  }+J>P55. 

2.  io=4,i;  =  l;  «;=~l,i;^-4;  t£;  =  |+}V-79,y= -HriV-79; 

w^i-i^^^v--  -l-iV-79. 

3.  A  =  l,  B=3;  A-3,  B  =  l;  A  =2+5i«Pl,  B=2-5>r=T; 

A=2-5V^B  =  2+5V^. 

4.  x  =  i+j'V-75+4V353;  2/  =  f-i  V-75+4V353; 
a;  =  J+J  V-75-4V3^2/  =  S-i  V-75-4V353; 

x  =  i-iV-75+4>/35ii^y  =  f+iV-75+4V35S, 

x  =  J~J  V-75-4V353,  2/  =  i+i  V-75-4V353T 

5.  n=3,  w=2;  n=2,  m—S]  w=6,  m=  —1;  n=  —1,  m=6; 

n  =  i+i>Si;m  =  i-iV2r;  n  =  |-i>ST;  m  =  4+J^; 
n  =  4+jV29;m-i-iV29;  n  =  i-J-^  m=i+iV29. 

6.  o  =  l,  6  =  1;  a=-l,  6=-l;  o  =  iV^  &  =  H^;  o= -i^^, 

6=-J>P3; 

7.  ;i=2,  A;=2;  ;i=-6,  A;=6;   h^2<^,  fc^S-V^;  ;i=-2V^fc  = 

3  +  V^;  h^^-^^^y  A;=V+H^  ^=V+W^     A;=-V- 

8.  x=3,  y=3;   x=-3,  2/=-3;    x=3V^  2/«-3V^  x  =  -3V^^ 

2/=3V— 3;  and  eight  other  complicated  imaginary  solutions. 

Pages  161,  162. 

1.  aJ=6, 2/=3;  x=-lj,  2/=6i     2.  a;  =9.1,  y  =4.1;  a;  = -4.1, 2/ = -9.1. 

3.  a; =5.7, 2/ =4.7;  a; =5.7, 2/=  -4.7;  x=  -7.9,  j/ =2.8;  a;  =  -7.9, 2/=  -2.8. 

4.  x=4.5, 2/ =4.1 ;  X  =4.5, 2/=  -4.1;  a;=  -3.5, 2/ =  2.9;  x=  -3.5, 2/=  -2.9. 

5.  X =5.4, 2/ =5.4;  a;  =5.4,  y  =  —5.4;  x  =  —5.4, 2/ =5.4;  x  =  —5.4,  y  =  —5.4. 

6.  x=6.96,  2/  =  5.70;  x=6.96,  2/= -5.70;  a;=-6.96, 2/=5.70;  a;=-6.96, 

2/= -5.70. 
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7.  a;  =4.5,  y =4;  a;=  — 4.5,  y»4;  x«3.6,  y«  — 3;  x=— 3.6,  y=— 3. 

8.  x  =  7.5,  y«6.6;  aj=7.5, 2/=  -6.6;  x-  -7.5,  y=6.6;  x=  -7.5,  y=  -6.6. 

I  Pages  162,  165. 

1.  4;  9.  '  3.  50  rd.;  40  yd.  5.  20  yd.;  30  yd. 

2.  12.8-f  ft.;  7.8+  ft.     4.  30  ft.;  40  ft.  6.  18  ft.;  24  ft. 

7.  12  in.;  16  in.;  20  in.  9.  6 in.  by  6 in.,  or 9 in.  by  4 in. 

8.  16  ft.;  20  ft.  10.  2 in.  and  1  in.,  or  3  in.  and  2 in. 

11.  6;  8.  13.  40  ft.;  50  ft.  15.  10  da.;  13.25. 

12.  $96.  14.  25  ft.;  40  ft.  16.  6  men;  8  da. 

17.  Apples  132,  potatoes  $22;  or  apples  $31.05,'  potatoes  $22.95. 

18.  $250;  6%.  19.  8.4-.  20.  9f;  96. 

21.  24,  $200;  25,  $192.  24.  48  rd.;  32  rd. 

22.  130  mi.;  117  mi.  25.  20;  40. 

23.  A,  2i  mi.  per  hour;  B,  3  mi.  per  hour.  26.  4  yd.;  5  yd. 

Pages  165,  166. 

1.  m=5,n=— 1;  m=— l,w=5;  m=— l,n=— 4;  w»— 4,n=— 1. 

2.  x=0,  y=0;  x-5,  y^  -5;  x=5, 2/=4;  x  =  lj,  y  =  i. 

3.  A=3,  B  =  l;  A  =  -l,  B=-3;  A  =  l,  B«3;  A  =  -3,  B--1. 
4-  p=-i,  g=796. 


5.  »-3,  i/«6;  a;  =  6,  y=3;  x= -J^-f  iV513,  y= —V-i^/SlS] 

x=  -¥-i V513,  2/=  -V+i-s/SlS. 

6.  r^bj  s=  —1;  r  =  l,  «=  —5;  r  =  l,  s=4;  r=  —4,  s=  —1. 

7.  M=4,  iV=5;  M  =  5,  i\r=4;  itf= -J -iVl6i;  i\r=  ~ J +lVl6r; 

^=-l+J>/i6iTiV=-*-iVT6T: 

8.  a;=0,  y=0;  x=4,  y-1;  x  =  l,  y=-2;  a;=-},  2/- -J. 

9.  w^2jV  —  \\  10  =  1,  t;=2;  t£;=  — 1,  t;=  — 2;  tt;=  — 2,  ««  — 1; 
M;  =  i>Pl+iVlXt;  =  iV^-iViT';  ti;  =  §>Pl-i>/ill 
r^J^Pl+iVlT;  w;=-lV^+iVliiv--iV^-iVir; 
t(,«-jV^-jVll7f=-§V=I+§VlX 
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10.  d=ViS,     e=jV83;      (f=--vl8,     «=J\/33;      d=Vl8,     e=:-jV33; 

11.  P*2,  0*3.    The  other  three  solutions  may  be  obtained  approxi- 

mately graphically. 

12.  a=0,  6=0;  a= -i,  6= -J. 

13.  ^=0,  ik=:0;  ^  =  14,  A;  =  14;  /i  =  l- Vl3J  A;  =  l  +  Vl3;  A  =  l+Vl3^ 

ik  =  l-Vl3. 

14.  a;«25;  y=9;  aj=9, 2/=25;  x^-Sl+sV^^W,  2/=-81-8V-97; 

x=  -81-8-^^97,  y-  -81+8>P97. 

15.  m=27,  n=8;  m=— 8,  n«— 27.   16.  Impossible.     17.  a?  =  10,y*=6. 
18.  w;=8,  v»2;  w2,  v«8.  19.  a;*=J,y«i;  «« —i,  y*— J. 

Pages  167,  168. 

1.  }.  2.  tJ^;  0.03.  3.  ^shns)  0.00004. 

4.  3.1416,  approx.;  no;  it  cannot  be  expressed  by  two  whole  numbers. 

5.  ^)  7.2.  7.  |.  9.  Ratio=ti 

6.   — 9  I      o«  8.    -rr>.  12.    Yes. 

13.  Ratio  =V2]'  14.  {.  15.  $960;  $1440. 


Pages  169,  172. 

1.  3. 

9.^. 

15.  8. 

md •     2^  • 

2.  }. 

y 

16.  2i. 

24,  w^. 

3.  3|. 

1A     ^^ 

17.  10. 

4.  13i. 

XI.  hK 

18.  A. 

26.  (a+i»)(a»-6»). 

5.  21. 

13.  0. 

19.  2x». 

27.   =b4. 

6.  10§. 

20.  w2-n«. 

28.   =±=15. 

7.  3f. 

^A                 ^ 

21.  48. 

29.   ^\%. 

8.  llOi. 

1*-  r'-r- 

22.  i. 

30.    =t^S6. 

31.   =*=Va6. 

33. 

7. 

35. 

4J  inches. 

32.  =b(7_ 

y*). 

34. 

15,000. 
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[pp.  172-189 


37.  42t<V  ft. 

38.  10^  in.;  Tfm. 

39.  8 J  in.;  5*  in. 

40.  9.9- in.;  6.1  + in. 


41.  11.1+ ft.;  6.9 

42.  5i  ft. 

43.  58  ft. 

44.  80  lb. 

Pages  178,  181. 


-  ft.  45.  42tV  lb. 

46.  240  lb. 

47.  54  lb. 

48.  901b. 


V 


v 


.,«' 


1    --=Jfe*  --  =  ■— 

t    '  t'    r 

3.  45.  4.  ^y.  5.  900. 

9.  157ilb.;  901b.;  451b. 

10.  96  lb.;  37i  lb.;  12}*  lb. 

11.  256  ft.;  1600  ft.;  57,600  ft. 

12.  2400  lb. 

13.  4320  lb. 

14.  i  candle-power. 

15.  4  candle-power. 


2.  voc— ;  vp—k)  t;'p'=t»'p''. 

6.  56  lb.       7.  90.  8.  72. 

16.  75  candle-power. 

17.  2  ft. 

18.  -f^  sec;  ^  sec;  |  sec. 

19.  400  cm.;  1600  cm.;  10,000  cm. 

20.  355i  gal. 

21 .  88  days. 

22.  4333  days. 


Page  183. 
1.  Circumference.    2.  1.        3.  ).        4.  0;  0;  6.        5*  0.        6.  0. 


1.  i. 

5.  Inconsistent. 

6.  Inconsistent. 


5.  db(m«— w»). 

6.  2>/3'. 

7.  F^kw, 
kmm' 


Page  187. 
2.  A. 


8.  F  = 

9.  F  = 


kwi^ 


10.  H(JP=k. 

11.  R=^. 

A 

12.  0. 


i.                     3.   -4. 

4.  f 

7.  Inconsistent. 

9. 

Indeterminate. 

8.  Indeterminate. 

10. 

Indeterminate. 

Pages  187,  189. 

13.  0. 

22. 

2. 

14.  0. 

23. 

15.  oo. 

24. 

16.  00 . 

25. 

17.  1. 

26. 

18.  0. 

27. 

19.  J. 

28. 

• 

6. 

21.  1. 


1 
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Page  190. 

1.  5, 6, 7, 8.  5.  A,  »}t,  tJv,  iAt.  9.  41, 122, 365, 1094. 

2.  10, 12, 14, 16.  6.  25, 36,  49, 64.  10.  16n*,  32n»,  64n«,  128n^ 

3.  11,8,5,2.  7.   -12,  -17,  -22,  -27.  11.  Vl?,  VIT",  ^  -sSs". 

4.  16, 32, 64, 128.  8.  J,  f,  J,  i.  12.   -32a»^io,  16a*(»,  -8aV,  4a«^. 


Pages  192,  193. 

1.  146. 

8.  3l8t. 

15.  -7i 

;3|. 

22.  H-45a;. 

2.  61. 

9.  37th. 

16.  49;  81. 

23.  a+(n-2)d. 

3.  61. 

10.  3. 

17.  14i; 

26}. 

24.  a+(n-4)d. 

4.  -102. 

11.  5. 

18.  200. 

25.  624ft.;  1904ft 

5.  15i. 

12.  8. 

19.  199. 

26.  at-ia. 

6.  257. 

13.  57. 

20.  496. 

27.  14  sec. 

7.  16th. 

14.  2:  3. 

21.  73n. 

Pages  194,  195. 

1.  5,  9,  13,  17,  21,  25.  3.  3,  7,  11,  15,  19,  23,  27. 

2.  12,  8i,  5,  li,  -2.  4.   -6,  -1,  4,  9,  14,  19,  24,  29. 

5.  i,  -1,  -2},  -4,  -5J,  -7,  -8i,  -10. 

6.  1,  lA,  lA,  ni  2A,  2tV,  2H,  3A,  3tV  etc. 

7.  3,  5h  7f,  9f,  11^,  13i  15 J,  18,  20},  etc. 

8.  i,  j,  tV,  i.  9-  w,  JJn,  ifn,  y^n,  Jn,  H^,  Jn. 

10.  12;  40;  25;  2;  -2;  if;  t^;  |>/3;  x.  11.  a'+b'. 

12.  48  ft.  per  second.     13.  176  ft.  per  second.     14.  32  mi.  per  hour;  f  hr. 

15.  12t  in.;  23f  in.;  34|  in.;  45i  in. 

16.  3  oz.;  5  oz.;  7  oz.;  9  oz.;  11  oz.;  13  oz.  17.  4°. 


Pages  197, 

199. 

1.  1575. 

6.  -2385. 

11.  7350. 

2.  608. 

7.  5050. 

12.  7500. 

3.  231. 

8.  10,100. 

14.  n^-\-n. 

4.  -945. 

9.  10,000. 

15.  80. 

5.  1171. 

10.  2475. 

16.  5  or  6. 

42 
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[pp.  199-206 


17.  24. 

18.  20. 

19.  n  =  13;  5=286. 

20.  n=24;  1^117. 

21.  a=42;  Z=-26. 

22.  -8,  -4,  0,  4,  8. 

23.  156. 


24.  300. 

25.  2550  yd. 

26.  150  in. 

27.  590  ft.;  30  sec. 

28.  576  ft.;  1600  ft.; 

57,600  ft. 

29.  16,896  ft. 


30.  10  sec. 

31.  $10,600;  $7300. 

32.  $12,250.  * 

33.  144;  121;  100;  650. 

34.  4994-  in. 

35.  2,  6,  10. 

oO.     1,   O,    «7. 


Pages  201,  202. 

1.  128.  4.  1458.  7.  16,384.  10.  rh:^, 

2.  100,000,000.        5.  1024.  8.  2.  11.   =*=  12-^5! 

3.  H.  6.   -i.  9.  6.  12.  y. 

13.  9,  18,  36,  72,  144;  or  -9,  18,  -36,  72,  -144. 

27^  .-    n«   n» 


14.  tIt,  a,  I  i,  2,  8. 
18.  $11,809.80. 
21.  259,374. 


15.  16. 


16. 


19.  $119.41.     20.  $579.64. 
22.  TiAfirr  ft. 


17.  ~,  — ,. 


1.  7,14,28,56. 

2.  2,  6,  18,  54. 

3.  16,  8^  4V54;  2-(§916,  54. 

4.  1,  4,  16,  64,  256,  1024. 

5.  80,  40,  20,  10,  5. 


Pages  203,  204. 

6.  24,  16,  -3/,  i^,  W,  iy^.. 

7.  -9,  -18,  -36,  -72,  -144. 

8.  1,  </2,  ^  2. 

9.  m,  ^m*n,  ^mn^f  n. 
10.   =t2;  =tl2;  ±10;  =^2^3;  =^2. 


11.   =t(a«-a6).  12.  15;  4^3.    13.  4;  16.   14.  10;  18.    15.  11.088;  23.088. 

Pages  205,  206. 


1.  6138. 
6.  5555. 

7   Lz£^ 

'•    l-a:* 

8.  49m. 
6n-384n7 

'•      l+2n     • 

10.  24+26'^S; 

11.  2^, 

12.  3. 


2.  364. 


3.  86. 

4.  15^.            5.  63 

13. 

1;  A. 

19.  H. 

14. 

8. 

20.  $1.125509-. 

15. 

6. 

21.  $1159.27+. 

16. 

149M  ft. 

22.  $119.41-. 

17. 

152m  cu.  in. 

23.  $3736.29. 

18. 

4yr. 

24.  $18,681.45. 
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Pages  208,  209. 

1.  16.     2.  18.     3.  22i.      4.  3A.     5.  ^,     6.  f.     7.  IJ.     8.  4+2-^5". 

9.  Tj-^.  10.  -^,.  11.  60.  12.  -A. 

13.  f,  t,  A,  t!t»  rfifJ  or  i,  f,  y^,  AV,  :tt.  14.  t^  or  4^^. 

15.  I  17.  H-       ,  19.  ^.  21.  4A. 

16.  A.  18.  A.  20.  li  22.  SUi- 

23.  rf^.  24.  12ir  in.  25.  V^  sq.  in. 

Pages  209,  210. 

2.  isS:'  3.  J^.  4.  A«  5.  ^.  6.  -jfy. 

7.  - 1  -2,  2,  J,  i      .  10.  i,  M,  A,  A,  A,  II,  3. 

8.  i;  3.  13.   =tl2. 

9.  -i  -2,  -6,  6,  2,  f.  14.  0.1  and  159.9,  approx. 


Page  213. 

1.  nio. 

2.  "P^ 

17. 
18. 

r. 

33.  m*n*, 

34.  ai26i8. 

45. 

a* 
6*' 

d.      Km 

19. 

2L 

35.  xV. 

46. 

8w« 

4.  i2». 

20. 

28. 

36.  v'H^^ 

27n}^' 

5.  2«. 

21. 

3^ 

37.  2»X5». 

47 

v^£^ 

6.  5^ 

22. 

(-W 

38.  7^X32. 

?■#  • 

32a205io' 

7.  39. 

23. 

(-n)*. 

39.  a»«6io». 

48. 

a». 

8.  (-1)^ 

9.  (-2)«. 

24. 
25. 

49. 
50. 

xV. 

10.  (-a)8. 

11.  a;2«. 

12.  ^«+^ 

26. 
27. 
28. 

2«. 

•  2* 

41.  3,. 

42.  |. 

51. 

52. 

2r*. 
a268. 

13.  P2"». 

29. 

38. 

5* 

V 
43.    +2J. 

53. 

a2. 

14.  a7. 

30. 

(-1)". 

54. 

<2. 

15.  2/*. 

31. 

(-6)20. 

2* 

55. 

m*. 

16.  DK 

32. 

«2    ^ 

44      — -- 
**•        3»* 

56. 

1024a20W 
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[pp.  214-217 


1.  1. 

2.  1. 

1.  i. 

2.  A. 

3.    jy 

4.  h 

6.  1. 

7.  4. 

8.  1,000,000. 

9.  4. 

10.  f 

11.  125. 

12.  ^^ 
13. 


1.  2. 

2.  3. 

3.  9. 

4.  8. 

5.  125. 

6.  8. 

7.  27. 

8.  25. 

9.  8. 

10.  32. 

11.  243. 

12.  256.  . 

13.  i. 

14.  i. 

15.  i. 

16.  A. 


3.  1. 

4.  1. 

14.  A. 

15.  ig5(f9c 

16.  324. 

17.1 

18. 

19. 


Page  214. 

5.  1. 

6.  81. 

Pages  215,  216. 

2 


n 


A' 


n* 


20.  — „. 


m' 


21.  a66«. 

22.  1 


a62(?» 


18.  fM. 

19.  V^. 

20.  W. 

21.  ^. 
22. .  tA^. 

23.  |. 

24.  24. 

25.  i. 

26.  ^1^. 

27.  ^ 

-yip 
1 
28. 


17.  ^ 


29.  -4=' 

30.  -9^^ 


23. 

24. 

25. 


-5iV« 

-3P* 
1 


26.  5- 
27    -^ 

1 


28. 


5F' 


29.  ^+^ 

n     m 


30. 


6+a 
6— a 


Page  217. 


2V 


m' 


31. 


32.?^ 

-974 

33. 


m? 


35.  ^(^+^)'. 

36.  /i— fc. 

37.  'JmnT 

38.  v'. 

39.  n*. 

40.  J, 


31. 


32. 


7.  n». 

8.  1. 

ggy«-l 
a— 6 


a+5 

33.  i\r«. 

34.  a26-2. 

36.  -in-i. 

37.  v-^f*. 

38.  x-»+2/-i. 

39.  a6-i+a-i6. 

40.  2mn. 

41.  (a2+a6+6«)-i. 

41.  w;M. 

42.  a*6^m*ni. 

43.  3*a;V 

44.  ftM. 

45.  a"». 

46.  a;'2. 

47.  (a -6)*. 

48.  (l+a;2)*. 

49.  a;»»a;'*. 

50.  (l-a;)""*. 

51.  (l+a;^)"*. 

52.  (a+5)*(a-6)':*. 
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Page  219. 

1.  AK  14.  iV*.  27.  ip«d*.  40.  n'. 

2.  4w.  15.  K*.  28.  ir«"A       41.  x'K 

3.  1.  16.  ab.  29.  a*  42.  x-y. 

4.  12t«.  17.  x"*2/2"^.  30.  <*i  43.  TP-F-». 

5.  a.  18.  2P"^7"*.  31.  w^.  44.  w*-n*. 

6.  15p"i  19.  a*^.  32.  k,  45.  ij'-ijM+r*. 

7.  hh^'  20.  a;-V.  33.  o^x.  46.  x^+xV+y*- 

8.  7"^^"*^      21.  ir-*R-K  34.  a*.  47.  x+x*-2. 

9.  2/^2^.  22.  w-in-».  35.  w'^^"^.    48.  9m"^-16n«. 

10.  x«.  23.  2*^*11"*.  36.  n^m'K       49.  a*+26* 

11.  o-*n-*.  24.  ihAf^A-i.  37,  A;"^n"*.     50.  ^-^^^-i-fl. 

12.  ui^v-\  25.  JxyM.  38.  a""^^6*.       51.  l-y'^+y'^ 

13.  p-*g-*r-*.       26.  3"*a-i6*c*.  39.  <~^         52.  n-«-3n-i-f9. 

53.  A;-«4-fc-2+A;-i+l.  63.  A-»-2A'~*"+l. 

54.  v^-vV+vM-vM+f*.  64.  a-6. 

55.  M*+2M*Ar*+iV""i  65.  x*+x^2/*+2/* 

56.  o-2a*6~*+5"\  66.  ^-1. 

57.  l-2x"i+x"*.  67.  n*-l+n-*. 

58.  ^"*+2^~iF"i+F"*  68.  p*+4pV+16g*- 

59.  e»»+J^-**+6-4e*-4e-'.  69.  m«-n«. 

60.  l-2x-i+x-2+2x-»-2x-»+x-«.         70.  E+F, 

61.  n*+2wi+3+2n"i+n~*.  71.  x*+l+x~*. 

62.  h^-\-hh^-{-hh^-itk^>  72.  4 


^2 


3. 


46  ANSWERS  [pp.  220-224 

Paget  220,  221. 

1.  o-**»+a~»+l.  2.  a;»+2/«. 

3.  «-*» -2<-«» +3/-2» _.4«-n^5 _4^«_|_3^n _2^»4-^«. 

4.  ?»*+n*.  9.  3x*-2+x"*. 

5.  (4-fn-i)(4-n-i).  10.  m-3mM+3ni 

6.  (R+R-^y.  11.  A+4r-2A-i. 

7.  (3-iV-0(9+3Ar-i4-i\r-«).  12.  h^+h-%+hk-K 

8.  (A;-i-3)(A;-i+2).  13.  r*+2r*+r"* 

14.  a~*-a"M+5*. 

« 

Page  224. 

1 .  a^  +7a?6 +21o«6«  +35a*6» +35a*6* +21a«6« +7o6« +R 

2 .  a^  - 7a«6  +21o662  - 35a*6»  H;-35o»6*  -  21a'¥+7ab^  -  h\ 

3 .  m^  +8m^n  +28m«n2 +56m'^n«  +70m*n* +56m»n'^  +28mV  -fSmw^  +n8. 

4 .  m8  -  Sm^n  +28w«n2  -  56m%« + 70w*w*  -  56w V  +28w2w6  -  Swn^  +n*. 

5 .  x» +9a;»2/ +36a; V +84a^2/' + 126a:«2/4 + 126xV +84x»t/«  +36a:22/^ +9xy8 

6.  yio -  10t;9^ +45t;8<2  _  i20t;7^3 4-210t;6^  -2b2t/^t^ -{■2\W1^  -  \21^f+^bn^ 

7.  /ii2 + 12/iiiA; +66/iioA;2 +220/i»A^  +495^8/^* +792/i'A:«  +924A«A^ +792;i6jfc7 

+495/i*A;8 +220/i8A;» +66;i2jfcio  ^  12/iA;"  +  A;«. 

8.  pi3-13Pi2Q+78piiQ2_286PioQ3+715P»Q*-1287P»Q«+1716P^Q« 

-  1716P«Q7 + 1287P«Q8  -  715P4Q9  _j_286P3Qio  -  78P2Q11 + 13PQ«  -  Q>». 

9.  H-4x+6a;2+4x3^a4^ 

10.  l-5n+10n2-10n3+5n*-n6. 

11.  a«+6a«+15a4+20a»+15a«+6a+l. 

12.  32a:6+80x*2/ +80x^2/2 +40xV+ 10x2/* +2/*. 

13 .  ai»  -  8a"62 +280^254  _  56^1056  +70a868  -  56a«6io  4-28a<6«  -  80^61* +6". 

14.  M«-18M»iV2+135MW*-640MW«+1215ilf'Ar8-1458ilfiV»«+729Ar". 

15.  647«+5767«<+2160y*^+432073^»+486072^+29167^+729<». 

16.  l-8x8+24x«-32x»+16xi^. 
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17 .  128p"  +448p"g +672pi  V +560p  V  -f280p«g* +84p*g« + 14p2g« +g^ 

18.  l-15F»+90F«-2707»+405yi*-2437»«. 

19 .  2/»o+ 102/"2»  +452/"2« + 120y^^z^  +2102/i«2» +2522/"2«  +2102/«z" + 120y»2«i 

20.  l+16fe*+11268+4486"+1120fe"+1792620+17926«*+1024628+256&«. 

21.  l~3n+-yn2-fn»+|tn*-'Aw'^+Aw«. 

23.  ^VW^-Wa^+lTa^-^o'+Vo'-l. 

24.  1296/e8+432/e«+54i2*+3iP+A. 

25.  ai8+18a"6+153aW62+816a«&»  + 

26.  a20-20ai96+190o"62«1140a"6«-h 

27.  l+40iV+780i\r2+9880iV»+ 

28.  f'0-30^2»+435<«8-4060e«7+ 

29.  a;"+40xi»+760a;"+9120x"+ 

30.  M«-48Af*W+1104Af**iV2-16192M«iV»+ 

31.  w**-mw*h)^+2079w*^v^-^l5SOv}'^t^+ 

32.  (ia;)»o+30(ia;)2«(22/)  H-435(ia;)"(22/)2+4060(ix)"(22/)»+ 

33.  n*o-80n"+3120n8«-79040n"+ 

^    65536o^«     131072o"     122880o^o    71680o^ 

516      +       513       +       510       +     57      + 


^»  IT  ,  n(n  — 1)       «,„    n(n  — l)(n— 2)       ,,. 

2  6 

I  «(w-l)(n-2)(n-3)^._,y     

^4 


36.  3.14-.      37.  6.19+.      38.  1.37-.      39.  0.00+.      40.  59604.64+. 

41.  1 

12        1 

13  3  1 

r         4  6  4  1 

1  5         10        10         5  1 

1  6         15        20        15         6  1 

1  7         21        35        35        21         7  1 

1  8         28        66        70     •  56        28         8  1 

1  9         36        84       126      126       84        36         9  1 

1         10        45       120      210      252      210      120       45        10         1 
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Page  226. 

1.  1— n+n*— n'+w*— 

2.  l+3<+6/»-i-10<»+15^+ 

3.  l+ix-ix*-{-^x^-ji-ga^+ 

4.  i-ii2-jiP-^\iP-^y^/2«- 

5.  l+ia-,W+TJTo'-iHir«*+ 

6.  l+x*+x«+x*+x^+ 

7.  1-2A;«+3A:*-4A:«+5A:8- 

8.  l-iP2+|p4_,.VP«+A^,P8-. 

9.  l-2a«+6a*-20a«+70o«- 

10.  l+32/»  +  182/»+1262/»+9452/"+ 

11.  a"*+ia"^6»+Ao"*2^+iy»a"''^&*+AVira"^V+ 

12.  xi+ia;"i2/*-ix"*y+TVaj" V-xiira;"" V+ 

13.  w^+Jm^w"*+im^n-i+Am^n"^+^ftw^n-«+ 

14.  2*i;*+JX2"*t;"¥-iX2"*t;'"*^4-AX2"*t;"^^*-sJYX2"^t;""^"^ 

+ 

15.  3"*p*+| XS'W'+f X3" VV+ Vr'-X3"'^%V' 


+mx3~'"p"^g-*+. 


Page  227. 

1.  1.968-.  5.  5.066-.  9.  2.993-.  13.  3.036+. 

2.  3.037-.  6.  6.028-.  10.  2.015+.  14.  1.961 -. 

3.  4.041+.  7.  2.080+.  11.  4.998+.  15.  2.030+. 

4.  2.924+.  8.  4.019+.  12.  3.001 -. 


Page  228. 

1.  20a«6«.  3.   -77520<".  5.  220a;«V.        7.   -fia;«. 

2.  35x*.  4.   -668008w«n».  6.  A-^'^B^K        8.  ^fH^7-". 

jyi  -^     33^" 

10.  ^^R^r^\  14-  33554432. 

--      >Sa"^6«  -c      27170    -^i^ 

"•   "T:28"-  ^^'  478296"/        * 

-^    17X35X29X37X41X53X57  -^^  ,.     ^     . 

2x¥^ ^     ' 
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Page  229. 

3.  m«+10w^V+45m«w»+1207n^'nV21()m''n«+252m^^^n^*+210m«n9 

+  120nfin^+^5m*n^ + lOnfin^' + w". 

4.  e27-12e^^  +66e^*-220e^^+495e"-792e"^+924e^' -792e'*5''+495e» 

-220e^>66e*  -  12e*+l. 

5.  a66-io+10oV'^%45o26-7+l20o*6"^2^ -|-210a-i6-'»+252o~' h"^ 

+210o-'»6-i + 120a"  ^h^  +45a-762 + lOaT^  h^ +a-^^¥. 


6.  81m%-8+108m^n-»+54m%-2+12m^n+m*n*. 

7.  x32/-*-6a?y""^Vl5a:2/''*-20y"*+15a;-i2/*-6a:-22/^+x-V. 

8.  aV5-i+2a»6"**+faVi'^+§o"*6^''^+Aa-*6i 

9.  l+4x+2x^'-Sa^-5a^+Sx^+2xP-^'f+x\ 

10 .  a:« +3a;*2/* +3x V  +1/^ +Sx*z^ +6x V^^  -fSj/^g* +3a;22;4  +32/2z< +2«. 

11.  16  -  32m +24m2  -  8m'  -\-m*  +32n  -  48mw  +2^7nhi  ■\-^m^n +24n2  -  24mn« 

4-6w2n2+8n3  -4wn3-+n^ 

12.  a*+6^+c*+<i*+6a262+6a2c2+6a2d24-662c2+662(?+6c2(i2-4a»6+4a»c 

-  4a3d  -  12a26c + I2a^hd  -  12a2cd  -  4a5» + 12at2c  -  12a62(i  -  Wc 
+463d  -  1262cd  -  12a6c* +4ac»  -  12ac2(i  -  46c8 + 12bc2d  -  4c»d  -  12a!)(? 
4-  12ac6P  -  4a(?  -  126cd* +46d'  -  \cd^  +24a&cd. 

13.  l-3^+6/«-10<»+12^-12/'^+10^-6<^ +3^8-^9. 

14 .  16a4 + &* +81c8 +24a262  -\-2\M(^ + 54620^  ~  32a'6  4-96a»c2  -  144o*6c» 

-8a68+72o62c2-12&»c*-216a5c*+216ac»-1086c«. 

15.  n-8+4n-«4-10n-'»  +  16n-2+i9+i6n«+10n*4-4n«4-n8. 

n(n  — l)(w— 2) to  r  factors  „_^t^ 

1.2.3 to  r  factors 

17,  n(n-l)(n-2) to  r-2  factors^,_,,_,,^,_, 

1.2.3 to  r  — 2  factors 
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.  -56w'^%^.  19.  210a   H   "^,  20.  6,0368+, 
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ANSWERS 


Ipp.  230-237 


2.  logi64»6. 

3.  logfi25=2. 

4.  log881=«4. 

5.  log464=3. 

6.  log6l25  =  3. 

7.  log7343=»3. 


Page  230. 

13.  logsi  =  - §.      25.  10-»  «0.001. 


15.  2*  =  16. 

16.  42  =  16. 

17.  3«=27. 

18.  10»  =  1000. 

19.  6»=216. 


8.  Iogiol0000=4.  20.  4*  =256. 

9.  log5l5625=6.    21.  8*  =4. 

10.  loget»&=-2.      22.  27*  =81. 

11.  log4^^  =  -3.      23.  7-2=^. 

12.  logie2  =  i.  24.  3-«  =  i}t. 


26.  100"^  =0.001. 

27.  4. 

28.  3. 

29.  2. 

30.  ^4. 

31.  3. 

32.  -1. 

33.  -2. 

34.  -2. 

35.  3. 


36.  ^3. 

37.  0. 

38.  0. 

39.  4. 

40.  64. 

41.  1024. 

42.  A. 

43.  air. 

44.  2. 

45.  |. 

46.  i. 


1.  1. 

2.  2. 


1.  2.3324. 

2.  2.8280. 

3.  2.9731. 

4.  2.8555. 

5.  0.6646. 

6.  1.2989. 


Page  233. 

3.  -2.         5.  0.  7.  0. 

4.  -4.         6.  4.  8.  0. 


7.  2.9191. 

8.  1.2041. 

9.  1.4624. 

10.  0.9294. 

11.  2. 

12.  2.9542. 


Page  236. 

13.  0. 

14.  0.3010. 

15.  3.2263. 

16.  1.5349. 

17.  2.0022. 

18.  2.9670. 


9.  -1. 
10.  3. 


19.  1.9361. 

20.  3.4983. 

21.  2.8353. 

22.  3.6302. 

23.  0.0398. 

24.  4.0792. 


11.  1. 

12.  ^3. 


25.  1.9999. 

26.  3.3079. 

27.  3.9208. 

28.  T.7025. 

29.  4.8363. 
SO.  2.8739. 


1.  472. 

i».   O4.o. 

3.  1210. 
4.^6.18. 

5.  0.0789. 

6.  0.0095. 

7.  0.415. 


8.  1.69. 

9.  57.3. 

10.  7270. 

11.  1.53. 

12.  0.289. 

13.  0.0427. 

14.  488333. 


Page  237. 

15.  300.8. 

16.  4007. 

17.  0.005315. 

18.  790.67. 

19.  10223.8. 

20.  29.53. 

21.  0.09474. 


22.  7.015. 

23.  0.25541. 

24.  0.00001052. 

25.  1094.5. 

26.  0.00029893. 

27.  7.4733. 

28.  37.445. 


pp.  239-243] 
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Page  239. 

1.  lognpo+logtiy+log^+logf^w.  3.  logi2+loftia;+21ogay+31ogi;2;. 

2.  21ogi^c+21ogft2/.  4.  2\oga-{-\og^y-'dlog^. 

6 .  log«8  4-21og»a; + 21oga2/ — 3loga2 — logiflv. 
7.  2(loga3;+log»2/-logE2-log»w;).         9.  iloga3;+iloga2/-ilog»2r. 

8.    JlogaflJ-Jlogay.  10.    ilogaaJ-ilogny. 

11.  iloga3;  +  ilogay-log»2!-Jlog»lO. 

12.  ilogaX  +  flogay-iloga2--JlogalO. 

13.  iloga2+floga2/— ilogaa;. 

14.    ilogaX-iloga^  +  iloga^-ilogalO. 

15.  AlogaX-T^log»y.  17.  ilog2+ilog9. 

16.  llogl728.  18.  i]og98-ilog56. 


1.  23.41. 

2.  93.8. 

3.  0.00417. 

4.  248.43. 

5.  25.635. 

6.  0.1469. 

7.  160.9. 

8.  5428.7. 

9.  0.08935. 

10.  18.279. 

11.  0.005164. 

12.  9.8825. 

13.  7.98. 

14.  24.383. 

15.  0.0060487. 

16.  0.0030085. 

17.  2.9538. 

18.  0.9764. 


Pages  241,  243. 

19.  1.09325. 

20.  18.176. 

21.  0.00000000682. 

22.  4.018. 

23.  1.6727. 

24.  4.537. 

25.  1.5608. 

26.  0.68114. 

27.  4.116. 

28.  0.001205. 

29.  132.848. 

30.  3025.71. 

31.  428. 

32.  5.00375. 

33.  5.51. 

34.  0.05639. 

35.  0.6488. 

36.  1.602. 


37.  0.71016. 

38.  0.063485. 

39.  229.33  in. 

40.  169.24  sq.  in. 

41.  19156.9  cu.  in. 

42.  5.411  ft. 

43.  2.455  ft. 

44.  22.805  in. 

45.  103.92  sq.  in. 
46.;3827.5  sq.ft. 

47.  0.6176. 

48.  0.2610. 

49.  67,500,000  mi. 

50.  7.363. 

51.  5.305  sq.ft. 

52.  $7590. 

53.  $7238.33. 

54.  $269.13. 
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ANSWERS 


[pp.  244-251 


1.  a;=4. 

2.  x=2. 

4.  a;=2.47 


Page  244. 

5.  a;  =  1.55-.         9.  x=3. 

6.  a:  =  8.63+.  10.  a;  =  13. 

7.  x=2.16+.  11.  x  =  5. 

8.  a:=3.39-.  12.  x^7M+. 


13.  17.7+  yr. 

14.  23.5+  yr. 

15.  17.5  yr. 

16.  20  yr. 


4.  14.63. 

5.  85.68. 

6.  a:  =2.24-, 


Pages  244,  245. 

7.  a:  =  1.63+.     10.  $8937.50. 

8.  a:  =  l.  11.  $1897.39. 

9.  x  =  i,  12.  $2120. 


Pages  245,  251. 
1.  (9n-a2+a)(9n-a2-a).  7.  2(5/2+6r)(3i2+2r). 


8.  (p»+3pg-g2)(p»--3pg-g«). 

9.  (4iV+l)(3iV-2). 

10.  (t;2+2)(2t^«-7). 

11.  (x*+l)(x2+l)(x+l)(a;-l). 

12.  a5(o2+62)(o+6)(a-6). 


2.  (3a+6)(a-36). 

3.  (2x+2a-0(2x-2a+0. 

4.  (i\r2+3iV+9)(iV«-3iV+9). 

5.  7(72-5)(72-6). 

6.  2(2A;+1)(A;+1). ' 

13.  (V^+T^XV*+T*){V^+'n)(V+T){V -T), 

14.  (m*+n*)(m8— w%^+n^). 

15.  (l+2o»)(l-2a»+4a«).  17.  «+l)(/-l)2. 

16.  (o+l)(a-6-l).  18.  (2/+2)(2/-2)(32/+l)(32/-l). 

19.  (n+l)(n-2)(n4-2w8+3n«-2n+4). 
20.  (H-1)(H+1)2.  21.  (t;-l)(t;-2)(i;-4).  22.  (a+l)(a-l)(6+l)(6-l). 

23.  (a+6+c)(o+6--c)(a— 6+c)(a— 6— c). 

24.  {v^+v-Qw)(v^-v-{-Qw),  27.  (n-l)(n-2)(n-3). 

25.  {R+N)(R^-RN+m+l).  28.  (A+5)(A2-5A-2). 

26.  (/i+0(^-<-l).  29.  (w-2n«)(m*+2w»n2+4w*n*+8?»n«+16n»). 

30.  x(x-l)(x8-a;-l).  32.  (G+a)(3G+6). 

31.  (e«+l)(e2»+l).  •  33.  (a-{-b)(a-{-cXh-{-c). 

34.  (5n-2+2a+36)(5n-2-2a-36). 

35.  (6a:»+»-2r~^)(a;"'*"'-4y«-0. 


pp.  244-251] 
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36. 
37. 
40. 

43. 

w4 . 
45. 
46. 
47. 
48. 

49. 

50. 
51. 
52. 

53. 
54. 

55. 

56. 
73. 
74. 

75. 

76. 

77. 

78. 

79. 

80. 
81. 


(x+2/)(a;-2)(2/+2)(y-2-x).         38.  {a+x-\-h-\-c){a+x-h-c), 
(n+a)in+h+c),  39.  {m+n){t+a){t-^h){t-h). 

-3n»  +  10n2-i-2n+l.  41.  3a-l.  42.  a+2b-5c. 


fin J."  '  n y»n y.n j>2n+n  _l_  «.n 

t+2, 
175m^n^{x-my(x+my{x+2m). 

« 

Yes;  No;  Use  rem.  theorem. 

(p+l)(p--5)(2p+3)(3p2+2). 

w=2. 

3-n-5n2+2n». 
l-2/'+22/»-y*. 

n+2 
n+l' 

2A;V2 


mn  (n — m)  (m^  --  n^) 
(w+n)(m2+n2)(m2+wn+n2) 
l-g 

m 


4A;2+4A;+1 
r*+r2-2r+l 


57. 
58. 

59.  , 

l—n 

60.  1. 

62.  1. 

64.  n=2H. 

65.  w  =  tV' 

66.  x  =  1.239-,  0.162- . 

67.  x==0.910-. 

68.  a:2-6x+4=0. 

69.  Imaginaiy. 

70.  Impossible. 

71.  n  =  5. 

72.  r  =  7. 


t;=2,^-5;  t;=-2,<=-5;  v  =  |a§^^= -i>l5;  t;= -f >6;<  =  iV2y 
a;=5,2/=3;  x=-3,y=-5;  x  =  3,2/=5;  a;=-5,2/=-3. 
a=-3,5=3,c  =  i.  32.  aV. 

^_1  84.  o"*6"i 

4_V15:  85.xV«.-». 

86.  ^,^£i^ 


g— Va6+b 
0.726. 


87.  x=^lS. 

92.  154. 

93.  6,  7,  8,  9,  10. 


54  ANSWERS                               [pp.  245-251 

94.  o,a+^,a+?^, b.     101.42+21^ 

^"^            ^"*"  102.  154.9681956  cu.  in. 

95.  -1860. 

%.  18th.  ^^^'  ^• 

97.  24.  ^^'  784  ft. 

98.  34iJ.  1^5.  i. 

99.  6,  18,  54,  162,  486.  ^^^    _n7572aS&5>/S 


m.a,a^a^^,a^,t. 


59049 
107.  4.946+. 
108.  l+iw"*+fw-i+^yw"*+A5^n-2+... 


109.  a«6*«c*».  _^     „  19881^ 

111.  T^^SiJ^^.  119.  C'=-=^. 

112.  a=l.  ^+5 

113.  ^i+nl  120.  k=^^^l^- 

114.  2n«-8m.  J 

116.  x  =  15.05+.  121.  w  =  -^2i — 

117.  r.9112.  122.  t)  =  7.64+. 

123.  r=±-=J=;  s'=0.032+. 


